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Abstract — Packing s a graph simulation technique by which py node-disjoint copies of a k-dimensional

guest graph G(k) are embedded into an n-dimensional host graph H(n). Many advantages result from this
technique as opposed to a simple embedding of G(k) into H(n). The multiple copies of G(k) can execute
different instances of any algorithm designed to run in G(k), providing high throughput via an efficient,
low-expansion utilization of H(n). Task migration mechanisms between the multiple copies of G(k) also
become possible, allowing a proper allocation of the nodes of H(n), load balancing and support for fault
tolerance. Other advantages that arise from a well-devised packing technique are variable-dilation embeddings
and multiple-sized packings. A variable-dilation embedding consists of connecting c(k — k + £) copies of a
graph G(k), packed into a host graph H(n) with dilation d, such that an embedding of a (k + £)-dimensional
graph G(k+(), £ > 0, into H(n) is obtained. The resulting embedding has dilation d when the nodes of G(k+£)
communicate over the first k dimensions of G(k+ (), and dilation d; > d when a dimension i, k < i< k4,
i1s used. Since many parallel algorithms use a restricted number of dimensions of the guest graph at any
given step, the resulting communication slowdown can be made significantly small on the average. We also
extend the concept of connecting node-disjoint copies of a graph G(k) to obtain multiple-sized packings, in
which graphs G(k),G(k+1),...,G(k+£) of various sizes are packed into a host graph H(n). Multiple-sized
packings allow tasks with different node requirements to be allocated proper guest graphs in H(n).

This paper focuses on the problem of packing hypercubes Q(k) into a star graph S(n) with dilation 3, for
[n/2] < k < n. Our techniques achieve dense packings of Q(k) into S(n), and often reach 100% or close
to 100% utilization of the star graph. We also show how to connect packed Q(n — 1)’s to obtain a variable-
dilation embedding of Q(n — 1+ 1£), 0 < £ < [logo(|n/2]!- [(n— 1)/2]D)], into S(n). Such an embedding has
dilation 3 for the first (n — 1) dimensions of Q(n — 1+ £) and guarantees a minimal slowdown by using a
slightly higher dilation (4 in most cases) for the remaining dimensions of Q(n — 14 £). Finally, we address
the issue of multiple-sized packings of hypercubes into S(n).

Index terms — Graph simulation, interconnection networks, hypercube embedding, hypercube packing, par-

allel processing, star graph, variable-dilation embeddings.

1 Introduction

The star graph was proposed as an attractive interconnection network for massively parallel processing [1],

[2], featuring rich symmetry properties, and a degree and diameter that are sublogarithmic on the number
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of nodes in the graph. These properties compare favorably with hypercube networks [3], as described in [1]
and [4]. However, the earlier introduction of hypercube networks, along with their interesting characteristics,
has given to such networks a considerable popularity. A number of hypercube-configured massively parallel
processors (MPPs) was built in recent years [5], [6], [7], and various hypercube-compatible algorithms have
been developed for these MPPs. Although efficient parallel algorithms have already been proposed for the
star graph as well (e.g., sorting [8], FFT [9], linear systems solving [10]), simulation of hypercubes in star
graph-configured MPPs 1s clearly an issue of great interest, due to the possibility of reutilization of a large
number of algorithms currently supported by the hypercube.

Different techniques to simulate a single copy of a hypercube in the star graph have been proposed in [11]
and [12]. There is, however, an evident trade-off between performance and efficiency in these techniques, in
the sense that if a hypercube is to be simulated with small communication slowdown, a large portion of the
star graph remains unused, and vice versa.

In this paper, we introduce hypercube simulation techniques that reduce this trade-off significantly. One
of these techniques is referred to as packing, and consists of simulating multiple node-disjoint copies of the
hypercube in the star graph. Such a technique achieves an efficient utilization of the star graph, while
guaranteeing a small communication slowdown within each of the simulated hypercubes.

The multiple, node-disjoint hypercubes being simulated via our packing techniques can make an efficient
utilization of the hardware resources of the star graph, via simultaneous execution of multiple hypercube-
compatible tasks. Task migration mechanisms to handle aspects such as load balancing and fault tolerance
also become possible with our packing techniques.

We also consider in this paper extensions of our packing techniques, which we refer to as variable-dilation
embeddings and multiple-sized packings. Variable-dilation embeddings address the necessity of accommodating
tasks requiring hypercubes that are larger than each of the copies made available through our basic packing
techniques. Larger hypercubes are formed by connecting packed copies of lower-dimensional hypercubes,
which assures that an efficient utilization of the star graph 1is still achieved. Although some performance
degradation is introduced along higher dimension hypercube links connecting packed copies, our variable-
dilation embeddings guarantee that the average communication slowdown increases by only a small factor in
comparison to the communication slowdown obtained through our basic packing techniques.

Multiple-sized packings that achieve 100% utilization of the star graph are presented, providing the means
by which tasks with different requirements in terms of number of nodes can be supported. Larger hypercubes
can also be composed via variable-dilation techniques in this case, which suggests the flexibility of multiple-
sized packings.

This paper is organized as follows. Section 2 presents some definitions and the terminology that is used
in the remainder of the paper. Section 3 provides some background on hypercubes and star graphs, as well
as on an embedding technique from which we derive the main results of our paper. Section 4 presents our
techniques for packing hypercubes into the star graph. Section 5 considers variable-dilation embeddings and
Section 6 addresses multiple-sized packings. A comparison with related work 1s given in Section 7 and Section

8 concludes the paper.

2 Definitions and Terminology

Let G(k) be a k-dimensional graph with hierarchical structure [2], such that a (k + 1)-dimensional graph
G(k 4+ 1) can be obtained recursively from c¢(k) copies of G(k). Several graphs belonging to the class of



Cayley graphs have this recursive decomposition property, such as the hypercube and the star graph (which
we denote by Q(k) and S(n), respectively). Q(k+1), for example, can be obtained by connecting two Q(k)’s,
while S(n + 1) can be obtained by connecting (n + 1) S(n)’s. The links connecting the ¢(k) copies of G(k)
that exist within G(k + 1) are referred to as dimension (k + 1) links.

A graph G(k) modeling a particular interconnection network can be described by a set of nodes V(G(k))
and a set of links E(G(k)), such that each node in V(G(k)) corresponds to a processing element (PE) and
each link in F(G(k)) corresponds to a communication channel connecting two of these PEs. One possi-
ble mechanism for simulating G(k) in a second graph H(n) is referred to as embedding G(k) into H(n).
The embedding of G(k) = {V(G(k)), E(G(k))} into H(n) = {V(H(n)), E(H(n))} consists of a mapping of
V(G(k)) into V(H(n)) and of E(G(k)) into paths of H(n). The set of nodes resulting from the mapping
M : V(G(k)) — V(H(n)) is Vg(H(k)) C V(H(k)). The graph that is being embedded (G(k)) is referred
to as the guest graph, while the graph that receives the embedding (H(n)) is referred to as the host graph
[13]. The load of an embedding is the maximum number of nodes of the guest graph that are embedded in
any single node of the host graph. We assume in this paper that each node of G(k) is mapped to a distinct
node of H(n), i.e. the load of the embedding is 1. Clearly, in order to achieve such an embedding we must
have |[V(H(n))| > |[V(G(k))|, where |V(H (n))| and |V (G(k))| are, respectively, the number of nodes in H(n)
and G(k). The ratio |[V(H(n))|/|V(G(k))| is called the ezpansion of the embedding. The dilation of the
embedding is the longest path in H(n) used to map any link £, , = (u,v) € E(G(k)), u,v € V(G(k)). We
refer to the expansion of an embedding with load A and dilation d as X(A,d) = |V(H(n))|/|V(G(k))|.

Different techniques have been proposed for embedding a hypercube Q(k) into a star graph S(n) [11], [12].
Embeddings with load 1 and dilations 2, 3 and 4 were considered in [11]. The corresponding expansions of
these embeddings are X(1,2) = (2% + 1)!/2% X (1,3) = k!/2%, and X(1,4) < (2" +j)!/22h(h_2>+hj+2, where
h > 2 and j < 2% are some integers such that 2%(h — 2) + hj + 2 < k. Embeddings of Q(k) into S(n) with
dilations 1, 2 and 3 were proposed in [12], with expansions X(1,1) = (3* +1)!/2% X (1,2) = (135 42)!/211/+2
(where £ = 115+ 2 and n = 135+ 2), and X(1,3) = 2h1/2h2h_1

The dilation 1 and 2 embeddings proposed in [12] use the concept of one-to-many mappings, in which each

(where k = h2"~1 and n = 2"), respectively.

node of the guest graph is mapped into multiple nodes of the host graph. This results in lower dilation than
that obtainable with one-to-one mappings.

A major drawback of the lower-dilation embeddings of @(k) into S(n) proposed in [11] and [12] is their
large expansion ratios, which results in only a minor fraction of the available nodes in S(n) being used.
Embeddings with smaller expansions can be obtained, although at the expense of an increased dilation [12].

As it is defined, the embedding of a guest graph G((k) into a host graph H(n) is concerned with simulating
a single copy of G(k) (namely, G1(k)) in H(n). In embeddings with large expansion ratios (as is the case
of low-dilation embeddings of a hypercube into a star graph), a more efficient utilization of H(n) can be
obtained if nodes in V(H(n)) — Vi, (H(n)) are used to build additional node-disjoint copies of G(k) (namely,
Ga(k),Gs(k), ..., Gp(k)). A number of advantages results from these multiple embeddings, as we shall explain
shortly. Such a graph simulation technique is referred to as packing G(k) into H(n).

In its simplest form, the packing of a graph G(k) into a graph H(n) consists of a mapping of V(G(k)) into
node-disjoint sets Vg, (H(n)), Va,(H(n)),..., Vg, (H(n)) C V(H(n)), and of E(G(k)) into paths of H(n),
such that pj copies of G(k) (i.e., Gi(k),Ga(k),...,G,(k)) are packed into H(n). These copies do not share
any common processing node in H(n) (i.e., Vg, (H(n)) N Vg, (H(n)) = 0, Va,b, 1 < a,b < p, a # b),
and the dilation of each G;(k) being simulated in H(n) is d. In addition, we assume in this paper that
the packing of G(k) into H(n) uses a one-to-one, load 1 mapping P : V(G(k)) — Vg, (H(n)), V(G(k)) —



Va,(H(n)),...,V(G(k)) — Va,(H(n)). Note that packing is an extension of the embedding problem, in
which the mapping P must be chosen such as to maximize the number of node-disjoint copies of G(k) into
H(n). We define the ezpansion of a packing of G(k) into H(n) as the ratio:

[V (H ) 0
pelV(G(R))|’

where A, d and pj are respectively the load, the dilation, and the number of copies of G(k) resulting from

X()‘a da Pk) -

the packing.

Packing is a useful technique for exploiting the multitasking capability of a host graph H(n), and allows
concurrent execution of algorithms originally designed to run in G(k). The processes running in each of the
pr. copies of G(k) are either different instances of the same algorithm, or instances of distinct algorithms
executable in G(k). Task migration strategies between the multiple copies of G(k) also become possible,
providing advantages such as load balancing and support of fault tolerance. Note that we will not be
discussing task migration or node allocation strategies in this paper (see [14], [15] and [16] for more on this
topic). Rather, we present efficient packing techniques that can support these strategies in star graphs when
multiple hypercubes are being simulated.

A well-devised packing technique can be readily extended to support wvariable-dilation embeddings. A
variable-dilation embedding consists of simulating a (k + £)-dimensional graph G(k + ¢), £ > 0, in H(n) by
connecting e(k — k+ () = Hle c(k+1—1) copies of G(k) (i.e., c(k — k + £) is the number of packed copies
of G(k) required to form a (k + £)-dimensional graph G(k + ¢)). We refer to such an embedding as having
variable dilation due to the fact that the maximum number of links in H(n) that are required to simulate
any given link (u,v) of G(k + ¢) depends on the dimension of (u,v). Let dry, = [di,da, ..., di, ..., dpyd]
be a dilation vector defining the maximum number of links in H(n) that is required to simulate any of the
dimension i links of G(k+¢), 1 <i < k+ (. We denote the largest dilation along any dimension of G(k + ¢),
in its corresponding variable-dilation embedding into H(n), by dmax (i-€., dmar = max(d;), for 1 <i < k+¢).

Assume that the communication slowdown n(G(k) — H(n)) resulting from simulating G(k) in H(n) is
equal to the dilation of the embedding, namely n(G(k) — H(n)) = d. A conservative estimate for the commu-
nication slowdown of a variable-dilation embedding V' : G(k+/{) — H(n) is dymar. Many algorithms, however,
use a limited number of dimensions at any given step of their execution, resulting in a smaller slowdown.
Notably, algorithms following the SIMD computational model require that all nodes in the interconnection
network operate in a lockstep fashion, causing a unique dimension to be used at every step of the algorithm.
Note that the slowdown for an algorithm devised according to the MIMD computational model may also
be smaller than dy,qz, depending on how the dimensions of G(k + ¢) are used and on the nature of code
dependencies arising during the execution of the algorithm.

Let A be an algorithm devised to run under the SIMD computational model in an MPP with intercon-
nection network G(k + £). Let the number of steps using dimension i of G(k 4+ ¢), 1 < i < k+ ¢, be 7.
The communication slowdown in A’s execution, resulting from a variable-dilation embedding of G(k+ ¢) into
H(n), is

k4t
> md;

NGk +0) — H(n)) = S (2)

>
=1

If we make the simplifying assumption that A is such that 7; = 7, Vi, Equation 2 reduces to
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where dgy, is referred to as the average dilation of the variable-dilation embedding of G(k + £) into H(n).
Note that a major advantage of variable-dilation embeddings, as opposed to conventional embedding

methods, is that the communication slowdown can be made significantly smaller on the average. A conven-
tional embedding of a guest graph G(k + £) into a host graph H(n) often requires a large dilation along all
dimensions of G(k+£) if the expansion ratio of the embedding is at premium. Consequently, a larger commu-
nication slowdown results. On the other hand, variable-dilation embeddings can still achieve low expansion
ratios with smaller slowdown by forcing the dilation along the first & dimensions of G(k 4 £) to be d < dmqz-
As explained earlier, this is achieved by generating the embedding of G(k + £) from packed copies of lower
dimensional graphs G(k). The expansion of a variable-dilation embedding is:

V(H@)  _ [V(H(n))| )
V(GE+ ) ek —k+ OIV(G(R))|
The concept of achieving an efficient utilization of a host graph H(n) by packing multiple copies of a

X(A dpte) =

guest graph G(k) can be extended to an interesting technique referred to as a multiple-sized packing. Tn this
case, graphs of various sizes |V(G(E))|, |[V(G(k + 1))|,...,[V(G(k + 5))|,...,|V(G(k + £))| are packed into
H(n). Let a given multiple-sized packing P, have py;|,, copies of a (k + j)-dimensional graph G(k + j),
0 < j < L. Asin the equal-sized case, we require that all copies of a given graph G(k + j) are node-disjoint
in Py,. In addition, copies of G(k + j) and G(k+j'), j # j', 0 < j,j < {, are also node-disjoint in Py,.

Let P, = {PE|m> - - > Phtjlm> - - - Phe|m } be a vector specifying the number of copies of G(k+j) in Py, for
0 < j < /. In Section 6, we show that a multiple-sized packing of hypercubes into the star graph, P,,, can be
transformed into another multiple-sized packing P/, such that the total number of nodes used in both P, and
P!, is the same, but the distribution of hypercube sizes in P, and P., are different (i.e., P, # P},). Larger
hypercubes in P}, can be obtained by connecting smaller hypercubes in P, via variable-dilation embedding
techniques. Accordingly, we can create smaller hypercubes in P, by splitting larger hypercubes in P,,,.

To fully specify a given multiple-sized packing P,,, we consider the general case where each copy of a
graph G(k + j) is embedded into H(n) with variable-dilation. Let dj4; be the dilation vector referring to
each G(k+ j) that is packed into H(n), and let Dy, = {dp,...,dk;,--.,dr+¢} be a set specifying all dilation
vectors Wﬂ', for 0 < j < £. The expansion of a given multiple-sized packing P,, is

XO T Py = —— 0L ) )

Z (Prtjiml Gk + 7)) (Drgjime(k — k4 7G(k)])

Jj=0 J

Multiple-sized packings allow tasks with different node requirements to be allocated proper guest graphs
G(k+j) in H(n). A smaller communication slowdown is still guaranteed in the case of larger guest graphs,

which can be built in H(n) via variable-dilation embeddings.



3 Background

3.1 The hypercube

A k-dimensional hypercube! graph Q(k) = {V(Q(k)), E(Q(k))} contains 2* nodes which are labeled with
binary strings of length k. In this paper, we use the digits {0, 1} to form the node labels of Q(k). A node
= q1q2...q; .. .qx 18 connected to k distinct nodes, respectively labeled with strings ¢; = q1q2...9; - - - ¢,
1 < i < k. In other words, node ¢ is connected to other k nodes whose labels are the binary strings resulting
from complementing the digit in position 7 in ¢, where 1 < i < k [3]. A 3-dimensional hypercube is shown
in Figure 1. Note that a link connecting a node ¢ = q1q2...¢;...q; to anode ¢; = q1q2...q; - . . qx 18 labeled

i to indicate a connection along the i'* dimension of Q(k).

000

010

Figure 1: A 3-dimensional hypercube Q(3)

Q(k) is a regular graph with degree §(Q(k)) = k and diameter d(Q(k)) = k [3]. Q(k) is node- and

edge-symmetric, has hierarchical structure and supports node communication via simple routing algorithms.

3.2 The star graph

An n-dimensional star graph S(n) = {V(S(n)), E£(S(n))} contains n! nodes which are labeled with the n!
possible permutations of n distinct symbols. In this paper, we use the digits {1, 2, ..., n} to label the
nodes of S(n). A node ¥ = p1ps...p;i...pn is connected to (n — 1) distinct nodes, respectively labeled with
permutations m; = p;ip2 - . . Pi—1P1Pi+1 - - - Pn, 2 < 1 < n. In other words, node 7 is connected to other (n — 1)
nodes whose labels are the permutations resulting from exchanging the digit in position ¢ in = with the first
digit of m, where 2 < i < n[1], [2]. A 4-dimensional star graph is shown in Figure 2. A link connecting a node
T=pipa...Pi-..pn toanode m = pipa...pi—1P1Pi+1 - - - Pn 18 labeled ¢ to indicate a connection along the ith
dimension of S(n). S(n) is a regular graph with degree 6(S(n)) = n—1 and diameter d(S(n)) = [3(n—1)/2]
[1]. Similarly to @(k), S(n) is a hierarchical graph featuring simple routing and both node and edge symmetry.

3.3 Embedding an (n — 1)-dimensional mesh into S(n)

The packing and embedding techniques presented in this paper use a two-step mapping, in which hypercubes
are initially packed into an (n — 1)-dimensional mesh of size 2 x 3 x ... x (n — 1) x n, which we denote by
M(n—1)={V(M(n-1)),E(M(n—1))}. M(n—1)is then embedded into S(n) with load 1, dilation 3, and
expansion 1 via the mapping proposed by Ranka et al. in [18]. A brief review of this mapping is presented
below.

We assume that the nodes of M(n — 1) are labeled with an (n — 1)-digit vector mymsg...myu_1,0 < m; <

s; — 1, where s; = 7+ 1 is the size of the mesh along the " dimension.

1For simplicity, we use the term hypercube to refer to the well-known binary hypercube, which is in fact a graph belonging to
the larger class of generalized hypercube graphs [17].
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Figure 2: A /-dimensional star graph S(4)

The mapping of a node w = myma ... mp_1,w € V(M(n—1)), onto anode # = p1pa...pn, # € V(S(n)),
is accomplished by the algorithm shown below. We assume that the identity node of M(n —1) (i.e., 00...0)
maps onto the identity node of S(n) (i.e., 12...n). Note that in Algorithm 1 the labels of the mesh and the

star nodes are represented with vectors, such that w =m[] and 7 = p[].

Algorithm 1 (Mapping M(n — 1) onto S(n)):

mesh_to_star (int m[ ], int n, int p[])
{
int 7, j, temp;
for (i=1;i<n;i++)plil =14
for (i=1;i<n;i++)
for (j=0;7<mli]; j+4) {
temp = pli — j + 1];
pli—Jj+1] =pli—j
pli — j] = temp;
}
}

Algorithm 1 initially sets permutation 7 to p[ ] = 12...n. The next step of the algorithm consists of an

iterative inspection of the (n — 1) coordinates of the mesh node (w = m[]). Assuming that the coordinate of



w along the i dimension is m[i], the i** iteration of the externally nested for loop results in the following

sequence of transpositions:

(pli + 1] = pli)), (i) = pli —11), .., (p[i — m[i] + 2] — pli — m[i] + 1])

Let the transposition of two digits p[r], p[s] in @ be denoted by (r s) (i.e., (r s) corresponds to the
exchange of the digits occupying the #** and the s'* positions in permutation 7). Table 1 lists the sequences
of transpositions used by Algorithm 1 along the (n—1) dimensions of the mesh. Note that if the coordinate of
the mesh node along dimension i is m[i], then only the first m[i] transpositions of the sequence corresponding

to dimension 7 are used.

Dimension (i) Sequence of transpositions
1 20
2 B2 21
n—1 nn—1)(n—-1n-2)---(21)

Table 1: Sequences of transpositions used by Algorithm 1

As an example, assume the mapping of node w = 103 € M(3) onto a node 7w € S(4). Initially, Algorithm
1 sets m = 1234. Since m[1] = 1, a (21) transposition is performed on 1234, giving 2134. Next, the algorithm
examines the coordinate of w along the 2nd dimension (m[2]). Since m[2] = 0, no transpositions are performed
at this step. Next, m[3] is examined, resulting in a sequence of transpositions (4 3) (32) (2 1). Such asequence

affects m as shown below:

2134 @2 9143 B 9413 CU 4913

Hence, w = 103 1s mapped onto node m = 4213. Figure 3 shows the complete mapping of a 3-dimensional
mesh onto S(4).

The mapping algorithm described in this paper differs slightly from that proposed in [18] with respect
to the definition of a transposition (r s). In Algorithm 1, (r s) corresponds to an exchange of the digits
occupying the 7* and the s** positions in permutation 7. In the corresponding algorithm described in [18],
(7 s) corresponds to an exchange of digits r and s in #. Both approaches, however, result in a load 1, dilation
3, expansion 1 embedding of M(n — 1) onto S(n).

The following lemma combines results of [18] that are relevant to our packing techniques. Although such
results are proved in [18], we present a simpler proof which is useful for other lemmas that will be stated

later in this paper.

Lemma 1 Any two nodes w, w; € V(M (n — 1)) which are adjacent over the i'" dimension of M(n — 1),
1 <i<n-—1, are connected by a path containing either 1 or 3 links in the corresponding embedding into

S(n).

Proof: Without loss of generality, assume that the i'" coordinates of w and w; (respectively, m[i] and m'[i])
are such that m[i{] = m/[i] — 1. By inspection of Algorithm 1 and Table 1, we note that the mapping of
w € V(M(n—1)) onto m € V(S(n)) uses a sequence of transpositions of the form:



003 103
4123 4213
002 102
1423 2413 013 113
4132 4231
001 101
1243 2143 012 112
1432 2431 023 123
000 100
4312 4321
1234 2134 011 111
1342 2341 022 122
3412 3421
010 110
1324 2314 021 121
3142 3241
020 120
3124 3214

Figure 3: Mapping of M (3) onto S(4)

c=(ab)cd)...(ij)(mn)...(y2)

Accordingly, w; is mapped onto m; via a sequence of transpositions of the form:

o= (ab)ed)...(i Hk D(mn)...(y2)

Note that identical transpositions are used in o and o;, except for the fact that o; has one transposition
more than does ¢ (namely, (k I) = ((i — m'[{] + 2) (i — m/[{]] + 1))). Hence, the mapping of w and w; is
initially carried out identically, with transpositions (a b)(c d)...(i j) being used in both ¢ and ¢;. At the i'®
iteration of the externally nested forloop of Algorithm 1, however, the extra transposition (k !) is used only
in the mapping sequence of w;.

Let the digits occupying the k' and the I** positions of the permutation resulting from applying trans-
positions (a b)(¢ d)...(7 j) to the identity 123...n be respectively di and ds. Therefore, (k [) moves dy into
dy’s position, and ds into dy’s position. Since the remaining transpositions in o, o; (i.e., (m n)...(y 2)) are
also identical, 7 and 7; will differ only in the final positions occupied by digits d; and ds. Let these positions
be a and 3, such that if in 7 we have p[a] = d; and p[3] = d», in 7; we have p[a] = d2 and p[F] = d;. Hence,
routing from 7 to m; in S(n) can be easily accomplished with a single transposition (« £).

Naturally, such a transposition must be properly accomplished by means of star operations that are
available in S(n). Let g be the star operation performed along the g** dimension of S(n) (i.e., g exchanges
the first and the g** digit of a permutation of n digits). Assume that transposition (a 3) is ordered such that
a < 3. Therefore, (o« ) can be minimally executed by the following sequences of star operations [1], [19]:

@0={ §apzacion et ©

Note that transposition (a 3) requires 1 star operation if & = 1 and 3 star operations otherwise. O



4 Packing Hypercubes into Star Graphs

4.1 Fundamentals

The packing techniques which are presented in this paper take advantage of the regular structure of M(n—1)
to achieve an efficient utilization of the nodes of S(n). An important result on which our techniques are

based is given below:
Lemma 2 Q(k) can be embedded into M (n — 1) with load 1, dilation 1, for k <n—1.

Proof: A basic requirement for a load 1, dilation 1 embedding of Q(k) into M(n — 1) is that the degree of
any node in M(n — 1) must be greater than or equal to the degree of Q(k). Since the degree of the nodes in
M(n —1)is at least (n — 1) and 8(Q(k)) = k, this condition is satisfied for all £ < n — 1.

To complete the proof, we give a straightforward mapping of the nodes of Q(k) onto the nodes of M(n—1)
(Algorithm 2). Algorithm 2 does a one-to-one mapping in which mesh nodes whose first & coordinates are
either 0 or 1 are selected to embed Q(k). Note that such a mapping is possible because the size of M(n — 1)
along any dimension is at least 2. A null value is selected for the remaining (n — 1 — k) coordinates of these
nodes, although different values could have been used as well. Note that Q(k) can be seen as a k-dimensional
mesh of size 51 X s9 X ... X s =2x2x...x%x 2, which corresponds to using a limited range of the coordinates
available in M(n —1). D

Algorithm 2 (Mapping Q(k) onto M(n — 1)):

cube_to_mesh (int ¢[ ], int k, int n, int m[])
{

int 2;

for (i=1;1 < k; i+ +) m[i] = q[i];

for (i=k+1;i<n;i++) m[i] =0;
}

A natural extension of Algorithm 2 consists of selecting proper values for the coordinates of the mesh
nodes, such that node-disjoint mappings of Q(k) onto M(n — 1) result. This is exactly the basis for the
packing techniques we present in this section. Naturally, our ultimate goal i1s to pack hypercubes into the
star graph. This can be accomplished after hypercubes have been packed into the mesh, via the one-to-one
mapping of the nodes of M(n — 1) into S(n) described in Algorithm 1.

We introduce our techniques by considering initially the packing of @(n—1) into S(n), and the packing of
Q(n—2) into S(n). A general algorithm that packs Q(n —¢) into S(n), for 1 <t < |(n+ 1)/2], is presented
later in this section, followed by an expansion 1 packing of Q(|n/2]) into S(n).

From the viewpoint of how the hypercubes are packed into the mesh, we classify our packings as symmetric
or asymmetric. Symmetric packings are those in which a dimension a link of every packed hypercube Q(n—t),
1 <a < n—t,is always assigned to a dimension b link of M(n—1), 1 <b < n— 1. Accordingly, asymmetric
packings are those in which dimension a links of two different packed hypercubes Q(n —¢) and @Q'(n — t),
1 < a < n—t1, are assigned respectively to dimension b and ¢ links of M(n—1), 1 <b,¢ < n—1, where b and
¢ are not necessarily equal. Note, however, that all dimension a links of a given copy of @(n —t) are mapped
onto a unique dimension of M(n — 1) in an asymmetric packing.

The dimension assignment rules that characterize a given packing technique are not preserved when

M(n — 1) is ultimately embedded into S(n) via Algorithm 1. In other words, in both symmetric and
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asymmetric packings, a dimension a link of any packed hypercube Q(n —1), 1 < a < n—t, is assigned either
to a dimension b link of S(n), or to a path of length 3 in S(n) of the form b — ¢ — b, where b, ¢ can be any of
the dimensions of S(n) (2 < b,¢ < n). Although the symmetry (or asymmetry) of a particular technique used
to pack @(n —t) into S(n) can not be distinguished unless for the intermediary step where the hypercubes
are packed into M(n — 1), we use throughout the paper the terms symmetric (or asymmetric) packings of
Q(n —1) into S(n).

Symmetric packings provide a very regular arrangement of the copies of @Q(n — ) in M(n — 1). This is
particularly useful for another hypercube simulation technique we will describe later in this paper, namely
variable dilation embeddings. Asymmetric packings, on the other hand, allow a greater number of copies
of @(n — 1) to be packed into M(n — 1) (and, consequently, into S(n)), and should therefore be considered
whenever a very efficient utilization of the nodes of S(n) is desired. As we shall see, asymmetric packings
are advantageous in cases where symmetric packings would result in expansion greater than 1, and often can
provide 100% or close to 100% utilization of S(n). Hence, an asymmetric packing will often be the method
of choice to pack hypercubes into the star graph.

It 1s also important to shed some light on the issue of how the role of communication between hypercube
nodes is accomplished in our packing techniques. To do so, we consider initially the intermediary step used in
all packing techniques presented in this section (i.e., a dilation 1, load 1 packing of @Q(n —t) into M(n — 1)).
In an M(n — 1)-configured MPP, the communication within a packed copy of Q(n — t) mimics exactly the
communication pattern found in an Q(n —t)-configured MPP. In other words, any algorithm designed to run
in @(n—1) would find all the communication resources needed for its execution self-contained within the copy
of Q(n —1). Furthermore, since both the load and the dilation of the packing are 1, any routing required by
the algorithm can be accomplished in the packed copy under identical conditions, as far as routing strategies
and end-to-end distances are concerned.

When the nodes of M(n — 1) are mapped onto S(n) via Algorithm 1, however, these conditions do not
hold any more. We recall that Algorithm 1 provides a one-to-one mapping, and therefore from the viewpoint
of processing load each node of Q(n — t) will be ultimately mapped onto a unique node of S(n). However,
according to Lemma 1 two nodes that are adjacent in Q(n — ¢) will be connected by a path of length 1 or 3
in S(n). In the cases where the distance between adjacent nodes remains 1, a trivial routing along a single
link of S(n) suffices. Now, assume that ¢[ ] and ¢’[ ] are two adjacent nodes in Q(n — t) which are connected
by a path of length 3 in S(n). In this case, two additional nodes will be needed to forward messages between
the corresponding pair of nodes in S(n). Furthermore, these routing nodes may lie within the same packed
copy of @(n — t) which contains ¢[ ] and ¢[ ], or may be located in one or two other copies nearby.

Hence, an important assumption made in this paper is that any node of S(n) being used as one of the
processing elements (PEs) of a given copy of @Q(n — t) may also be used to perform routing. As explained
earlier, each node of S(n) should not only provide communication services to requests that arise during the
execution of a particular algorithm running within a given copy of @(n — t), but also serve as a routing
device for messages occurring between nodes of a neighboring Q(n —1), whenever this should be needed. This
dual role can be supported efficiently if each node in S(n) is implemented with a separate routing chip that
offloads communication-related tasks from the actual processor. In fact, this implementation model 1s often

found in many commercial MPPs, such as the Intel Paragon XP/S.
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4.2 Packing Q(n — 1) into S(n)

Q(n — 1) is the largest hypercube considered in this paper as far as load 1, dilation 3 packings into S(n) are

concerned. In addition, the technique used to pack @Q(n — 1) into S(n) is symmetric.

Theorem 1 [t is possible to symmetrically pack pn_1 node-disjoint copies of Q(n — 1) into S(n), with load
1, dilation 3, and expansion X(1,3,pn_1), where

Pt = [gJ1 [n; 1J1 and  X(1,3,pp_1) = 2:—_1 <fn72ﬁ>

Proof: The size of M(n — 1) along the i'" dimension is s; = i + 1 (i.e., the i® coordinate of the nodes of

M(n — 1) ranges from 0 to 7). Tt is possible to partition M(n — 1) along dimension 7 into |s;/2] (n — 1)-

dimensional submeshes whose size along that dimension is at least 2. If this process is repeated for all
dimensions of M(n — 1), the resulting number of (n — 1)-dimensional submeshes of size at least 2 along any

dimension 1s

oo = 3] (3] e 1252 = 3] < [3] < [a) o< 18] = e [

Due to the partitioning process, these submeshes are node-disjoint. In addition, by applying Lemma 2

we note that it is possible to embed @(n — 1) with load 1, dilation 1 into each of these p,_; submeshes.
By simply using the same dimension assignment for each copy of @(n — 1), we symmetrically pack p,_1
node-disjoint copies of Q(n — 1) into M(n — 1), with load 1 and dilation 1. Tf we now embed M(n — 1) into
S(n) using the mapping given by Algorithm 1, a load 1, dilation 3 packing results. The fact that the load
remains 1 follows from the observation that Algorithm 1 provides a one-to-one mapping [18]. The dilation,
however, increases from 1 to 3 as a direct consequence of Lemma 1.

To complete the proof, we note that the expansion of the packing can be obtained by direct application
of Equation 1, noting that |S(n)| = n! and |Q(n — 1)| = 27~ %

n! n! n n—1
X(1,3,pn—1) = Py - 271 - BRI = on—1 <L”/2J>

We now present an algorithm that symmetrically packs @(n — 1) into S(n):

Algorithm 3 (Symmetric packing of Q(n — 1) into S(n)):

spack_cube_n_1 (int ¢[ ], int C', int n, int p[ ])

{
int 7, offset] ], m[];
for (i=1;1<n; i+ +) mi] = ¢[i];
for (1=3;i<n;i++){

offsel]i] = 2 QmJ mod H 1J);

m[i] = m[i]+ offsel[i];
}

mesh_to_star (m[ ], n, p[])

}

12



Initially, the algorithm copies the coordinates of the hypercube node (¢[ ]) onto the coordinates of a
mesh node m[ ]. Let ¢[ ] be a node belonging to the C** packed hypercube, 0 < C' < p,_; — 1. Algorithm
3 computes an offset vector (offsef[ ]) to correctly map any node belonging to the C'* hypercube onto a
node-disjoint submesh. This offset is added to m[ ], completing the mapping onto M(n — 1). The resulting
mesh coordinate is finally mapped onto S(n) via a call to Algorithm 1. Table 2 shows the offset vectors that
are required to pack @Q(5) into S(6). Note that, according to Theorem 1, it is possible to symmetrically pack
12 copies of Q(5) into S(6). To further illustrate the packing of @Q(n — 1) into S(n), Figure 4a shows how
4 copies of (4) can be symmetrically packed into M(4). The corresponding packing into S(5) follows by
simple application of Algorithm 1.

Hypercube number (C) 011234 ]|5[6|7|8]9]10]11

offset[3] = 2(C' mod 2) 0121020202 ]0]2] 0] 2

oﬁset[é}]:?([%Jmod?) 0j]0|2(2|]0(0(2|2(0]|0] 2| 2

oﬁset[5]:2<[%Jmod3> 0j]0|10j0]212|2|2|4|4] 4| 4

Table 2: Mesh coordinate offsets used in the packing of Q(5) into S(6)

Now, consider that Algorithm 3 is used to map any 2 hypercube nodes ¢[ ] and ¢’[ ], which are neighbors
along the i'" dimension of Q(n — 1). Without loss of generality, we assume that ¢[i] = ¢'[i] + 1. The
corresponding mesh nodes, m[ ] and m/[ ], are neighbors along the ** dimension of M(n— 1), since Algorithm

3 results in m[i] = m/[i] + 1. Hence, the packing accomplished via Algorithm 3 is symmetric.

4.3 Packing Q(n — 2) into S(n)

Intuitively, denser packings of Q(k) into S(n) seem to be easier to be achieved with smaller hypercubes. By
considering the packing of @Q(n — 2) into S(n), we shall show that such denser packings can be obtained
not only due to the smaller size of the hypercubes being packed, but also due to the possibility of using

asymmetric packing techniques. Initially, we consider symmetric packings of Q(n — 2) into S(n) as follows:

Theorem 2 [t is possible to symmetrically pack pn_o node-disjoint copies of Q(n — 2) into S(n), with load
1, dilation 3, and expansion X (1,3, pp_2), where

pn_2:3~[gJ1.l”;1J1 and X(1,3,pn_2):3‘;ﬁ.<rn72ﬁ>

Proof: Partitioning M(n— 1) into |s; /2] submeshes along dimension 7, as described in the proof of Theorem

1, results in unused nodes whenever s; is odd. Notably, the largest underutilization of M(n — 1) occurs for

i = 2, when 1/3 of the nodes are discarded by the partitioning process. These nodes can actually be used

while packing Q(n — 2) into S(n), if we partition M(n — 1) into (n — 2)-dimensional submeshes instead.
We modify the partitioning of M(n — 1) as follows. Initially, M(n — 1) is partitioned into 3 (n — 2)-

dimensional meshes along dimension 2. For the remaining dimensions, the partitioning process occurs as
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described in Theorem 1. Hence, the resulting number of (n — 2)-dimensional submeshes of size at least 2

along any dimension is

poa= [ | 2] e 252 = [ 3] s |5) oox (3] =0 [ 2] |25

Due to the partitioning process, these submeshes are node-disjoint. In addition, by applying Lemma 2

we note that it is possible to embed @(n — 2) with load 1, dilation 1 into each of these p,_s submeshes.
Hence, it is possible to pack p,_a node-disjoint copies of Q(n — 2) into M(n — 1), with load 1 and dilation
1. Furthermore, the packing can be done symmetrically by using the same dimension assignment for every
copy of Q(n — 2). If we now embed M(n — 1) into S(n) using the mapping given by Algorithm 1, a load 1,

dilation 3 packing results. The derivation of the expansion ratio is done as in the proof of Theorem 1.0
A straightforward extension of Algorithm 3 that symmetrically packs Q(n — 2) into S(n) follows:

Algorithm 4 (Symmetric packing of Q(n — 2) into S(n)):

spack_cube_n_2 (int ¢[ ], int C', int n, int p[ ])

{
int 7, offset] ], m[];
ml] = q[1];
m[2] = C' mod 3;
for (1=3;i<n;i++){

offseti] = 2 ({3 ; [%J!Cx V—TlJ!J mod l%lJ)

mli] = qli — 1]+ offset[i];
}

mesh_to_star (m[ ], n, p[])

}

The variables used in the above algorithm are identical to those of Algorithm 3. An offset vector (offset] ])

is computed to map any node ¢[ ] belonging to the C'** hypercube onto a node-disjoint submesh. Note that
q[] € Q(n —2) is a node label containing (n — 2) coordinates, and m[ ] € M(n —1) is a node label containing
(n — 1) coordinates. Following the partitioning mechanism described in the proof of Theorem 2, we make
m[l] = ¢[1], and m[i] = ¢[i — 1]+ offset[s], for 3 < i < n. To complete the mapping of ¢[ | onto m[ ], m[2]
is simply assigned a value corresponding to the offset (C' mod 3). Finally, m[ ] is mapped onto S(n) via a
call to Algorithm 1. The packing accomplished by Algorithm 4 can be shown to be symmetric by the same
reasoning used in the description of Algorithm 3. To illustrate the packing of Q(n — 2) into S(n), Figure 4b
shows how 12 copies of Q(3) can be symmetrically packed into M(4). The corresponding packing into S(5)
follows by simple application of Algorithm 1.

A careful inspection of Figure 4b reveals that 2 additional copies of Q(3) could be packed with load 1,
dilation 1 into M(4) (and consequently, with load 1, dilation 3 into S(5)). For n = 5, the partitioning process
described in the proof of Theorem 2 results in an unused 3-dimensional submesh of size 2 x 3 x 4, which can
hold 2 Q(3)’s as shown in Figure 5.

Note, however, that these 2 additional hypercubes are packed with a different dimension assignment when
compared to the 12 copies shown in Figure 4b. As defined earlier in this section, we refer to this resulting

packing of 12 4 2 = 14 copies of Q(3) into M (4) as an asymmetric packing.
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Figure 5: Packing two additional copies of @Q(3) into M (4) asymmetrically

Theorem 3 [t is possible to asymmetrically pack p}_., node-disjoint copies of Q(n — 2) into S(n), with load
1, dilation 3, and expansion X(1,3,p}_,), where

(=]
pﬁ_z=(3+A).ng1.[n;1J17 X(L&p:_Z):W'(ﬁJQD’ and A — Z%

ji=2
Proof: We initially pack p,_2 Q(n — 2)’s into S(n) via Algorithm 4. Algorithm 4 discards 1/5 of M(n — 1)

along dimension 4, 1/7 of M(n — 1) along dimension 6, and so on. The slice of width 1 along dimension

4, for instance, is an (n — 2)-dimensional submesh of size 2 x 3 x 4 x 6 X 7 x ... x n. Not a single node of
this submesh is used by the symmetric packing technique described in the proof of Theorem 2 (i.e., all mesh
nodes with coordinate m[4] = 4 along the 4th dimension are available after the partitioning required by the
symmetric packing of @(n — 2) into M(n — 1) has been accomplished).

Let My(n — 1) be the induced submesh formed by all nodes m[] € V(M(n — 1)), such that m[4] = 4.
Since the size of My(n — 1) along any of its (n — 2) dimensions is at least 2, we can partition Ma(n — 1)

into slices of width 2 along all its dimensions. Let the number of submeshes of width 2 along any dimension
resulting from such partitioning be p,_2(4), where:

o= [ 8ol

Clearly, partitioning M4(n—1) as shown above allows the packing of p,,_2(4) additional copies of @(n—2)

into M(n—1), with load 1 and dilation 1. Note, however, that the Q(n—2)’s packed symmetrically according
to Algorithm 4 do not have any of its links mapped onto the dimension 2 links of M(n —1). The p,_2(4)
extra copies, however, use dimension 2 links of M(n — 1). Hence, the resulting packing is asymmetric.

Note that the partitionings accomplished on both M(n — 1) and M4(n — 1) do not use any mesh node
with coordinate m[6] = 6 along the 6th dimension of M(n — 1). Therefore, we can apply the same technique
just described for My(n—1) to Mg(n—1) (i.e., the induced submesh formed by all nodes m[] € V(M (n—1)),

such that m[6] = 6). This partitioning results in p,_2(6) submeshes of width 2 along any dimension, where:

pos0r= (3] [ [a) < [ <[] 3] )= 5

This technique can be extended to all dimensions of odd-size s; =i+ 1in M(n— 1), for 4 <i < n. If
we call i = 2j, the number of additional packed Q(n — 2)’s resulting from the partitioning of Ms;(n — 1) is
1/3j. Since the largest possible value of j is [(n — 1)/2], the total number of @Q(n — 2)’s that can be packed

asymmetrically into M(n — 1) is:

1

DF o= Do+ paes(4) & Pr_o(6) + -+ po_a(2[(n = 1)/2]) = pn_s (1 st % P ﬁ) -
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1 1 n n—1

— — | = =1t —
Pn—2 1—|—3 E 7 3+ A4) lQJ [ 3 J, where A =

ji=2 ji=2

The corresponding packing of these p} ., copies of Q(n — 2) into S(n) with load 1 and dilation 3 can be
done by direct application of Algorithm 1. The derivation of the expansion ratio is also straightforward and

follows from Equation 1.0

For conciseness, we will not present here an algorithm that asymmetrically packs Q(n — 2) into S(n).
Such an algorithm, however, can be built as an extension of Algorithm 4 as follows. Initially, the number
of the hypercube being packed (i.e., C) is tested to check which dimension assignment is to be used by the
algorithm. If 0 < C' < pj,_9, the hypercube is packed according to Algorithm 4. Tf p,,_o < C' < pp_a(1 + %),
then the hypercube node is mapped onto a node of M4(n — 1). This can be done by making m[1] = ¢[1],
m[2] = ¢[2], m[3] =offset[3] + ¢[3], m[4] = 4, and m[i] =offset[i] + q[i — 1], for 5 < i < n. In the general case,

11 1A 1
if pr_o(1+ = Z )< C<ppa(l+= Z —), for some j such that 2 < j < [(n—1)/2], then the hypercube
3 k=2 k 3 k=2 k

node is mapped onto Ms;(n — 1). This can be done by making m[1] = ¢[1], m[2] = ¢[2], m[{] =offset[i] + ¢[{]
(if 3 < i < 2j4), m[2j] = 25 and m[i] =offset[i] + q[i — 1] (if 2j < i < n). As in Algorithm 4, offset[i] has to
be properly computed such that node-disjoint copies of Q(n — 2) are produced.

From the proof of Theorem 3, it becomes apparent why a similar approach was not used for obtaining an
asymmietric packing of Q(n — 1) into S(n). All unused induced submeshes Ms;(n—1), 1 < j < [(n—1)/2],
resulting from the partitioning mechanism described in Theorem 1, are (n — 2)-dimensional. These induced

submeshes can not be used to pack @(n — 1) with load 1 and dilation 3 as a direct consequence of Lemma 2.

4.4 Packing Q(n —t) into S(n) (1 <t < |[(n+1)/2])

It becomes apparent from the proofs of Theorems 1 and 2 that a fraction of the nodes 1s left unused whenever
M(n—1) is partitioned into slices of width 2 along any of its odd-sized dimensions. If M (n—1) is partitioned
along such dimensions into slices of width 1, smaller expansion ratios can be achieved, at the expense of
reducing the size of the hypercubes that can still be packed in the resulting submeshes. Packing Q(n — 2)
into S(n) instead of @(n — 1), for instance, reduces the expansion ratio by a factor of 1/3 (Theorems 1 and
2).

We now consider the general case where Q(n—1) is packed into S(n), both symmetrically and asymmetri-
cally. Tn particular, we are interested in the range 1 <¢ < [(n+1)/2]. The case t = [(n+1)/2] corresponds
to the packing of Q(n— [(n+1)/2]) = Q(|n/2]) into S(n). Such a packing has unitary expansion ratio (i.e.,
it provides 100% utilization of the nodes in S(n)). Notably, Q(|n/2]) is the largest hypercube that can be

packed with expansion 1 into S(n) with our techniques, as explained later in the proof of Theorem 6.

Theorem 4 [t is possible to symmetrically pack p,_; node-disjoint copies of Q(n —1t) into S(n) (1 <t <
[(n+1)/2]), with load 1, dilation 3, and expansion X(1,3,pn_+), where
n—1
Lal e LY

t—1> and X(1,37Pn—t):t,2n—2t+1'<2t—1>
t—1
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Proof: The cases t = 1 and t = 2 have already been considered in the proofs of Theorems 1 and 2. As
explained earlier, we partition M(n — 1) into slices of width 1 along odd-sized dimensions 7 in order to
minimize the number of unused nodes in the mesh. For ¢ = 3, we partition M(n — 1) in this fashion along
dimensions i = 2 and i = 4. Since the sizes of M(n — 1) along these dimensions are, respectively, s, = 3 and
s4 = 5, partitioning M(n — 1) into slices of width 2 as described in the proof of Theorem 1 would result in
a utilization of only % X g—l of the nodes. Clearly, partitioning M(n — 1) into unitary slices along dimensions
i = 2 and 7 = 4 optimizes the utilization of the mesh when packing Q(n — 3)’s. Accordingly, for t = 4, we
partition M(n — 1) into slices of width 1 along dimensions i = 2, i =4 and ¢ = 6.

In the general case, to pack @(n —t)’s we partition M(n — 1) into (¢ — 1) slices of width 1 along its first
(t — 1) odd-sized dimensions. These dimensions are of size s5 = 3,84 = 5,...,89,_2 = 2t — 1, respectively.
Slices of width 2 are used along all even-sized dimensions of M(n — 1), as well as along any remaining odd-
sized dimensions. Upon completion of the partitioning process, p,_: (n — t)-dimensional submeshes of size

at least 2 along any dimension result, where:

o= [0 [ e 3 252 e 5 2 2 5
2 | 2] o 8o [ 22t |2 [ 22|25 2 -
(2] [2] (2] e 20) <@ e ([« [ 22 o252 -

<1><2><3><...><ng)><(3><5><...><(2t—1))><<t><(t+1)><...><[n;1J>:

2

X

n 1 (Qt_ 1)1 [712;1J1 _
[ J'Xw—l.(t_m -1 9i=1

L5023t <2t— 1)
t—1

Due to the partitioning process, the resulting (n—t)-dimensional submeshes are node-disjoint. Tn addition,
by applying Lemma 2 we note that it is possible to embed Q(n —t) with load 1, dilation 1 into each of these
pn—t submeshes. Hence, it is possible to pack p,_; node-disjoint copies of Q(n—1) into M(n—1), with load 1
and dilation 1. Furthermore, the packing can be done symmetrically by using the same dimension assignment
for every copy of Q(n —1t). If we now embed M(n — 1) into S(n) using the mapping given by Algorithm 1, a
load 1, dilation 3 packing results.

To complete the proof, we note that the expansion of the packing can be obtained by direct application

X(L3 )= — = n! __ <ﬁééﬁ>

P2 L%J!~L%J!~t,<2t—1).2n_t‘t~2“-2t+l'(%—1)

t—1 t—1

of Equation 1:

An algorithm that packs symmetrically @Q(n —t) into S(n) follows:

Algorithm 5 (Symmetric packing of Q(n —¢) into S(n)):
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spack_cube_n_t (int ¢[ ], int C', int n, int ¢, int p[ ])

{

int 7, int j, int R offset[ ], m[];

J=0;
R=1;
m[1] = q[1];

for(1=2;i<mn;i++){
if (imod2==20)and (: < (2t —2))) {

J++
i = | 5| mod -+ 1
R=R-(i+1);

}

else {
ot =2 (| 5] moa | 1]):
R_R. lz; 1J;

mli] = q[i = jl+ offsetlil;
}
}

mesh_to_star (m[ ], n, p[])

}

In addition to the variables already used in Algorithms 3 and 4, Algorithm 5 uses two extra variables to
map ¢[ ] € Q(n—1) onto m[ ] € M(n — 1). One of these variables is referred to as R and simply keeps track
of the amount of partitioning accomplished up to the i** dimension of M(n — 1). In fact, in Algorithm 5
each iteration of the for loop corresponds to one step of the partitioning technique described in the proof of
Theorem 4. For example, consider the packing of Q(3) into S(6) (i.e., n = 6, ¢ = 3). As 7 is incremented
from 2 to 5, R takes the values R=3, R=3x2, R=3x2x5,and R =3 x 2 x 5 x 3, respectively.

Another variable, j, counts the number of odd-sized dimensions along which M (n—1) has been partitioned
into slices of width 1. Note that ¢[ ] € Q(n — ¢) is a node label containing (n — t) coordinates, and m[ ] €
M(n — 1) is a node label containing (n — 1) coordinates. To properly map ¢[ ] onto m[ ], we initially make
m[1] = ¢[1], and then check if the current partitioning step results in slices of width 1 or 2. Slices of width 1
are used along dimensions of odd size s; = i+ 1, if i < 2¢t — 2. In such dimensions, we simply assign to m[i] a
value corresponding to the offset |C'/R| mod (i 4+ 1). In the remaining dimensions, we make m[i] = ¢[i — j]+
offset[i]. The packing accomplished by Algorithm 5 can be shown to be symmetric by the same reasoning
used in the description of Algorithm 3. Finally, m[ ] is mapped onto S(n) via a call to Algorithm 1.

Note that Algorithm 5 symmetrically packs @Q(n —¢) into S(n), for 1 <t < [(n + 1)/2], and therefore
can be used instead of Algorithms 3 and 4 in the cases ¢t = 1 and ¢ = 2, respectively. In addition, any of
the Algorithms 3, 4 and 5 have a time complexity of O(n?) and a space complexity of O(n). O(n?) time
complexity arises during the mapping of m[ ] onto S(n).

We now consider the case where Q(n — t) is packed asymmetrically into S(n), for 2 <t < [(n+1)/2]:
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Theorem 5 [t is possible to asymmetrically pack p}_, node-disjoint copies of Q(n —t) into S(n) (2 <t <
[(n+1)/2]), with load 1, dilation 3, and expansion X(1,3,p}_,), where

n—1
t—1

=]

=1 1

d B= —
o 2%—1 ; ;

Proof: The partitioning technique described in the proof of Theorem 4 discards 1/s; of M(n — 1) along each
of its dimensions of odd size s; = i+ 1, where i = 2j, fort < j < [(n—1)/2]. An unused slice of width 1 along
dimension 2j is an (n—2)-dimensional submesh of size 2x3x4x ... x(2j—1)x2jx(2j+2)x...x(n—1) xn.
Let this submesh be referred to as Msj(n — 1) (i.e., Ma;(n — 1) is the induced submesh formed by all nodes
m[] € V(M(n—1)), such that m[2j] = 2j). Clearly, not a single node of Ms;(n—1) is used by the symmetric
packing technique described in the proof of Theorem 4.

We initially pack p,—: Q(n —1)’s into S(n) via Algorithm 5. To pack additional Q(n —t)’s, we partition
Ms;(n — 1) into (¢t — 2) slices of width 1 along its first (¢ — 2) odd-sized dimensions. These dimensions are of
size S5 = 3,84 = H, ..., 8914 = 2t — 3, respectively. Slices of width 2 are used along all even-sized dimensions
of M(n — 1), as well as along any remaining odd-sized dimensions. Upon completion of the partitioning

process, pn—+(2j) (n — t)-dimensional submeshes of size at least 2 along any dimension result, where:

Pn—-t(2§) = [;J X 3 x [gJ x b x [gJ X ... X l2t2_4J X (2t — 3) x th;QJ X l%;lJ X [%J X ...

25 —1 2j 2j +2 2j+3 21
<[5 1] [

t—1
y lﬁ J - | %5
Clearly, partitioning Ms;(n—1) as shown above allows the packing of p,,_;(2j) additional copies of @(n—1t)

- Pn—t= T < " Pn—t
2 EE e T T

into M(n—1), with load 1 and dilation 1. Note, however, that the Q(n—t)’s packed symmetrically according
to Algorithm 4 do not have any of its links mapped onto the dimension (2¢ — 2) links of M(n — 1). The
pn—1(27) extra copies, however, use dimension (2t — 2) links of M(n — 1). Hence, the resulting packing is
asymmetric.

Note that the partitionings accomplished on both M(n — 1) and Ms;(n — 1) do not use any mesh node
with coordinate m[2k] = 2k along dimension 2k of M(n — 1), for any j, k such that ¢t < j, k < [(n —1)/2]

and j # k. Therefore, we can apply the technique just described for all induced submeshes Ms;(n — 1),
[(r=1)/2]
which provides a total of Z pn—1(27) additional packed copies of Q(n —t). Hence, the total number of
ji=t
Q(n —t)’s that can be packed asymmetrically into M(n — 1) is:

2 L25] n—1

, t—1 1 plvo|2stte /o1
Pr o =pacit Y pnet(25) = pae |1+ Z; :(1+B)~M~< )

: 2t —1 9t—1 +—1
ji=t j=t
222
t—1 1
h B= E -
whnere %—1 < j
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The corresponding packing of these p;_, copies of Q(n —t) into S(n) with load 1 and dilation 3 can be
done by direct application of Algorithm 1. The derivation of the expansion ratio is also straightforward and

follows from Equation 1.0

For conciseness, we will not present here an algorithm that asymmetrically packs @Q(n—t) into S(n). Such
an algorithm, however, can be built as an extension of Algorithm 5, by using the same principles that were

discussed for the case t = 2.

4.5 Packing Q(|n/2]) into S(n) with expansion 1

We now consider a load 1, dilation 3, expansion 1 symmetric packing of Q(|n/2]) into S(n). As shown below,

Q([n/2]) is the largest hypercube that can be packed into S(n) with expansion 1 via our technique.

Theorem 6 [t is possible to symmetrically pack p|n o) node-disjoint copies of Q(|n/2]) into S(n), with load
1, dilation 3, and expansion X(1,3,p|n/2), where

n!
Pln/2) = Shapay and  X(1,3,pln/2y) =1

Proof: We restrict the partitioning of M (n—1) into slices of width 2 to occur only along dimensions in which
s; (i.e., the size of M (n—1) along dimension i) is even. Clearly, there are [n/2] such dimensions. Accordingly,
M(n — 1) is partitioned into slices of width 1 along all its odd-sized dimensions. The submeshes resulting
from this partitioning strategy are |n/2|-dimensional, of size 2 along any dimension, and node-disjoint. In
fact, each of these submeshes is an |n/2]-dimensional hypercube, whose dimension assignment can be fixed
such that a symmetric packing results. The expansion ratio of such a packing is 1, and the number of copies
of Q(|n/2]) that can be packed into S(n) follows immediately from Equation 1, noting that [S(n)| = n! and

|Q(Ln/2))| = 21" o.

An algorithm that symmetrically packs Q([n/2]) into S(n) with expansion 1 can be obtained from
Algorithm 5 by making ¢ = [(n+ 1)/2].

4.6 Results on packing Q(n — t) into S(n)

Table 3 depicts the number of packed hypercubes and the expansion ratios resulting from the techniques
presented in this section. The values that are listed between brackets refer to asymmetric packings. Ac-
cordingly, the remaining values refer to symmetric packings. Note that low expansion ratios are obtained,
meaning that a large portion of the nodes of S(n) are used in the packings. Figure 6 plots the expansion
ratios of the packings shown in Table 3 and provides further insight on how the different approaches that
were considered in this section can be used to achieve dense packings of Q(n —¢) into S(n). For n = 9 and
n = 10, for example, the expansion ratio drops from 2.46 to 1.13 as we reduce the size of the hypercubes
being packed, respectively by varying ¢ from 1 to 4. Asymmetry also proves to be an efficient technique to
achieve denser packings, resulting in an expansion ratio of at most 1.20 among all cases shown in Table 3,
which corresponds to a very efficient utilization of the star graph. For n = 9 and n = 10, for example, the
expansion ratio drops from 1.64 to 1.20 if an asymmetric packing of Q(n — 2) is used instead of a symmetric
packing technique.

Tt is also interesting to note that for n > 6, an asymmetric packing of @(n — 2) achieves lower expansion
ratio than does a symmetric packing of Q(n — 3). Similarly, for n > 8, an asymmetric packing of Q(n — 3)

achieves lower expansion ratio than does a symmetric packing of @(n — 4). Note that in all cases a slight
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increase 1n the expansion ratios occurs whenever n is incremented to an odd number, which can be explained

by the partitioning strategies presented throughout this section.

S(n) S(3) | S(4) | S(B) | S6) | S(7) S(8) S(9) S(10)
Number of packed Q(n —1)’s 1 2 4 12 36 144 576 2,880
Expansion ratio 1.50 | 1.50 | 1.88 1.88 2.19 2.19 2.46 2.46

Number of packed Q(n — 2)’s 3 6 12 36 108 432 1,728 8,640
(4] | 2] | 38 | [552) | [2,352] | [11,760]
Expansion ratio 1.00 | 1.00 | 1.25 1.25 1.46 1.46 1.64 1.64
[1.07] | [1.07] | [1.14] | [1.14] | [1.20] | [1.20]

Number of packed Q(n — 3)’s 6 12 30 90 270 1,080 4,320 21,600
[306] | [1,224] | [5,328] | [26,640]
Expansion ratio 1.00 | 1.00 | 1.00 1.00 1.17 1.17 1.31 1.31
[1.03] | [1.03] [1.06] [1.06]

Number of packed Q(n — 4)’s - 24 60 180 630 2,520 10,080 50,400
[11,160] | [55,800]
Expansion ratio - 1.00 | 1.00 1.00 1.00 1.00 1.13 1.13

[1.02] | [1.02]

Table 3: Results on packing Q(n — t) into S(n)
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Figure 6: Expansion ratios of packings of Q(n —t) into S(n)
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5 Variable-Dilation Embeddings of Q(n — 1 + £) into S(n)

5.1 Basic techniques

The largest hypercube considered by the packing techniques described in the previous section is @(n—1). In
this section, we describe how an (n — 1 4 £)-dimensional hypercube can be embedded with variable dilation

into S(n). Such an embedding requires 2° copies of Q(n — 1), packed symmetrically into S(n), where ¢ is

limited by
£ < |logy pn—1] = llogz <ng‘ ln; 1J!>J (7)

Figure 7 depicts an example of the technique we will be describing in this section. A J-dimensional
hypercube is embedded into M(3) as the result of the connection of two packed @Q(3)’s. Note that the

dilation of such an embedding along the i’" dimension of Q(4) is

Hypercube 1000

dimensions:

LB ] 1

| — 2

— 3 1100
4

Figure 7: A variable-dilation embedding of Q(4) into M(3)

As defined in Section 2, Figure 7 corresponds to a variable dilation embedding whose dilation vector is
dy = [1,1,1,2]. If we now map M(3) into S(4) using Algorithm 1, the dilation vector of the corresponding
embedding of Q(4) into S(4) becomes dy = [3,3,3,4]. The dilation along the first 3 dimensions of Q(4)
increases from 1 to 3 as a direct consequence of Lemma 1. The fact that the dilation along the 4'* dimension

of @Q(4) increases from 2 to 4 is justified by the following Lemma:

Lemma 3 Let w, wis € V(M(n — 1)) be a pair of nodes separated by 2 links along the i'" dimension of
M(n—=1),2<i<n—1. In the corresponding embedding of M(n — 1) into S(n), w and w; 5 are connected
by a path containing either 2 or 4 links.

Proof: Without loss of generality, we assume that the i'" coordinates of w and w; » (respectively, m[i] and
m/'[i]) are such that m[i] = m”[i] — 2. By inspection of Algorithm 1 and Table 1, we note that the mapping
of we V(M(n—1)) onto ® € V(S(n)) uses a sequence of transpositions of the form:

oc=(ab)cd)...(i )op)...(y 2)

Accordingly, w; 2 1s mapped onto m; 5 via a sequence of transpositions of the form:
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gia=(ab)ed)...(i )k D(mn)(op)...(y 2)

Note that identical transpositions are used in ¢ and ¢; 2, except for the fact that w; » has two transpositions
more than does w; (namely, (k 1) and (m n)). An inspection of Table 1 reveals that these extra transpositions
are (1 — m"[{] 4+ 3) (i = m"[{]] + 2)) and ((i — m"[{]] + 2) (i — m"[i] + 1)), respectively. Alternatively, we can
use the cyclic representation (k )(m n) = (k [)(I n), since l=m =n+1=k— 1. According to Equation 6,
these two transpositions can be accomplished via a sequence of star operations as follows:

— k==l —= 1l =1— -
(kl)(ln)z{§—>£—>§—>§—>ln—>klzl—>k—>n—>l ZEZ#} (8)
Note that the execution of the two transpositions requires either 2 or 4 star operations. We can actually

concatenate (k [)(I n) into a single permutation cycle [20] (n [ k), such that:
(nlk)E{l_)k Jifn=1 )

n—l—k—n=l—k—n—-Il=k—-n—-101—% ,ifn#l
Let the digits occupying the n'? I** and k** positions of the permutation resulting from applying trans-
positions (a b)(c d)...(i j) € 6,0; 2 to the identity 123 ...n be respectively dy, d2 and ds. Therefore, (n l k)
moves d; into ds’s position, ds into d3’s position, and ds into dy’s position. Since the remaining transpositions
in o, ;2 (e, (0 p)...(y z)) are identical, 7 and &; o will differ only in the final positions occupied by digits
dq, dy and d3. Let these positions be «, 3 and v, such that if in 7 we have p[a] = dy, p[3] = da, and p[y] = ds,
in m; 2 we have p[a] = ds, p[f] = di and p[y] = da. Therefore, routing from 7 to m; 2 requires a single cycle

(o B %), which corresponds to a path containing either 2 or 4 links in S(n) as indicated by Equation 9. O

Theorem 7 Forn >4, there is a load 1, variable-dilation embedding of Q(n—1+41) into S(n), 0 < £ < n—3,
whose dilation vector and expansion ratio are respectively

n!

3 L ifi<n—1 T :
d; = { and X(1,dn_14e) = =1+t

4 ,ifn<i<n—1+1¢

Proof: Due to the partitioning process described in the proof of Theorem 1, at least 2 slices containing
symmetrically packed @Q(n — 1)’s can be found if M(n — 1) is traversed along dimension 7 > 3. Tf we connect
the packed hypercubes along ¢ of these dimensions as shown in Figure 7, a variable-dilation embedding of
Q(n—14¢) into M(n — 1) results. The dilation vector of such an embedding is:
1 ,ifi<n-—1
di:{Q fn<i<n—14¢ (10)
Note that an extra hypercube dimension can be created with dilation 2 along each dimension ¢ > 3 in
M(n — 1) via the technique depicted in Figure 7. Since in M(n — 1) there are (n — 3) such dimensions, the
embedding must observe the constraint 0 < ¢ <n — 3.
If we now map M(n — 1) onto S(n) via Algorithm 1, the dilation vector claimed in the theorem results
as a direct consequence of Lemmas 1 and 3. Finally, the expansion of the embedding can be obtained by a

simple application of Equation 4. O

We now present an algorithm that embeds Q(n — 1+ ¢) with variable dilation into S(n), according to the
technique described in the proof of Theorem 7. The algorithm requires that n > 4.

Algorithm 6 (Variable-dilation embedding of Q(n — 1+ ¢) into S(n), n > 4):
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embed_cube_4 (int ¢[ ], int n, int £, int p[])
{
int 7, m[ |;
for (i=1;1<n; i+ +) mi] = ¢[i];
for (i=n;i<(n+0);i++) mli—n+3]=m[i—n+ 3]+ 2q[i];
mesh_to_star (m[ ], n, p[])

}

Initially, the algorithm copies the first (n—1) coordinates of the hypercube node (¢[]) onto the coordinates
of a mesh node m[ ]. The remaining ¢ coordinates of ¢[ | are used by the algorithm in the computation of an
appropriate offset vector (i.e., ¢[ ] is multiplied by 2 and added sequentially to coordinates m[3] to m[¢ + 2]).
The resulting mesh coordinate is then mapped onto S(n) via a call to Algorithm 1.

We now state without proof the following lemma, which will be helpful to the next variable-dilation

technique considered in this section (proof is actually analogous to those of Lemmas 1 and 3):

Lemma 4 Let w, wia € V(M(n — 1)) be a pair of nodes separated by 4 links along the i'" dimension of
M(n—=1),4<i<n—1. In the corresponding embedding of M(n — 1) into S(n), w and w; 4 are connected
by a path containing 6 links.

Theorem 8 For n > 8, there is a load 1, variable-dilation embedding of Q(n — 1+ £) into S(n), 0 < £ <
2n — 10, whose dilation vector and expansion ratio are respectively
3 ,ifi<n—-1

d;=X 4 ,ifn<i<2n-—4 and X(1,dp—140) =
6 ,ifm—3<i<n—14¢

n!
2n—1+£

Proof: As described in the proof of Theorem 7, for n > 4 up to 2”3 symmetrically packed Q(n— 1)’s can be
connected in M(n—1) along dimensions i, such that i > 4. This results in an (2n —4)-dimensional hypercube
whose dilation vector is given by Equation 10.

For n > 8, there are (n — 7) dimensions along which M(n — 1)’s size is s; > 8. In addition, along these
dimensions at most one half of the packed @(n — 1)’s is used by the technique depicted in Figure 7 when
forming Q(2n — 4). Tt is therefore possible to form additional Q(2n —4)’s with the unused @Q(n — 1)’s. Once
these @(2n — 4) hypercubes are properly connected, larger hypercubes result. Tn fact, a new hypercube
dimension can be created with dilation 4 by connecting Q(2n — 4)’s along each dimension i > 7 in M(n —1),
as shown in Figure 8. Hence, at most (n — 7) extra dimensions can be obtained with this technique, which
results in the following dilation vector for the embedding of Q(n — 1+ £) into M(n — 1):

1 ,ifi<n-—1
d;i=< 2 ,ifn<i<2n—4
4 f2n—-3<i<n—14/¢

Note that this embedding follows the constraint 0 < £ < (n—3)+ (n—7) = 2n — 10.
If we now map M(n — 1) onto S(n) via Algorithm 1, the dilation vector claimed in the theorem results
as a direct consequence of Lemmas 1, 3 and 4. Finally, the expansion of the embedding can be obtained by

a simple application of Equation 4. O

We now present an algorithm that embeds Q(n — 1+ ¢) with variable dilation into S(n), according to the
technique described in the proof of Theorem 8. The algorithm requires that n > 8.
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Dimension i
of M(n-1)

x000 x100 x010 xlloi x001 x101 x011 x111
Dilation 1 connection - == Dilation 2 connection __ Dilation 4 connection

Figure 8: Embedding 3 dimensions of Q(n — 1 + ¢) along the i*" dimension of M(n —1),i > 7

Algorithm 7 (Variable-dilation embedding of Q(n — 1+ ¢) into S(n), n > 8):

embed_cube_8 (int ¢[ ], int n, int £, int p[])
{
int 7, m[ |;
for (i=1;1<n; i+ +) mi] = ¢[i];
for (i=mn;1<(2n—4);i++4) m[i —n+ 3] =m[i — n+ 3]+ 2q[i];
for (i=2n—3;i< (n+£);i++) m[i —2n+ 10] = m[i — 2n + 10] + 4¢[7];
mesh_to_star (m[ ], n, p[])

}

Initially, the algorithm copies the first (n—1) coordinates of the hypercube node (¢[]) onto the coordinates
of a mesh node m[ ]. The remaining ¢ coordinates of ¢[ ] are used in the computation of proper offsets by the
algorithm. Coordinates ¢[n] to ¢[2n — 4] are multiplied by 2 and added sequentially to coordinates m[3] to
m[n — 1], while coordinates ¢[2n — 3] to q[n — 1+ ] are multiplied by 4 and added sequentially to coordinates
m[7] to m[{ — n — 9]. The resulting mesh coordinate is finally mapped onto S(n) via a call to Algorithm 1.

Extensions of Theorems 7 and 8 for the cases n > 16, n > 32, ... are left for the reader and will not be

presented here. Accordingly, algorithms for these cases follow as extensions of Algorithms 6 and 7.

5.2 Advanced techniques

Let Q(kq) and Q(ks) be the largest hypercubes that can be embedded with variable dilation into S(n), via
Algorithms 6 and 7 respectively. Algorithm 6 requires that n > 4 and results in k, =n—14+n—-3=2n—4
(see Theorem 7). Accordingly, Algorithm 7 requires that n > 8 and results in ky = n—1+42n—10=3n—11
(see Theorem 8). On the other hand, Equation 7 sets an upper limit on the number of extra dimensions that
can be obtained when symmetrically packed @Q(n — 1)’s are used to build a variable-dilation embedding of
Q(k) into S(n).

Let Q(k.) be the largest hypercube that can be embedded with variable dilation into S(n), based solely on
the limitation imposed by the number of copies of @(n—1) produced by the corresponding packing technique
presented in Section 4 (i.e., pp—1). Hence, k. = n—14 |logy pn—1]. Table 4 shows how well Algorithms 6 and
7 do in comparison to the upper limit k.. We stress that k. is computed from the number of copies of @(n—1)
obtained with our packing techniques, and may not correspond to the largest hypercube that can actually be
embedded with load 1 into S(n) (we denote such a hypercube Q(kmaz)). A random one-to-one mapping of
the nodes of Q(kmas) into the nodes of S(n), for example, can be used to embed a hypercube containing at
most kmar = [logs(n!)] dimensions, where k4, is computed in accordance to the number of nodes existing
in S(n) (i.e., |[V(S(n))| = n!). Such an approach, however, may result in a dilation of d(S(n)) = [3(n—1)/2],

where d(S(n)) is the diameter of S(n). For completeness, we also list values of k4, in Table 4.
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S(n) sy | sy | se) | s | s@) | s | sao

kq (Algorithm 6) 4 6 8 10 12 14 16
ky (Algorithm 7) - - - - 13 16 19
k. (Upper limit from pp_1) 4 6 8 11 14 17 20

kmaz (Upper limit from |V (S(n))]) 4 6 9 12 15 18 21

Table 4: Number of dimensions achieved by Algorithms 6 and 7 vs. upper limits k. and k,qz

As Table 4 indicates, Algorithm 6 matches the upper limit k. for 4 < n < 6, and provides a maximum
number of dimensions (k,) that is one less than the upper limit k. for n = 7. Assuming that Algorithm 7 is
used for 8 < n < 10, we achieve a number of dimensions k; that is one less than the upper limit k..

Constructing a variable-dilation embedding of Q(k.) into S(n) requires a special connection arrangement
between the packed Q(n — 1)’s. Although most dimensions of @Q(k.) can be constructed using the same
techniques that were described earlier in this section, we need to identify where do Algorithms 6 and 7 fail
to achieve an efficient utilization of the packed hypercubes. We note that for each dimension ¢ of M(n — 1),
these algorithms use only gllogz(i+DI=1 glices of width 2 resulting from the partitioning strategy required to
pack @(n — 1)’s into S(n) (see Theorem 1). For n > 7, for example, there are 3 such slices along dimensions
5 and 6 of M(n — 1), but both Algorithm 6 and Algorithm 7 use only 2 slices along these dimensions.
Furthermore, only 2 extra hypercube dimensions are obtained via the basic variable-dilation embedding
techniques accomplished by Algorithms 6 and 7 along dimensions 5 and 6 of M(n — 1). By using a special
connection arrangement of the packed Q(n — 1)’s along these dimensions, we can actually obtain one extra

hypercube dimension and reach the upper limit k..

X00000 X01000 X00100 X01100
X10000 X11000 X10100 X11100
X10001 X00010 X11001 X01010 X10101 X00110 X11101 X01110
Unused Unused Unused Unused
X00001 X10010 X01001 X11010 X00101 X10110 X01101 X11110
X10011 X11011 X10111 X11111
X00011 X01011 X00111 X01111
L egend:
Higher dimensions Dimension | Dilation | Dilation
of M(7) 2x2x4x4x2x2x 2submesh containing a of Q(14) inM(7) in S(8)
7 9-dimensional subcube with node labels 10 2 2
X e Xabcde. Q(14) isformed by connecting 32 1 2 4
Q(9)’s as shown above. abcde are the
X ) : 12 4 6
5 coordinates along dimensions 10 to 14 of
6 ) 13 4 8
Q(14), respectively. 14 4 3

Figure 9: Subcube arrangement required to embed Q(14) into M (7)

One example of the technique employed to embed Q(k.) into S(n), n > 7, is given in Figure 9. We show
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how to embed Q(14) into S(8), by properly using up to 3 slices of width 2 along dimensions 5 and 6 of M (7).
For clarity, only dimension 7 of M (7) is shown in Figure 9 in addition to dimensions 5 and 6. The remaining
dimensions of M(7) are shown in a compacted format, following the assumption that each submesh resulting
from the partitioning made along dimensions 5 through 7 holds a 9-dimensional hypercube. A copy of Q(9)
can be easily embedded with variable dilation in each of these submeshes by using the same techniques
employed by Algorithm 6.

The most important observation that has to be made in regard to Figure 9 is the fact that some connections
along dimensions 13 and 14 of Q(14) require the traversal of a path containing 2 different dimensions of M (7)
(i-e., dimensions 5 and 6). The dilation along dimensions 13 and 14 of Q(14), from the viewpoint of the
variable-dilation embedding in M(7), is 2 + 2 = 4. Note, however, that Lemma 4 does not hold in this case.
In other words, the dilation along dimensions 13 and 14 of @Q(14), once M(7) is mapped onto S(8), is 8
instead of 6 since two consecutive applications of Lemma 3 have to be considered.

The same technique shown in Figure 9 can be used to reach the upper limit k. for the cases n =7, n =9
and n = 10. For conciseness, we will not present these embeddings in detail here, as well as an algorithm
to embed Q(k.) into S(n) with variable dilation. However, we list in Table 5 the dilation vectors of such

embeddings for 7 < n < 10.

Embedding Dilation vector (dy,)
Q(11) into S(7) [3,3,3,3,3,3,4,4,4,8,8]
Q(14) into S(8) [3,3,3,3,3,3,3,4,4,4,4,6,8,8]
Q(17) into S(9) [3,3,3,3,3,3,3,3,4,4,4,4,4,6,6, 8, 8]
Q(20) into S(10) | [3,3,3,3,3,3,3,3,3,4,4,4,4,4,4,6,6,6, 8, 8]

Table 5: Variable-dilation embeddings of Q(k.) into S(n), k. =n — 1+ [log, pn—1], 7<n < 10

As a last observation in regard to the results of this subsection, we note that the number of dimensions
achieved with our advanced variable-dilation embeddings is still one less than the limit k4, for 6 < n < 10.
To obtain this extra dimension via a variable-dilation embedding, we need more packed @(n—1)’s than those
produced by the packing techniques of Section 4. In Section 6, we present expansion 1 multiple-sized packings
that can be transformed into packings containing a sufficiently large number of copies of @(n — 1). The
additional @(n — 1)’s are obtained via a combination of asymmetric packing and variable-dilation embedding
techniques. The details of how these @(n — 1)’s can be connected to form Q(kmaz), however, are beyond the

scope of this paper.

5.3 Communication slowdown resulting from variable-dilation embeddings

As explained in Section 2, variable-dilation embeddings can achieve a considerably smaller communication
slowdown for certain classes of algorithms than d,,;4,, the maximum dilation existing along any dimension
of the embedded guest graph. Figure 10 gives estimates for the communication slowdown n(Q(k) — S(n)),
assuming an algorithm where each dimension of Q(k) is used during an equal number of steps. In other words,
the communication slowdown is estimated by the average dilation of the embedding, dgy» (Equation 3).

In the case of S(10), for example, Figure 10 shows that @Q(k) can be embedded with fixed dilation 3 for

k <9, which is a consequence of Lemma 2. For 10 < k < 16, a variable-dilation embedding resulting from the
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connection of packed @(9)’s causes the average dilation to increase slowly up to 3.44. The dilation vectors
used in the case 10 < k < 16 are as defined in Theorem 7. For 17 < k < 19, a variable-dilation embedding
resulting from the connection of Q(16)’s causes the average dilation to increase at a slightly faster rate up to
3.84. The dilation vectors used in the case 17 < k < 19 are as defined in Theorem 8. For k = 20, the dilation
vector of the embedding is as given in Table 5. Although this last case presents a dilation of 8 along the two
highest dimensions of @(20), the average dilation is nearly one half of that value (4.25).

4.5
8(9) S(WO)
I 5(7) S(8)
4.0
_ L
.2
5
©
© 35
=)
2
)
>
<
3.0
25 | | |
0.0 5.0 10.0 15.0 20.0

Number of dimensions of the embedded hypercube (k)
Figure 10: Average dilation of embeddings of Q(k) into S(n)

Note that the communication slowdown for any particular algorithm depends on different factors, such as
the frequency of utilization of each dimension of the hypercube and code dependencies. For an algorithm with
uneven utilization of hypercube dimensions, improved performance can be obtained by simply reassigning
these dimensions prior to the embedding into S(n). In other words, due to the symmetry existing in Q(k), it
is possible to relabel the hypercube nodes such that in the final embedding into S(n) the most frequently used
hypercube dimensions have the smallest dilation. Under these assumptions, values even smaller than those
shown in Figure 10 can be expected if Equation 2 is used to estimate the communication slowdown resulting
from the embedding. The effect of code dependencies is difficult to evaluate analytically, but simulations can
be used to point out the best hypercube dimension assignment if the highest possible performance is required

for a given application.
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6 Multiple-Sized Packings

We now consider a technique by which hypercube tasks with different requirements in terms of numbers
of nodes can be efficiently handled in the star graph. Such a technique is referred to as a multiple-sized
packing and was defined in Section 2. As we shall see, multiple-sized packings provide a nice unification of
the concepts presented so far in this paper.

Various approaches can lead to a multiple-sized packing of hypercubes into the star graph. Interestingly
enough, a given multiple-sized packing P,, can be transformed into another packing P/, such that the total
number of nodes used in both P, and P/ is the same, but the distribution of hypercube sizes in P,,, and P/,
are different. It is therefore useful to define the concept of a template packing, i.e. an initial multiple-sized
packing upon which transformations can be applied. Assuming that P,, is a template packing of hypercubes
into S(n), we wish that P, is flexible enough to support efficient transformations into many other packings.
More specifically, we require that the expansion ratios of P,, and P}, are equal, and that larger hypercubes
Q(k + ¢) in P/, are created from smaller hypercubes @(k) in P,, via efficient variable-dilation techniques.
Naturally, we can also create smaller hypercubes in P, by splitting larger hypercubes in P,,.

The template packing P, described in this paper exhibits load 1 and expansion 1. Hypercubes in P, range
from Q(|n/2]) to @(n— 1) and have a dilation of 3. The technique used to construct P,;, can be summarized
as follows. Tnitially, we pack Q(n — 1)’s symmetrically into S(n) via Algorithm 3. Using the submeshes that
are left after this step, we pack @(n — 2)’s asymmetrically. This process continues with asymmetric packings
of Q(n —3),Q(n—4),...,Q(|n/2]), always using in each step nodes of M(n — 1) that were not used in the
previous steps. The resulting packing uses 100% of the nodes in S(n), and contains symmetrically packed
copies of Q(n — 1) that are required to support the variable-dilation embedding techniques presented in the
previous section. In addition, asymmetrically packed hypercubes containing fewer than (n — 1) dimensions
can also be used to some extent in the construction of larger hypercubes via simple extensions of our variable-

dilation embedding techniques.

Theorem 9 et P, = [Pr—1]m> Pn—2m. - - ~7p|_n/2j|m] be a vector referring to a template multiple-sized pack-
ing Ppn of hypercubes into S(n), such that py, indicates the number of copies of Q(k) existing in P,
[n/2] <k <n—1. Py, can be built with load 1, dilation 3, and expansion 1, and is characterized by:

nl

I_nz

Pn—1m = |5

Pn—2m = Pn—1|m ~ (

H

1
Ji=1 g1
22 1 =
Pn—3m = Pn—1|m ~ -
Ji=1 n ja= 1-I-1
EN N
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Proof: We build P,, by initially packing @(n—1)’s symmetrically into S(n) via Algorithm 3. Hence, derivation
of p,_1|m follows by direct application of Theorem 1.

We now pack Q(n — 2)’s in the submeshes remaining from the partitioning accomplished by Algorithm
3. We adopt the same principle that was described in the proof of Theorem 3, i.e. we pack Q(n — 2)’s in
each (n — 2)-dimensional submesh M;, (n— 1), where M;,(n — 1) is the induced submesh formed by all nodes
m[] € V(M(n—1)), such that m[i;] = ;. Algorithm 3 produces |(n—1)/2] such submeshes, since all nodes
having m[i;] = 7; along odd-sized dimensions of M(n—1) are not used to pack Q(n—1)’s. Tf we call i; = 27,
then the available submeshes are Ms;,(n — 1), 1 < j1 < [(n — 1)/2]. To pack Q(n — 2)’s, we partition each
M, (n—1) into slices of width 2 along all its dimensions. The partitioning of Ms;, (n—1) produces p,_2(2j1)

(n — 2)-dimensional submeshes of width 2 along any dimension, where:

i 3«3« [3 - [22] 22-

Since two induced submeshes Ms;, (n— 1) and szi(n —1), j1 # j1, do not share any common nodes, the

X [EJ — Ll_.llm
2 WAl

total number of Q(n — 2)’s that can be packed after every Ms;, (n — 1) has been partitioned is:

=] =]
Pn—2lm = Z pn—2(2j1) = Pn—1|m - Z -

ji=1 jim1

Partitioning Ms;,(n — 1) as described leaves unused nodes if n > 5. Let M;, ;,(n — 1) be the (n — 3)-
dimensional induced submesh formed by all nodes m[ ] € V(M (n — 1)), such that m[i;] = &1 and m[is] = is.
The partitioning of Ms;, (n — 1) produces one induced submesh M;, ;,(n — 1), for each even 75, i # i1. That
is, both 7; and iy are odd-sized dimensions in M(n — 1), and M;, ;,(n — 1) contains nodes that are not used
either to pack @(n — 1)’s or Q(n — 2)’s. We use such nodes to pack Q(n — 3)’s as follows. Let ¢, = 2j; and
iy = 2j5. We partition each Ms;, 2;,(n — 1) into slices of width 2 along all its dimensions. Such a partitioning

produces p,,_3(241,2j2) (n — 3)-dimensional submeshes of width 2 along any dimension, where:

i i o 1 [ [252) ) 252

To compute the number of Q(n — 3)’s in P, (i.e., pp_3|m), we must consider all combinations of j; and

X [EJ — Lf_lllm
2 Ji-J2

Jj2, such that j; # jo and 1 < ji, jo < [(n —1)/2]. We derive p,_g),, by taking at each time a fixed value of
J, 1< i <[(n—=1)/2] —1=[(n—3)/2], and by varying j» accordingly from j; + 1 to [(n —1)/2]. Hence:
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This reasoning can be extended to pack @(n — 4)’s, Q(n — 5)’s, and so on, as long as there are unused
nodes left in M(n — 1). Expressions for p,_y|,, t > 4, can in fact be derived via the same approach adopted
for the case ¢t = 3. Note that whenever the process used to build P,, moves to another class of lower
dimensional hypercubes, we use induced submeshes containing one less odd-sized dimension than those used
in the previous step. The process eventually finishes with a single induced submesh M5 4 2[(n—1)/2](71 —1),
formed by all nodes m[] € V(M(n—1)), such that m[2] = 2, m[4] =4, ..., m[2[(n—1)/2]] = 2[(n—1)/2]. In
other words, My 4 s|(n—1)/2)(n — 1) is a [n/2]-dimensional submesh, formed by the nodes with maximum
coordinates along all odd-sized dimensions in M(n —1). My 4 3((n-1)/2)(n — 1) contains only even-sized
dimensions, and can be fully utilized to pack Q(|n/2])’s once it is partitioned in slices of width 2 along all

its dimensions. The resulting number of Q(|n/2])’s in Py, is:

L=5]
poia =[5 < [5] < [3] <5 = | T 5

ji=1

P, uses all of the nodes in M (n— 1), meaning that we have a load 1, dilation 1 and expansion 1 multiple-
sized packing. If we now embed M(n — 1) into S(n) via Algorithm 1, we obtain the load, dilation and

expansion claimed in the theorem. O

Note that P, combines the concepts of symmetric and asymmetric packings to achieve an efficient, yet
flexible utilization of S(n). Symmetric packings are used for Q(n — 1)’s and Q(|n/2])’s, while asymmetric
packings are used in all other cases.

Table 6 lists template multiple-sized packings P, for the cases 3 < n < 10. It is interesting to note that
the smaller hypercubes (e.g., Q(|n/2])) use only a minor portion of the nodes in S(n). For example, packed
Q(|n/2])’s use only 0.11% of the nodes in S(9) and S(10).

S(n) SG3) | s@) | se) | s©) | s@) | se) ] s© | sao)
No. of Q(n—1)’s 1 2 4 12 36 144 576 2,880
No. of Q(n—2)’s 1 2 6 18 66 264 | 1,200 | 6,000

No. of Q(n —3)’s - - 2 6 36 144 | 840 | 4,200
No. of Q(n—4)’s | - ] ] 6 | 24 | 240 | 1,200
No. of Q(n —5)’s - - - - - - 24 120

Table 6: Template multiple-sized packings of hypercubes into S(n)

We now illustrate the flexibility existing in our multiple-sized packing techniques by listing in Table 7 a
few among the many possible transformations that can be applied to a template packing P,,. Table 7 refers
only to the case n = 8, but similar tables can be constructed for other values of n. We point that quantities

marked with a * in Table 7 are obtained via variable-dilation embedding techniques.
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Packing po | Pt Pz P3| pt|ps]pe | Pt ps
No. of Q(n—4)’s | 24 - - - - - - - -
No. of Q(n—3)’s | 144 | 12* - - - - - - -
No. of Q(n—2)’s | 264 | 72* 6* - - - - - -

No. of Q(n—1)’s | 144 | 132* | 36* | 3* 1* 1* 1* 1 | 1444 1717

No. of Q(n)’s - T72¢ | 66% | 18* | 3* | 3* | 3* | 3* -
No. of Q(n+1)’s | - - 36 | 33* | 9% | 3* | 3* | 3* -
No. of Q(n+2)’s | - - - |18 | 16" | 5 | 3* | 3* -
No. of Q(n+3)’s | - - - - 9 | 8 | 3 | 3 -
No. of Q(n+4)’s | - - - - - 4= | 3| 1 -
No. of Q(n+5)’s | - - - - - - 2% 1 -
No. of Q(n+6)’s | - - - - - - - 1* -

Table 7: Some possible multiple-sized packings of hypercubes into S(8)

The first packing listed in Table 7 is the template multiple-sized packing for S(8), and is referred to as
PO

m
to construct packings Pl through P7 as follows. Q(k + 1)’s are constructed in Pit! by connecting in P

in the table just for convenience of notation. Starting from P2, we apply consecutive transformations

Q(k)’s via an extension of the variable-dilation techniques presented in the previous section. We recall that
such techniques require symmetrically packed hypercubes, and in P,, we find both categories of packings.
However, a closer look at the proof of Theorem 9 reveals that within the context of each induced submesh
My is. iy (n—1), Q(n—1)’s can be packed symmetrically. Hence, the extended variable-dilation embedding
techniques that we assume here restrict the connection of asymmetrically packed @Q(n — ¢)’s to occur only
within the corresponding induced submesh containing them. Details or algorithmic descriptions of such
techniques will not be presented here due to space limitations.

The concept of limiting the scope of application of variable-dilation techniques in a multiple-sized packing
can be better understood with an example. Consider, for instance, the Q(n — 2)’s existing in P,,. Using the
notation adopted in the proof of Theorem 9, the number of Q(n—2)’s that are packed into Ma(n—1), Ma(n—1),
and Mg(n — 1) are respectively pn_2(2) = pp—1|m/1, Pn—2(4) = Prn—1|m/2, and p,_2(6) = pp_1m/3. Since in
S(8) we have p,_q|,, = 144, we obtain p,_2(2) = 144, p,_2(4) = 72, and p,_2(6) = 48. We now describe how
these Q(n —2)’s can be combined to contribute to packings PL, to P . By connecting Q(n—2)’s according to
the restriction we just described, we obtain in P}, a contribution of 144/2+72/2+48/2 = 72+ 36+ 24 = 132
Q(n —1)’s. This procedure is repeated to obtain P2, giving 36 + 18 + 12 = 66 Q(n)’s. Continuing, we have a
contribution of 18 + 9+ 6 = 33 Q(n+1)’s in P2. At this point, note that not all Q(n + 1)’s can be combined
in My(n—1), giving a contribution of 18/2+4[9/2|+6/2= 16 Q(n+2)’sand 1 Q(n+ 1) in P. This method
can be easily followed to compute the contribution of the @(n — 2)’s initially available in P,, to packings
Pl to PT. Accordingly, the contribution of the remaining hypercubes in P,, follows the same reasoning. By
adding up all such contributions, we obtain the quantities shown in Table 7. In any case, the expansion of
the packing is 1. The average dilation of hypercubes constructed via variable-dilation embedding techniques

is expected to present values similar to those plotted in Figure 10, since we employ simple extensions of our
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previously discussed techniques.

As a last example of the flexibility found in our multiple-sized packings, we list in Table 7 a packing in
which Q(n —4)’s, Q(n — 3)’s and Q(n — 2)’s in P, are connected to form @Q(n — 1)’s. The resulting packing
(namely, P3) contains 144 Q(n — 1)’s packed with fixed dilation and 171 Q(n — 1)’s packed with variable
dilation. This result is a nice extension of the packing techniques we presented in Section 4. By combining the
concepts of asymmetry, multiple-sized packings, and variable-dilation embeddings, we use every single node
remaining in S(n) after @(n—1)’s have been packed symmetrically, thereby achieving 100% utilization of the
star graph. Using variable-dilation techniques that go beyond the scope of this paper, the 144 4+ 171 = 315
Q(n — 1)’s can be connected to form one @Q(n + 7), which happens to be the largest hypercube that can be
embedded with load 1 into S(n) for n = 8 (see Table 4).

As a last observation, we note that due to space constraints we do not present in this paper algorithms
to implement the multiple-sized packings we just described. Such algorithms, as well as any extensions of
variable-dilation techniques that may be needed, can be built from the previous algorithms we presented in
this paper, along with a careful observance of the corresponding partitioning processes and the submeshes

they create.

7 Comparison with related work

Previous work on embedding hypercubes into star graphs has been accomplished by Nigam et al. [11] and
by Miller et al. [12]. Embeddings of other classes of graphs into S(n) has also been investigated, including
(n — 1)-dimensional meshes [18], arbitrary binary trees [21], grids [22], and cycles [11], [22]. We consider here
only embeddings of hypercubes into S(n) and, since the techniques presented in [12] outperform those of [11],
we use only the results of [12] in the following comparison with our embedding and packing techniques.

Table 8 lists the largest hypercubes that can be embedded in S(n) via the variable-dilation techniques
described in this paper, for 4 < n < 10. For each embedding, Table 8 depicts the smallest dilation that is
achieved in [12] and the average dilation obtained with the techniques of Section 5. Just for accuracy, we note
that the dilation 2 embedding of @(4) into S(4), marked with a * in Table 8, is obtained via a one-to-many
mapping (i.e., one node of @(4) can be mapped onto multiple nodes in S(4)). From the viewpoint of the
dilation, our embeddings outperform those of [12] for n > 6.

o) [ @@ [ @®) [ @i [ @04 [@am | @0)
Embedding into | into | into | into into into into
S | S() | S(6) | S(7) S(@8) | S(9) | S(10)

Dilation (Miller et al.) 2% 3 4 6 6 6 6
Average dilation (this paper) 3.25 | 3.33 | 3.38 | 4.18 4.21 4.25 4.25
Expansion of the embedding (Miller et. al) 1.50 | 1.88 | 2.81 | 2.46 2.46 2.77 3.46
Expansion of the packing (this paper) 1.00 | 1.00 | 1.00 | 1.00 1.00 1.00 1.00
Dilation x expansion product (Miller et al.) | 3.00 | 5.64 | 11.2 | 14.8 14.8 16.6 20.8
Dilation x expansion product (this paper) 3.25 | 3.33 | 3.38 | 4.18 4.21 4.25 4.25

Table 8: Comparison with related work
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Table 8 also depicts the corresponding expansion ratios for each embedding. If we consider solely the
embedding listed at the top of each column in Table 8, then clearly the expansion ratios resulting from the
techniques of [12] and the techniques presented in this paper should be equal. However, as discussed in
Section 6, our multiple-sized packings can achieve 100% utilization of S(n), meaning that any node of the
star graph not used in the embeddings listed in Table 8 can still be used in some other packed hypercube.
This certainly allows an efficient utilization of the star graph, and hence we compute our expansion ratios
within the context of a packing. From this viewpoint, our fixed expansion ratio (i.e., 1) is always smaller
than that achieved in [12].

The fact that some applications may favor dilation instead of expansion (or vice versa) makes it difficult
to define a single metric combining these two factors. In Table 8, we use the product of the dilation and
the expansion ratio, denoted by DEP, to do an overall comparison between our results and those of [12].
Smaller DEP values are indicative of superiority, since a smaller dilation and expansion ratio are usually
preferable. As Table 8 indicates, our techniques achieve smaller DEP values than those of [12], for n > 5.
Note also that in [12], the DEP figures grow rapidly with n. With our techniques, however, the same metric
exhibits a slow-growing behavior. This can be attributed not only to the fact that our multiple-sized packings
guarantee unitary expansion ratio, but also to the nature of our embedding techniques. Since we achieve
our embeddings by connecting smaller packed hypercubes, we preserve the smaller dilation existing in these
hypercubes and use higher dilation only on the newly formed hypercube dimensions. The corresponding
average dilation of the embedding is usually small and has a slow-growing dependence on n, simply because
regardless of n many dimensions of the embedded hypercube can always be built with small dilation (e.g.,
the dilation along the first n — 1 hypercube dimensions is always 3 under our variable-dilation techniques).

For n = 10, the DEP value obtained with the techniques described in this paper exhibits a 5-fold im-
provement when compared to the corresponding DEP value of [12], shown in Table 8. We note that other
possible embeddings are presented in [12], which can lead to different DEP values. For example, consider
the embeddings of @Q(16) into S(10), Q(19) into S(10), and @Q(21) into S(10), which can be obtained with
dilation 3, 4, and 8, respectively [12]. The corresponding DEP values for these embeddings are 166.1, 27.7,
and 13.8. Our DEP value for S(10) is still significantly smaller in any of those cases.

We claim therefore that our techniques are an efficient alternative to the problem of simulating hypercubes
into the star graph. Space-efficiency is obtained via multiple-sized packing techniques that guarantee utiliza-
tion of all the nodes in the star graph. Time-efficiency is obtained with a small communication slowdown,

provided by our variable-dilation embedding techniques.

8 Conclusion

This paper addressed the issue of packing hypercubes into the star graph. Efficient packing techniques
achieving low dilation and low expansion ratios were presented. Variable-dilation embeddings resulting from
connecting packed @(n —1)’s into S(n) demonstrated the possibility of embedding large hypercubes into the
star graph, with corresponding small expansion while still maintaining a low dilation on the average. Such
an embedding technique is advantageous for different classes of algorithms that have been devised for the
hypercube, providing a small communication slowdown when the star graph is used for hypercube simulation
purposes. Finally, we also presented multiple-sized packings that achieve 100% utilization of the nodes in
S(n). Our techniques can provide the required support for node allocation and task migration strategies in

applications where S(n) must handle a workload of parallel algorithms originally devised for the hypercube.
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