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Abstract

Let G be a graph with vertex connectivity k(G). An
important measure of the fault tolerance of G is ils
fault-diameter d; (G), which is defined as the maxi-
mum diameter resulting from the deletion of any set
of nodes containing less than k(G) nodes. The ro-
bustness of G is often measured by comparing d;(G)
with the diameter of the faull-free G, namely d(G). In
particular, a family of graphs G, is dubbed strongly
resilient if d;(Grn) < d(G,) + ¢, where ¢ is a fized
constant independent of n.

This paper derives the fault-diameter of the star-
connected cycles (SCC) interconnection network. We
show that the SCC, graph s strongly resilient, ex-
hibiting a fault-diameter of d;(SCC3) = d(SCCs) + 4,
d; (SCCy) = d(SCCy)+5, and df(SCC,) = d(SCCh)+
1, for n > 5.

1 Introduction

The fault tolerance of interconnection networks
has received quite some attention from different re-
searchers lately, since maintaining a massively parallel
processor (MPP) operating in the presence of faults is
fundamental to any practical application.

A basic metric for the fault tolerance of a graph
G is the vertex connectivity k(G), which is defined as
the minimum number of nodes whose removal results
in a disconnected or trivial graph (i.e., a graph with
disconnected components or an isolated node, respec-
tively) [1]. Similarly, the edge connectivity A(G) is the
minimum number of links whose removal results in a
disconnected or trivial graph.
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A shortest path between two nodes u, v € (G is often
called a geodesic. The diameter d(G) of a graph G is
the length of any longest geodesic in G [1].

An interconnection network modelled by a graph &G
with vertex connectivity k(G) and edge connectivity
A(G) can tolerate k(G) — 1 node failures or A(G) — 1
link failures. This measure of fault tolerance, however,
gives a poor indication about the impact of faults on
the interconnection network. A more appropriate met-
ric, which 1s often used for measuring the fault toler-
ance of a graph, is the fault-diameter, which is defined
as the maximum diameter of any graph obtained from
G by removing at most k(G) — 1 nodes from G [2].

Let GG, be a family of graphs defined recursively in
terms of an integer number n, such that if GG, is ob-
tained from a set of generators Q, = {g1,92,..-,9s}
acting on some group V,, then G,y1 is obtained
from a set of generators Q,411 = Qp U {gs11} =
{91,92,-..,95,9541} acting on a group ¥, ;. A few
examples of recursively defined graphs are the hyper-
cube, the star graph and the SCC graph. While these
two last graphs are reviewed in Section 2 of this pa-
per, we refer the reader to [3] and [4] for a more formal
description and additional examples of group graphs.

An interconnection network G, is strongly resilient
if its fault-diameter d (G5, is at most d(Gp,)+¢, where
d(G,,) is the diameter of the fault-free G, and ¢ is a
fixed constant independent of n [2]. Many intercon-
nection networks show the desired property of strong
resilience, such as the hypercube [2], [5], the star graph
[6], [7] and the cube-connected cycles [2].

This paper addresses the fault-diameter of a fixed-
degree interconnection network referred to as star-
connected cycles (SCC) [8], which was recently pro-
posed as an attractive extension of the star graph
[9], [3]. We show that the family of SCC,, graphs
is strongly resilient, exhibiting a fault-diameter of

d;(SCC3) = d(SCC3) + 4, d;(SCC4) = d(SCCy) + 5,
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and d¢(SCC,) = d(SCC,) +1, for n > 5. As noted in
[2] for the case of the cube-connected cycles, this result
is counter-intuitive due to the abundance of weakly re-
silient subgraphs (i.e., cycles) in the SCC,, graph.

2 Background
2.1 The star graph

An n-star graph (SG,) contains n! nodes that
are labeled with the n! possible permutations of n
distinct symbols. In this paper, we use the digits
{1, 2, ..., n} to label the nodes of SG,. A node
T = pipa...Pi-..Pn 18 connected to (n — 1) dis-
tinct nodes, respectively labeled with permutations
Ty = PiP2---Pi—1P1Pit1 ---Pn, 2 < @ < n (Le., m; is
the permutation resulting from exchanging the digits
occupying the first and the i'® position in 7) [9], [3].
Each of these (n — 1) possible exchange operations is
referred to as a generator of SG,. Using finite group
theory terminology, SG,, is defined by the generator
set Q, = {gilg; = 23 ... (i—D)1(i4+1)...n,2 <i < n},
acting on the symmetric group! S, [4], [10]. Two
nodes w and m; are connected by a link in SG,, if there
is a generator g; € 2, such that = - ¢g; = m;. The link
connecting 7 and 7; is referred to as an i**-dimension
link and is labeled 7. Figure 1 shows SGy.

1234 4231

3142 ] ) )
a, b, ¢, d = dimension 4 links

Figure 1: SG4 graph

SG,, is a regular graph with degree 8(SG,) = n —
1. The star graph is vertex- and edge-symmetric, has
hierarchical structure, simple routing, and presents a

low diameter, given by d(SG,) = |3(n —1)/2] [9].

1S, contains all n! possible permutations of n distinct
symbols.

Due to the node symmetry of the star graph, rout-
ing between two arbitrary nodes w5, 74 € SG, is
equivalent to routing from w45 to the identity node
w1, where mgz, = ﬂ'gl -me, m = 123 ...n, and ﬂ'gl 18
the inverse or reciprocal of permutation 74, such that
mq-m; =@, -mq = m [3], [10]. A shortest path
between mgs and w1 can be obtained by successive ap-
plication of the following rules:

1. If the first digit in 745 is 1, move it to any position
not occupied by the correct digit;

2. If ¢ (i.e. any digit other than 1) is first, move it
to 1ts position.

We may organize the digits of permutation 745 as a
set of cycles —1i.e. cyclically ordered sets of digits with
the property that each digit’s desired position is that
occupied by the next digit in the set. For example,
permutation 74 = 23154 € SGy can be represented
in cyclic format by (1 2 3)(4 5). This cyclic repre-
sentation has the particularity that the cycles can be
listed in any order. In addition, any cyclic shift of
the digits within a cycle can be used without affect-
ing the unique permutation label of 74,. For example,
(123)(45), (123)54), (23 1)(45),(231)54),
(312)(45)and (31 2)(54) are all valid cyclic rep-
resentations of permutation 7z, = 23154 € SGs. For
simplicity, we assume in this paper that all cycles are
written in canonical form, i.e. the smallest digit ap-
pears first in each cycle. However, the cycles can be
listed in any order.

A cycle containing r digits is dubbed an r-cycle.
Note that any digit already in its correct position in
wgs appears as a I-cycle. Let C; € w4, be an r-cycle
of the form C; = (p1 p2 ... pr), 2 < r < n. The
execution of C; corresponds to a path R in SG,, and
can be expressed as a sequence of links as follows [11]:

hd prl =1: R= (p27p37"'7p7‘)~

o If J 41 7& 1: R = (pl-l—kmod'r‘v pl-l—(k-l—l)modrv B
pl-l—(k-l—'r—l) mod ry P14k mod 7‘)7 for 0 S k S r—1.

The execution of each cycle C; € wys is part of
a shortest path routing between the source and the
destination nodes. For example, one possible shortest
path Rgs from mgs = 23154 = (1 2 3)(4 5) to m =
12345 = (1)(2)(3)(4)(5) in SG5 is the sequence of links
(2, 3,4, 5,4):

23154 2 32154 = 12354 % 52314 = 42315 = 12345

The length of a shortest path from w45 to my is [9]:
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|Ras| = c+m, if the 1st digit in w45 1s 1
1= ¢4+ m—2, if the Ist digit in 74, is not 1,

where ¢ i1s the number of cycles of length at least 2 in
mqs and m is the total number of digits in these cycles.
Note that according to the order chosen to execute
the cycles in w4 different paths result. Furthermore,
the cycles do not have to be executed independently
(i-e., it is possible to interleave the execution of the cy-
cles in mg45). Some possible shortest paths from w5 =
23154 = (1 2 3)(4 5) to m = 12345 = (1)(2)(3)(4)(5)
are (2, 3,4, 5, 4), (2, 3, 5,4, 5), (4, 5, 4, 2, 3), (5,
4,5, 2,3), (2,4, 5,4, 3) and (2, 5, 4, 5, 3). While
some of these paths share some common intermediate
nodes (e.g., (2, 3, 4, 5, 4) and (2, 3, 5, 4, 5)), Day and
Tripathi proved in [12] that there are (n — 1) node-
disjoint paths between any two nodes in SG,,. These
paths are of optimal length as listed in Table 1.

First digit Number of Length
in w45 (p1) | disjoint paths
pr=1 m c+m
n—m-—1 c+m—+2
c c+m—2
p1#£1 m—c—1 c+m
n—m c+m—+2

Table 1: Optimal node-disjoint paths in SG,,

SGy, has a vertex connectivity of k(SG,,) = (n—1),
and therefore can tolerate up to (n — 2) node failures.
Exact values for the fault-diameter of the star graph
were derived in [7] and are given below. This result is
obtained via a worst-case analysis that considers the
impact of up to (n—1) arbitrary faults on the optimal-
length node-disjoint paths listed in Table 1.

[ d(SGp)+1, ifnisoddorn>T7
df(SG")—{ d(SGp)+2, ifn=40rn=26

2.2 The star-connected cycles graph

An n-SCC graph (SCC,,) is obtained by replacing
each node of an n-star with a ring of (n — 1) nodes,
namely a supernode. The i** dimension link originally
connected to a node of the star is referred to as a
lateral link and is connected to the i** node of the
corresponding ring in the SCC graph. The connections
between nodes inside the same supernode are referred
to as local links. Figure 2 shows SCCy.

The nodes in each ring are identified by a label
(i,m), where 2 < i < n and 7 is a permutation of n
digits. Then two nodes (i, w) and (’, 7’} are connected

by a link ({i,7), (¢, 7’)) in an SCC,, graph iff either

1. ({i, =), (i, 7')) is a local link, i.e. 7 = #' and
min(li —#|,n—1—]i—7|) =1, or

2. ({¢,m), (@, 7)) is a lateral link, i.e. i =7 and =
differs from 7’ only in the first and i** digits such
that (1) = #'(7) and (i) = #'(1).

(4,1234) (4,4231)
(3,1234) o7\ g(2,1234) (3,4231) o~ \g(2,4231) a

(3, 3241)
(4,3241) (2,2431)

(2,3214) (3,2134) (2,3241) (3,2431)

(2,2314) (3,3124) (2,2341) (3,3421)

(4, 2341) (4,3421)
(3, 2341)
(3,4321) OT—=#(2 4321)
(4,4321)
(4,2413)
(3,2413)

(3,1423)

(2,3421)

(4,1324)
(4,3412)

(2,2413)
(2, 4213)
(4,4213) (4, 1423)

(2,1432) (3,4213)  (2,1423)

(2, 4132) (3,1243) (2, 4123)

(4,4123)

(4, 1243)
, (2,1243)
(2,3142) O3, 3142) (2, 2143) O (3, 2143) d

(4,3142) (4,2143)

(3,4123)

Figure 2: SCC,4 graph

SCC,, contains (n— 1)n! nodes, (n—1)n!local links
and (n—1)n!/2lateral links. SCC,, is a vertex symmet-
ric graph with degree 6(SCCs) = 2, and 6(SCC,,) = 3
for n > 4. For n > 4, the vertex connectivity of SCC,
is k(SCC,) = 3, and therefore up to 2 node failures
can be tolerated. For n = 3, only 1 node failure can be
tolerated, since in this case k(SCC,,) = 2. In addition,
the diameter of SCC,, graph is given by:

6, forn=3
%(n2 +n—4),
%(7124—371—8)7 for odd n > 5

dsco = for even n (1)

Routing between two nodes (i, ws) and (i, 74) in
an SCC graph reduces to routing from (is, m4s) to
(ia, ™), where mgqs = ﬂ'gl -7y and m = 123...n [8].
Routing from supernode 75 to supernode mw; can be
accomplished with the same routing techniques that
have been proposed for the star graph. However, the
order chosen to execute the cycles in permutation g
affects the number of local links that have to be tra-
versed in the corresponding path in the SCC graph.
A routing algorithm that provides an optimal ordering
of cycles (and consequently, a shortest path between
{(is,7s) and (ig, m4)) in SCC,, was proposed in [8].

To illustrate the cost of local links in the routing,
Figure 3 shows the path between nodes (3,34125) and
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(2,12345) in SCCs. The cycle representation of per-
mutation 34125 is (1 3)(2 4)(5), and in Figure 3 the
order chosen to execute these cyclesis (2,4, 2, 3). The
path shown in Figure 3 contains 4 lateral links and 7
local links. However, if the sequence of lateral links
(3, 2, 4, 2) is used, a path with 4 lateral links and 5
local links results.

34125 43125 23145 32145 12345

<3, 34125>
Supemodelabels -~ ?\

IEEE AT AT AR

5 2\ 2| 5 2| 5 2|
'—o
2N PR
Legend: <2,12345>
= | ateral link — — Local link

Figure 3: Example of routing in an SCC5 graph

Tn general, the total cost of a path from (i, ) to
(i4, mq) in an SCC,, graph along a sequence of s lateral
links R(#y — £s) = ({1,0a,...,45) is

s—1
[P(6 — L) = s+d(is, 01) + Y _d(lj, b41) +
j:l
d(ls,14,) (2)

where the function d(7, j) = min(|i—j|,n—1—]i—j|)
represents the minimum cost required to traverse a

supernode between its 7** and j* nodes.

3 Derivation of d;(SCC,)
3.1 Lower bound for d;(SCC,,)

The lower bound is easily shown to be d(SCC,,)+ 1
as follows. Let u and v be two nodes located d(SCC,,)
links away from each other. In addition, let w be a
neighbor of v such that v is the only fault-free neighbor
of w (i.e., the k(SCC,) — 1 faulty nodes in the graph
are the other neighbors of w). Any path from w to u
must pass through v and therefore is of length at least

d(SCC) + 1.
3.2 Exact value for d;(SCC3)

The exact value of the fault-diameter of an SCCs
graph can be obtained by inspection as follows. Con-
sidering that SGj is a hexagon [9], replacing each node
of SGs with 2 connected nodes results in a dodecagon

(i-e., SCCs3). Since k(SCC3) = 2, only one node failure

can be tolerated by SCCs. If an arbitrary node fail-
ure in SCCs is chosen, the two neighbors of the faulty
node remain connected via a path containing 10 links.

Therefore, d;(SCC3) = 10 = d(SCC3) + 4.
3.3 Outline of the proof method for n > 4

One possible method that can be used to derive the
fault-diameter of a graph GG, consists of accomplishing
a worst-case analysis onto node-disjoint paths in G,
[5], [7]. Given two nodes u,v € G, and assuming that
k(Gy,) node-disjoint paths from u to v exist, k(Gp)—1
of these paths are supposed to be faulty, such that
only the longest path remains fault-free. Naturally,
the lengths of these node-disjoint paths depend on the
selected nodes u and v, which must be chosen such as
to result in the longest possible fault-free path after
the faults have been taken into account. The length
of this longest possible path is the fault-diameter of
G(n), namely d;(Gp).

Since the degree of SCC,, n > 4, is §(SCC,) = 3,
there are at most 3 node-disjoint paths between any
two nodes in an SCC,, graph. The derivation of the
fault-diameter of the SCC graph, however, seems to
be more appropriately tackled by a variation of the
method described above. Without loss of generality,
we choose u = (i,7) and v = (j,123...n). The fol-
lowing aspects influence the derivation of d;(SCC,):

e The permutation portion of u’s label (7).
e The digit portion of u’s and v’s labels (7 and j).

e The order of execution of the cycles in & such that
paths of minimum length from u to v result.

e The placement of the 2 tolerable faults so as to
maximize the length of an optimal fault-free path
left between u and v.

Taking all the above aspects into account simulta-
neously can be a quite difficult task. To make the
analysis more tractable, we use a tabular method in
which the required aspects can be entered individually
and then combined into a final worst-case analysis.

The first step in the method consists of selecting a
permutation  requiring a large number of lateral and
local links in the path from u to v. The number of lat-
eral links depends on the number of cycles of length
at least 2 in 7 (¢) and on the number of digits in these
cycles (m), as shown in Table 1. The number of lo-
cal links also depends on ¢ and m, but can be further
increased by a proper selection of the internal compo-
sition of the cycles in 7. Such an approach follows the
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same reasoning adopted in [8] to derive the diameter
of the fault-free SCC,,. For example, the execution of
a 2-cycle (2 3) in an SCCy graph requires 3 lateral
and 2 local links. A 2-cycle (2 5), on the other hand,
requires 3 lateral and 6 local links in SCC7. Since it is
not possible to determine a priori which permutation
7« will result in the longest path after faults have been
taken into account, our method actually considers a
few possible candidate permutations initially.

Once a particular permutation 7 is selected for
analysis, an (n — 1) x (n— 1) table containing (n—1)?
partially node-disjoint paths from u = {(i,7) to v =
(j,123...n) is built. Fach entry in this table is
the length of a path Q(¢; — £) from node {(¢1, )
to node (¢;,123...n) along the sequence of lateral
links R(£y — £5) = (€1,0a,...,Ls). In other words,
Q(f1 — £y) is a path in which the initial and final lat-
eral links (respectively, 1 and £, for 2 < 41,4, < n)
are predetermined. The remaining lateral links that
are required for such a path (i.e., o, f3,...,s_1) are
selected by applying the optimal SCC routing algo-
rithm proposed in [8] to the rules proposed in [12] for
forming node-disjoint paths of optimal length in the
star graph. This results in optimal paths that obey
all (n — 1)? possible choices for the initial and final
local links ¢; and ¢;. Note that the number of lateral
links in these paths (s) may vary as shown in Table 1.
However, we do not require that these paths are node-
disjoint (in fact, they are only partially node-disjoint).
Note also that for each possible selection of £; and /5,
we assume routing from (€1, 7) to (£;,123...n) (i.e.,
we suppose that the values of the digits 7 and j in the
labels of u and v are not initially known, and therefore
the cost of the path Q(¢; — £;) is computed assum-
ing that no local links are traversed in the source and
destination supernodes). Hence, the cost of each path
Q(fy — £y) that is entered in the table is given by

s—1
|Q(t = ) = s+ > d(ty, 4 41)

ji=1

As mentioned above, the values of the digit portions
of w and v (i.e., 7 and j respectively) are left initially
unspecified. After the faults are taken into account,
all (n — 1)? possible combinations of digits ¢ and j are
considered in our method.

Another particularity of our method is the place-
ment of the 2 tolerable faults in the SCC graph. In our
analysis, we assume that the faults are located close
to the source and destination nodes (more specifically,
the 2 faults are supposed to occur anywhere within
supernodes 7 or 123...n or in a neighboring supern-
ode connected to these supernodes). Such a fault hy-

pothesis allows an extensive, yet simple, worst-case
analysis based on our tabular method. Specifically, a
table containing all (n — 1)? possible shortest paths
of cost |Q(fy — £s)|, 2 < €1, < n is inspected such
that columns and/or rows containing the overall low-
est cost paths are disabled due to the occurrence of
properly placed faults. A fault located close to the
source node disables an entire row of the table, and a
fault located close to the destination node disables an
entire column. The goal of the fault placement proce-
dure is to maximize the length of the fault-free paths
still left in the table.

The fact that our fault model considers only faults
that are located close to the source and destination
nodes does not invalidate the results presented in this
paper. As it will become apparent when our technique
is applied to the SCC graph, such faults can impair a
larger number of possible paths than faults which are
located farther from the source and destination nodes.
This observation can be justified by the richness of
partially node-disjoint paths in the star graph, and
consequently in the SCC graph. If the number of mis-
placed digits in permutation 7 is m, there are about
m! different possible paths to the identity node. Each
of these paths corrects the position of the misplaced
digits in 7 in a different order. Although some of these
paths share a few common intermediate nodes, they
all share in common only the source and the destina-
tion nodes u and v. Hence, faults in the proximity of
u and v will impair more paths than faults that are
placed at random in the SCC graph.

3.4 Exact value for d;(SCC,)

The exact value of the fault-diameter of SCC4 can
be obtained by application of the tabular method de-
scribed above. Initially, we consider some candidates
for permutation 7 that are likely to result in the largest
possible number of links in the presence of faults. The
values of ¢ and m in the selected permutations result
in the highest or close to the highest possible number
of lateral links along the different routes from 7 to the
identity node (see Table 1). Naturally, this selection
criterion also increases the number of local links in
these routes. For n = 4, our worst-case analysis se-
lected the following candidate permutations: (1)(2)(3
4),(1)(2 3 4),(1 2 3 4)and (1 2)(3 4). For each of
these permutations, we built a table listing the cost of
all shortest paths Q(¢; — £), for 2 < £y, £, < 4 (see
Tables 2a through 2d). Note that in any of the cases
analyzed in this paper, there are other similar permu-
tations that lead to exactly the same results (i.e., per-
mutations having the same values of ¢ and m but with
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different selections of digits within the cycles). Some
different permutations that could have been used for
the case n = 4, for example, are (1)(3)(2 4), (1)(2 4
3),(1 2 4 3)and (1 3)(2 4).

Init. Final link Init. Final link

Iink | 2 3| 4 Iink | 2 3| 4
2 9 |13 |13 2 7 |11 |11
3 131 5 |13 3 111 7 |11
4 13 (13| 5 4 11|11 | 7

(a) 7 = ()(2)(34) (b) 7 = (1)(234)

Init. | Final link Init. Final link

Iink | 2 | 3] 4 Iink | 2 3| 4
2 13191 5 2 15| 7 |7
3 9 |91 13 3 7 |11 |11
4 9 |91 13 4 7 |11 |11

(c) 7= (1234)

(d) 7= (12)(34)

Table 2: Cost of paths Q(£; — £,) in SCCy

For conciseness, we list in Table 3 only the se-
quences of lateral links R(¢; — () used to build Ta-
ble 2d. The sequences that are required for the re-
maining tables can be obtained similarly, i.e. by ap-
plying the optimal SCC routing algorithm proposed
in [8] along with the techniques proposed in [12] for
forming optimal node-disjoint paths in the star graph.

Init. Final link
link 2 3 4
2 (2,3,4,2, (2,3,4,3) (2,4,3,4)
3,2,3,2)
3 (3,4,3,2) 1(3,2,3,2,4,3)|(3,2,4,3,2,4)
4 (4,3,4,2) | (4,2,3,4,2,3)| (4,3,2,4,2,4)

Table 3: Sequences of lateral links R(£;1 — £,) used
to build Table 2d

We now explain in further detail how to select a
placement of the faults that results in a worst-case
scenario from the viewpoint of routing in SCCy4. The
longest path in this worst-case scenario yields the ex-
act value of d¢(SCCy4).

Although the following procedure was accomplished
for each of the Tables 2a through 2d, we will limit our
discussion to the case of Table 2d. Application of the
worst-case analysis technique to the remaining cases
is in fact straightforward.

Each different fault placement causes a particular

impact on Table 2d in terms of optimal paths that
can still be taken in SCCy4. For each 2 faults that are
selected, at most 2 rows and/or columns of Table 2d
are disabled.

For example, in Table 2d we see that the shortest
paths (of cost 7) are all located either in the first row
or in the first column of the table. If we assume that
node failures disable paths starting with ¢, = 2 or
ending with £, = 2, the possible paths left are shown
in Table 4a.

Init. Final link 1 J

Iink | 2 | 3 | 4 2 3 4
2 - = | - 2 | 13|12 | 12
3 - 11|11 31211 |11
4 - |11 | 11 4 |12 |11 | 11

(a) Worst-case fault
placement for
= (12)(34)

(b) Cost of optimal
paths under the fault
placement of Table 4a

Table 4: A worst-case fault placement in SCCy

Recalling that Table 2d corresponds to permutation
7 = (1 2)(3 4) = 2143, two possible nodes that can
cause the impairment shown in Table 4a are (2,1243)
and (2,2134). Since under the fault placement shown
in Table 4a the faults are external to the source and
destination supernodes, any i, j can still be selected in
supernodes 7 and 1234. Therefore, we must now verify
which values of 7 and j maximize the cost of the path
from u = {7, m) to v = (j,1234) in the presence of the
faults shown in Table 4a. The worst-case analysis in
terms of 7 and j is done by observing which alternative
paths can still be selected from Table 4a. To route
from (2, ) to (2,1234), for example, we can take the
path (2,7) — (3,7) — -+ — (3,1234) — (2,1234).

The cost of this pathis 1+11+1 = 13. By applying
the same reasoning to other combinations of ¢ and j,
we obtain Table 4b. As it can be verified in Table 4b,
the length of the longest path in the presence of a
worst-case fault placement is 13. This value actually
corresponds to the fault-diameter of SCC4. Hence,
d;(SCC4) = d(SCC4) + 5 = 13. The correctness of
this result can be verified via an analysis of other fault
placements onto Tables 2a through 2d.

It is also interesting to confirm how the worst-case
faults (2,1243) and (2, 2134) actually impair the rout-
ing from (2,2143) to (2,1234) by physically placing
these faults onto Figure 2. To make the inspection eas-
ier, Figure 4 lists all possible paths containing either 4
or 6 lateral links between supernodes 2143 and 1234.
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Note that all paths containing only 4 lateral links ei-
ther begin or end with lateral link 2. Since the faults
resulting from our tabular method (i.e., (2,1243) and
(2,2134)) completely disable these paths, only paths
containing 6 lateral links are left (in fact, 4 of these
paths remain fault-free). Furthermore, in the presence
of the indicated faults all the optimal paths begin and
end with either lateral link 3 or 4. Therefore, by choos-
ing 2 = 2 and j = 2, the longest overall path is from
node (2,2143) to node (2,1234). The total length of
this path is 13 as indicated by Equation 2.

Legend:

® Supernode with afaulty node
@ Source supernode: (12)(34)
Source node: (2,2143)
Faulty nodes: (2, 1243) and (2,2134)

O Fault-free supernode
(D) Dest. supernode: (1)(2)(3)(4)
Destination node: (2,1234)

Figure 4: Alternate routes in an SCC,4 graph af-
fected by 2 faults

3.5 Exact value for d;(SCCj)

The exact value of the fault-diameter of an SCCsy
graph can also be obtained by application of the tabu-
lar method described previously. Our worst-case anal-
ysis was carried out with the following candidate per-
mutations: (1)(2 4 3 5), (1 2)(3 5 4), (1)(2 4)(3 5)
and (1 2 4)(3 5). Tables 5a through 5d list the cost
of all shortest paths Q(¢; — £5), 2 < 4,4, < 5, for
these permutations. For conciseness, we list in Table 6
only the sequences of lateral links R(¢; — £5) used to
build Table 5d.

The shortest paths Q(¢; — £5) in Tables 5a and Ta-
ble 5c¢ are distributed along the diagonal of those ta-
bles. Since the 2 tolerable faults act on a combination
of at most 2 columns and/or rows, it is not possible
to disable all these paths. We can therefore limit our
worst-case analysis to Tables 5b and 5d. Due to space
constraints, only the case # = (1 2 4)(3 5) = 24513
(Table 5d) will be considered here.

The shortest paths in Table 5d are of cost 11 or
12 and are all located either in the 1st row or in the

In. Final link In. Final link

Iink|{ 23 1]4]5 Iink{ 23|45
2 |11 16|15 14 2 19|10 (11|10
3 |16|11 |14 |15 3 |10|15(16|13
4 |17 (16|11 |14 4 (1116|1714
5 |16|17 |14 |11 5 |10|15(16 |13

(a) 7= (1)(2435) (b) == (12)(354)

In. Final link In. Final link

Iink|{ 23 1]4]5 Iink{ 23|45
2 |14 15|20 |15 2 17|12 (111
3 |15|14 |15 |20 3 |16|15(12 |15
4 120(15|14 |15 4 (1716|1716
5 (1520|1514 5 |16|15 (12|15

() 7 = (1)(24)(35) (d) = (124)(35)

Table 5: Cost of paths Q(£; — £;) in SCCjy

Init. Final link
link 2 3 4 5
2 (2,4,2, (2,4, (2,3, (2,4,
5,3,5,2) | 3,5,3) 5,3,4) 5,3,5)
3 (3,5,4, (3,5,4, (3,5, (3,2,4,
2,4,3,2) | 3,2,4,3) | 3,2,4) | 5,3,2,5)
4 (4,2,4, (4,3,5, (4,5,3, (4,5,3,
5,3,5,2) | 2,4,2,3) | 5,4,2,4) | 4,2,4,5)
5 (5,3,4, (5,4,3, (5,3, (5,3,4,
2,4,5,2) | 5,2,4,3) | 5,2,4) | 5,2,4,5)

Table 6: Sequences of lateral links R(£;1 +— £,) used
to build Table 5d

3rd column of that table. If we assume that node fail-
ures disable paths Q(¢; — {5) beginning with ¢; = 2
or ending with ¢, = 4, the possible remaining paths
are given by Table 7a. Two possible nodes that can
cause such an impact in Table 5d are (2,42513) and
(4,42315). Since under the fault placement given in
Table 7a the faults are external to the source and des-
tination supernodes, any values of 7, j can still be
selected. Table 7b gives the costs of the optimal paths
for all possible values of 7 and j, in the presence of the
fault placement depicted in Table 7a.

Another possible worst-case fault placement that
can be applied to Table 5d consists of the failure
of the 2 local link neighbors of node (4,24513) (i.e.,
(3,24513) and (5,24513)). Such a fault placement
disables the 2nd and 4th rows of Table 5d, yielding
Table 8a. Note that with this fault placement we can
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In. Final link 1 J

Iink| 23|45 21311415
2 |- -1-1- 2 | 17|16 |17 | 16
3 11615 — 1|15 311615116 | 15
4 [17]16| - |16 4 |17 |16 | 17 | 16
5 16|15 - |15 511615116 | 15

(a) Worst-case fault
placement for
7= (124)(35)

(b) Cost of optimal
paths under the fault
placement of Table 7a

Table 7: A worst-case fault placement in SCCsx

In. Final link 1 J
Iink| 213|415 2 |34 ]5
2 |17 (12 (11|12 13 112 | 11 | 12

3
4 [17]16|17 |16
5

17 |16 | 17 | 16

QY | Qo DO
|
|
|
|

(b) Cost of optimal
paths under the fault
placement of Table 8a

(a) Another worst-case
fault placement
for T = (124)(35)

Table 8: Another worst-case fault placement in

SCCs

only choose i = {2,4} and j = {2,3,4,5}. The costs
of the optimal paths for all possible combinations of
digits 7 and j under the fault placement shown in Ta-
ble 8a are given in Table 8b. Note that in some cases
the costs of these optimal paths can be lower than
those listed in the original Q(¢; — £;) table (i.e., Ta-
ble 5d in this case), since better alternate routes can
still be found despite of the presence of faults. Such is
the case, for example, of the routing from (2,24513)
to (2,12345). A better alternate route which is still
available after the fault placement given in Table 8a
is (2,24513) — -+ — (3,12345) — (2,12345).

Note that the cost of the longest path in both
Table 7b and Table 8b is 17. Hence, d;(SCCs) =
d(SCCs) + 1 = 17. The correctness of this result can
be verified by analysis of other fault placements onto

Tables 5b and 5d.
3.6 Exact value for d;(SCCq)

The worst-case analysis for the SCCg graph was
carried out with the following candidate permutations:

(D2 4)(3 5 6),(1 2)(3 5)(4 6), ()(2)(3 5)(4 6)
and (1 3 5 2)(4 6). Tables 9a through 9d list the

cost of all shortest paths Q(¢; — £;) (2 < £y, £, < 6)
for these permutations. Due to space constraints, we
show in Table 10 only the sequences of lateral links
R(£y — £5) used to build Table 9d.

One possible worst-case fault placement that can be
applied to Table 9d is shown in Table 11a. The costs
of the optimal paths for all possible combinations of
digits 7 and j are listed in Table 11b.

In. Final link 1 J

Iink|2| 345 |6 2131456
2 |—-|18(19(19 |18 || 2 |19|18 19|19 18
3=l —=-1-1-1/3]120{19]20(20 |19
4 | =120(119]20|19|| 4 [20(20|19]20 |19
5 | =119120{20(19(]|520(19]20|20 |19
6 |—120120{20({19(]|620]19]20|20 |19

(a) Worst-case fault
placement for
7= (1352)(46)

(b) Cost of optimal
paths under the fault
placement of Table 11a

Table 11: A worst-case fault placement in SCCgq

Note that the cost of the longest path in Table 11b
is 20. Hence, d;(SCCg) = d(SCCs) + 1 = 20. The
correctness of this result can be verified by analysis of
other fault placements onto Tables 9a through 9d.

3.7 Proof for general values of n

Intuitively, the tabular method of proof used so far
in this paper indicates that, for n > 4, there is little
possibility that faults will cause a significant impair-
ment in the SCC,, graph. Such a reasoning can be jus-
tified by the fact that the 2 tolerable faults can affect
at most 2 rows and/or columns of an (n—1)x(n—1) ta-
ble containing the costs of optimal paths Q(¢; — £5),
for 2 < £, 4; < n. We now extend our previous results
for the case of general values of n as follows:

Theorem 1 The fault-diameter of the SCC,, graph is

d(5CCy)+4, forn=3
d(SCC,)+ 5, forn=4
d(SCC)+ 1, forn >4,

d;(SCC,) =

where d(SCCy,) is the diameter of the faull-free SCC,,.

Proof: The proof for the cases n = 4, n = 5 and
n = 6 uses the tabular method described earlier and
was presented in Subsections 3.4 through 3.6. The
proof for n > 6 1s by induction on n and uses the fact
that the diameter of a fault-free SCC,, graph relates
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In. Final link In. Final link In. Final link In. Final link

Ink|{ 2 (3|4 |5 |6 ||lnk|2 |3 |4|5 |6 ||link|2]|3|4|5 |6 |/lnk|2|3|4|5]|6
2 16|17 (22|18 |17 2 2116171716 2 | 18119202019 2 119118191918
3 |17|116 172222 3 |16|22(18 (21|17 3 [19|14|15(20| 16 3 |14|122(16(19] 15
4 (22171161718 4 (1718221921 4 12015 (14| 15|20 4 [15(201]19]20]19
5 11822171621 5 |17121(19(22]18 5 (2020|1514 |15 5 |18119(20|20 19
6 |17|122(18|21]16 6 |16|17 (211822 6 [19|16|20 (15|19 6 |16[20]|20]20|19

(@) = (MEHESE) () r=(12E5EE) () r=()RESMAE) (4 7= (1352)46)

Table 9: Cost of paths Q(¢; — £,) in SCCq

Init. Final link

link 2 3 4 5 6
2 (2,6,4,6,2,3,5,2) (2,3,4,6,4,5,2,3) (2,3,5,2,3,4,6,4) | (2,6,4,6,5,2,3,5) | (2,6,4,5,2,3,5,6)
3 (3,4,6,4,5,2) (3,4,6,4,5,3,2,3,2,3) (3,5,2,4,6,4) (3,4,6,4,2,5,2,5) (3,5,2,6,4,6)
4 (4,6,4,3,5,2) (4,6,4,5,2,3,5,3) (4,6,5,2,4,3,5,4) | (4,6,4,3,2,5,2,5)| (4,3,5,2,6,4,3,6)
5 (5,6,4,5,3,5,6,2) (5,6,4,6,2,3,5,3) (5,2,3,5,3,4,6,4) | (5,6,4,6,2,5,3,5)| (5,2,6,4,5,3,5,6)
6 (6,4,6,3,5,2) (6,4,6,5,2,3,5,3) (6,5,2,4,6,3,5,4) | (6,4,6,2,5,2,3,5)| (6,4,5,2,6,3,5,6)

Table 10: Sequences of lateral links R(£; — £,) used to build Table 9d

to the diameter of a fault-free SCC,,_5 graph by the
recurrence below. This recurrence holds for n > 6 and
can be verified from Equation 1.

Let the extra 2-cycle obtained by application of
rules R1 and R2 to 7,_2 be C.. R2 requires that:

n—+2

n
d(SCC,) = d(SCCp_2)+2n—1, for even n o - (5 n) or ( 3 n), for even n
" d(SCCh_s2) +2n+1, for odd n e (n +1 ") o odd

2 b)

Let a candidate permutation used in the deriva-
tion of the fault-diameter of SCC,,_5 be referred to as
Tn—o. If the tabular method were to be used for an
SCC,, graph, a new candidate permutation 7, could
be obtained by extending 7, _- via the following rules:

R1 Form m, by adding a 2-cycle (n — 1 n) to mp_a.

R2 Rearrange the digits in the cycles of m,, such that
the number of local links that must be traversed
during the execution of these cycles is maximized.

Note that if the number of cycles of length at least
21n m,_9 18 ¢, 9 and the the number of digits in these
cycles 18 my,_o, then the corresponding values for 7,
are ¢, = ¢,_9+ 1 and m, = m,_o + 2. Rules R1
and R2 guarantee a maximum number of additional
lateral and local links while forming 7, from 7,_o.
As an example, the candidate permutations used in
the derivation of d;(SCCs) can be extended such as
to result in the following candidate permutations for
SCC7z: (1)(2 5 3 6)(4 7), (1 2)(3 5 6)(4 7), (1)(2
5)(3 6)(4 7)and (1 2 5)(3 6)(4 7).

Our goal is to compute the cost difference between
the families of paths Q(¢; — ¢;) in SCC,, and SCC,,_,
via an analysis of the transformations carried onto
Tn—o that lead to m,. This can be done by taking
into account each of the following aspects:

1. Equation 2 indicates that the execution of the
extra cycle C. requires |C¢| links, where |C.| =
n+ 1, for even n, and |C.| = n + 2, for odd n.

2. The cycle structure of m,_5 1s such that:

e For even n, m,_s contains at most (n—4)/2
r-cycles Cj, r > 2, such that C; # (1 p;),
2 < p; < n—2. Rearranging the digits within
these cycles to form 7, requires at most (n—
4) additional local links.

e For odd n, m,_2 contains at most (n—3)/2 r-
cycles, r > 2. Rearranging the digits within
these cycles to form , requires at most (n—
3) additional local links.
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3. As explained earlier, the internal composition of
the cycles in w, maximizes the number of local
links that must be traversed during the execution
of these cycles in SCC,. On the other hand, the
distribution of the digits over the cycles of 7, fa-
vors cycle orderings in which only one local link
is required to move from one cycle to the other.
Therefore, the extra cycle (', introduced while
forming 7, also contributes with one additional
local link to the cost of a path Q(¢; — £;) from
u= {1, m,) tov=({;,123...n).

4. Finally, one extra local link is required in the fault
analysis of SCC,, when compared to SCC,,_», due
to the fact that the node labels within a supern-
ode of SCC,, range from 2 to n as opposed to 2
to (n—2) in SCC,,_».

Adding the cost increments of items 1 to 4 above,
the resulting total cost increment is at most (2n — 1)
for even n, and at most (2n 4 1) for odd n. Hence, a
fault analysis carried onto SCC,, with a permutation
7, formed according to rules R1 and R2 results in a
fault-diameter of at most:

e Forevenn > 8: d;(SCC,) < dp(SCC,o)+2n—1
e Foroddn > 7: d¢(SCC,) < d;f(SCCr_s)+2n+1

Based on the fact that d;(SCC5) = d(SCCs)+1 and
d;(SCCq) = d(SCCs) + 1, assume that the hypothesis
d;(SCCph_2) = d(SCC,,_2) + 1 holds. Hence:

e For even n > 8: d;(SCC,) < d(SCCph_s) + 1+

2n — 1 =d(SCC,) + 1

e For odd n > 7: d¢(SCC,)
M +1 = d(SCC,) + 1

INA

d(SCCp_2) + 1+

By combining the lower bound established in Sub-
section 3.1 with the above inequality, we prove that

d;(SCC,) =d(SCC,)+ 1, for n > 7. O
4 Conclusion

This paper derived exact values for the fault-
diameter of the star-connected cycles (SCC) intercon-
nection network. We showed that the SCC graph is
strongly resilient, which is not intuitive due to the uti-
lization of a topology where rings abound. This result
can be attributed to the robustness of the star graph,
which dominates over the weak resilience of the ring.
Such a dominance is made clear through a tabular
method of proof, which demonstrates how the richness
of paths in the star graph contributes to minimize the
impact of faults onto the corresponding SCC graph.
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