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Abstract — This technical report describes a new interconnection network for massively parallel
systems referred to as star-connected cycles (SCC) graph. The SCC presents an I/O-bounded, fized-
degree structure that results in several advantages over variable-degree graphs like the star graph and
the n-cube.

The description of the SCC graph given in this report includes issues such as labeling of nodes,
degree, diameter, symmetry, fault tolerance and Cayley graph representation. This report also presents
an optimal routing algorithm for the SCC and efficient broadcasting algorithms with O(n) running time.
A comparison with the cube-connected cycles (CCC) and other interconnection networks is included,
indicating that for even n, an n-SCC and a CCC of similar sizes have about the same diameter. Also,
we show that one-port broadcasting in an n-SCC' graph can be accomplished with a running time better

than or equal to that required by an n-star containing (n — 1) times fewer nodes.

Index terms — Fized-degree graphs, I/O-Bounding, Interconnection networks, Parallel processing,

Routing, Broadcasting, Star graph.

1 Introduction

Over the past years, many interesting graphs such as the n-star [1] and the n-cube [2] have been
proposed as interconnection networks for parallel processing applications. Some important properties
shown by these graphs are node and edge symmetry, hierarchical structure, maximal fault tolerance
and strong resilience [1], [3]. However, the n-star is superior to the n-cube as far as the degree and
diameter are concerned. The n-star also has a shorter average distance and fault diameter than does

a hypercube with similar number of nodes.

*This research is supported in part by Conselho Nacional de Desenvolvimento Cientifico e Tecnoldgico
(Brazil), under the grant No. 200392/92-1.



Most graphs studied so far offer a high processor density while keeping the diameter as low as
possible. Nevertheless, graphs such as the n-star and the n-cube present a variable-degree structure
and have low scaleability from the viewpoint of network growth. More specifically, since the degree of
the n-star and the n-cube is respectively equal to (n — 1) and n, a growing number of communication
links is required as n increases. Hence, one disadvantage posed by variable-degree interconnection
networks is the large number of I/O communication ports required at each processor in massively
parallel systems. Variable-degree interconnection networks also present more complex physical lay-
outs and require additional communication ports at each processor to be expanded. In other words,
if we want to increase the number of nodes of an existing variable-degree parallel system, 1t might be
necessary to use processors with additional I/O ports, unless unused communication ports are available
at each node.

To overcome these difficulties, we propose a new type of interconnection network: the star-
connected cycles (SCC') graph [4]. The SCC offers an T/O-bounded, fixed-degree structure and can be
viewed as an evolution of its counterpart, the cube-connected cycles or CCC [5].

The SCC and CCC graphs are formed by connecting cycles or rings of nodes through a particular
network communication topology. The underlying topology used to connect the cycles in an n-SCC
graph is an n-star, while that of the n-CCC graph is the n-cube. As expected, this results in a fixed-
degree interconnection network that is superior to the CCC with respect to several characteristics.

In this report, we define the SCC graph and present issues related to the labeling of nodes, diameter,
symmetry, fault tolerance, Cayley graph representation and routing. It is shown that although the
diameter of the SCC graph is greater than that of an n-star and a hypercube of similar size, it is
possible to use a selection of communication links that yields low message transmission delays.

Also included in this report is an analysis of different broadcasting algorithms for the SCC graph.
We initially analyze how an efficient O(nlogn) algorithm that has been proposed for the n-star graph
can be extended to an n-SCC. We show that such algorithm does not find an efficient implementation
on the SCC and therefore should have its applicability limited to the star graph. Rather surprisingly,
we show that a simple but slow O(n?) broadcasting algorithm proposed in [1] for the n-star can be
efficiently mapped onto the n-SCC graph. Actually, we show that both one-port and multiple port
broadcasting in an n-SCC graph can be accomplished in O(n) running time, which is better than
or equal to the running time required by an optimal one-port broadcasting algorithm targeted at an
n-star containing (n — 1) times fewer nodes.

We show that for 4 < n < 8 the number of steps required to run an efficient multiple-port
broadcasting algorithm in an n-SCC is at most 17.6% higher than the diameter of the graph, suggesting
that the proposed broadcasting algorithm is very close to optimality. In addition, we also show how
broadcasting algorithms for the SCC graph can be extended to support transmission of a sequence of
messages in a pipeline fashion.

Finally, we compare the SCC with the hypercube, the star and CCC graphs and claim that the

SCC is an interesting alternative for parallel systems.

2 Background - The Star Graph

An n-star graph contains n! nodes that are labeled with the n! possible permutations of n distinet

symbols. In this report, we choose the digits {1, 2, ..., n} as the symbols used to label the nodes of an
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Figure 1: j-star graph

n-star. A node labeled with permutation P; = i1is...%;...14, is connected to (n — 1) distinct nodes,
respectively labeled with permutations ;40 ...%; 191241 ..., 2 < j < n. In other words, a node
labeled with permutation P; is connected to other (n — 1) nodes whose labels are the permutations
resulting from exchanging the digit in position j in P; with the first digit of P;, where 2 < j < n [1],
[6]. A 4-star graph is shown in Figure 1.

An n-star graph is a regular graph with degree § = n — 1 and fault tolerance f = é —1=n — 2.
The n-star graph is maximally fault-tolerant and strongly resilient [3]. Also, the n-star graph shows
vertex and edge symmetry, hierarchical structure and simple routing. Finally, the n-star presents a
low diameter, given by dsiqr = |3(n — 1)/2] [1].

3 Description of the SCC

An n-SCC graph is obtained by replacing each node of an n-star with a ring of (n — 1) nodes. Fach
ring may be viewed as a supernode that can be implemented as a cluster of individual processors or
as a single multiprocessor VLSI device. The connections between nodes inside the same supernode
are referred to as local links. Also, each supernode is connected to (n — 1) adjacent supernodes, using
lateral links according to the topology of the n-star graph. Each lateral link connects to exactly one

of the (n— 1) nodes belonging to a supernode. The nodes in each ring are identified by a pair of labels
(I;, P;), where:

e P; is a permutation obtained using the generators of the n-star graph [6], [7]. We consider that
the nodes in an n-star are labeled with a permutation of the digits {1, 2, ..., n}, which allows

the labeling of n! different nodes in the n-star. The P; permutation remains unchanged when



the node of an n-star is replaced with (n — 1) nodes in an n-SCC graph, such that P; does not

vary among the nodes that belong to the same ring or supernode.

e [; is a single digit that identifies each particular node inside a ring. The labeling method
proposed for SCC consists of assigning to each I; a label in the range {2, 3, ..., n}, such that
I; corresponds to the label of the lateral link used to connect each node within a ring to other
rings in the n-SCC graph. The label of the lateral link is chosen so as to represent the position
of the digit in the permutation P; that is swapped with the first digit of P; when the lateral link

is traversed (i.e., I; is a dimension of the n-star).

(4, 4312) (4, 1342)

(2,4312) (3,1342) (2,1342)

(2,3412) (2,3142)

(4,3412) & (3,3412) (3,3142)

(3, 1432) (3, 4132)

(4,1432) (2,4132) (4,4132)

(4, 3421) (4,2431) (4,2134) (4, 3124)

(2, 3421) (2,2431) (2,2134)

(3, 3124) (2, 3124)

(2,4321) (2,4231)

(2,1234) (2,1324) R (4, 1324) ¢

(4, 4321)

(3,4321) (3,4231) (4,1234) @ (3,1234) (3, 1324)

(3,2341) (3,3241) (3,3214) (3, 2314)

(4, 2341) (4,3241) (4,3214) (2,2314) (4, 2314)

(4, 1243) (4, 4213)

3, 1243)

(2, 1243) (3, 4213) (2, 4213)

(2,2143) (2,2413)

(4,2143) (3,2143) (3,2413)

(3, 4123) (3, 1423)

(4,4123) (2,1423) (4,1423)

Figure 2: /-SCC graph

As an example, consider the 4-SCC graph shown in Figure 2. Node 1234 of a j-star graph is
replaced with 3 nodes, labeled respectively as (2,1234), (3,1234) and (4,1234). These nodes form a

supernode of a 4-SCC and are connected to other supernodes using lateral links 2, 3 and 4 as follows:

(2,1234) is connected to (2,2134) via lateral link 2
(3,1234) is connected to (3,3214) via lateral link 3
(4,1234) is connected to (4,4231) via lateral link 4



4 Properties of the SCC

Number of nodes

An n-SCC graph can be seen as an n-star graph connecting n! supernodes. Since each supernode

contains (n — 1) nodes, the total number of nodes in an 2-SCC graph is N = (n — 1)nl.
Degree
The n-SCC graph has a degree of:

3 , foralln>3
=< 2 , forn=3
1 , forn=2

Since the degree of every node in the graph is the same, the n-SCC graph is regular. For n > 3,
every node in a n-SCC graph connects to exactly 3 adjacent nodes using two local links within the
same supernode and one lateral link to a node belonging to an adjacent supernode.

Keeping the degree low and constant reduces the communication costs at each node. If each node
i1s implemented as an individual processor, we can use a standard building block with 3 communication
links to build any n-SCC graph. In an n-star graph, the number of communication links required at

each processor changes linearly with n.
Fault tolerance

A graph is f-fault-tolerant if it remains connected when any set of f or fewer nodes are removed
from the graph [3], [8]. The fault tolerance of a graph corresponds to the largest f for which the graph
i1s f-fault tolerant.

The fault tolerance of a graph with degree § can be at most equal to (6§ — 1), since if we remove
all the neighbors of a node the graph will be disconnected. A graph whose fault tolerance is exactly
(6 — 1) is said to be mazimally fauli-tolerant.

The fault tolerance of an n-SCC graph is:

2 , foralln>3
f=<X 1 | foralln=3
0 , forn=2

It is clear that the n-SCC graph is maximally fault-tolerant.
Symmetry

The SCC graph is node symmetric. This i1s true both from the viewpoint of a single node and
from the viewpoint of a supernode. So, given any two nodes @ and b there is an automorphism of the
graph that maps a to b [9]. Node symmetry is an interesting property since it allows the utilization of
identical processors in a SCC-based parallel computer.

Since not all SCC edges look the same, the SCC graph is not edge symmetric. This implies that
the communication load is not uniformly distributed over all communication links. However, if we
consider only the lateral links and view the n-SCC as an n-star of supernodes, the edge symmetry

properties of the n-star still hold.



Thus, every lateral link in an n-SCC graph 1s edge-symmetric with any other lateral link in the
graph. The local links within a ring or supernode are also transitive with any other local link in the
graph.

Therefore, we may view the n-SCC graph as having two different types of communication links,
which allows for an efficient implementation. The local links, for instance, can be implemented as a
high-speed bus if the processors that belong to the same supernode are kept physically close to each
other. Each supernode can also be implemented as a single multiprocessor VLSI device.

The lateral links used to connect the supernodes can either use a high speed bus, a LAN or other
type of serial communication technique, depending on the distance between the supernodes and other

criteria such as cost and required performance.
Cayley Graph Representation
Lemma 1: The n-SCC is not a Cayley graph.

Proof: The generators of a Cayley graph labeled with n digits can either generate S, or a subgroup
of S,, [10], where S,, is the set of all n! possible permutations that can be created with n digits. Each
node in an n-SCC graph is actually labeled with (n + 1) digits, which means that the labels of an
n-SCC graph actually belong to Sp41.

Sp+1 has (n 4 1)! different permutations and the n-SCC graph uses only (n — 1)n! permutations
of Sp41. The relation between these numbers is equal to (n+ 1)/(n — 1).

According to LaGrange’s theorem on finite groups, the order of any subgroup (the number of its
elements) always divides the order of the group [10], [11]. That is not the case with the ratio above.
O

Although the n-SCC graph is not a Cayley graph, its node symmetry property allows that any
n-SCC graph can be represented as the quotient of two Cayley graphs [6]. More specifically, we may
obtain the quotient graph of an n-SCC graph by identifying subgraphs in the n-SCC and reducing
such subgraphs to nodes. The nodes in the resulting quotient graph are connected iff there existed
an edge between elements of the corresponding subgraphs. In the case of the n-SCC, each subgraph
corresponds to aring of nodes (2, I;), (3, 1;), ..., (n, I;) (i-e., a supernode). If we label each node within
a subgraph as a permutation of the digits {2,3,...,n}, then we can identify each subgraph as a Cayley
graph that is described by two generators: 3...n2 and n2...(n — 1). Reducing each subgraph to a
node results in a quotient graph. We can easily see that such quotient graph is a well known Cayley
graph: the n-star. Thus, we may obtain a compact representation of the n-SCC graph by listing the
generators of its subgraph and the corresponding quotient graph (i.e. respectively an (n-7)-ring and

an n-star).

5 Routing in the n-SCC

Routing in the n-SCC is an extension of the routing in the n-star graph and can be seen as two

different problems: routing in the lateral links and routing in the local links.



5.1 Routing in the Lateral Links

Routing in the lateral links uses the same routing techniques already developed for the n-star. Although
the routing algorithm for the n-star can be found in [1] and [12], we repeat it here for clarity.
Suppose that we want to route from Ps to Pz in an n-star, where P is the source node and Py
is the destination node. If P; # Py, then there is a path from Ps to P; with at least one lateral link.
To find the lateral links connecting Ps to Py, we can instead find the path from Pj to the identity

permutation [6], where:
Py, = Py P,
After calculating Pjs, the following routing algorithm applies:
Algorithm 1 (Routing in the n-star):

1. If the first digit in permutation P is 1, move it to any position not occupied by the correct
digit.
2. If 2 (i.e. any digit other than 1) is first, move it to its position.

We may organize the digits of permutation Pjs as a set of cycles — i.e. cyclically ordered sets of
digits with the property that each digit’s desired position is that occupied by the next digit in the set.
A permutation Pz = 26543187 belonging to an §-star graph, for instance, consists of the following
cycles: (1 2 6), (3 5), (7 8), (4). Note that any digit already in its correct position appears as a
1-cycle.

Let ¢ be the number of cycles of length at least 2 and m the total number of digits in these cycles.

Then the minimum number of lateral links in the path from P to Py is [1] :

do — c+m , if 1is the first digit in Py
=Y e+m—2 , if 1is not the first digit in Py,
Let C' = (i1 72 ... ig) be a cycle of length & < n in Pys, where 1 < 4y < i < ... < i < n.

The ezecution of cycle C' corresponds to a path R in the n-star and can be expressed as a sequence of
lateral links as follows [13]:
R = (ia,13,...,1}) vifii=1
R:(i17i27~"7ik—17ik7i1) ) 2f 21¢1
Note that in an n-star there are! N, = ¢! different choices that can be used for an optimal order
of execution of cycles of length at least 2 in Py;. If the number of digits in cycle C; is K;, K; > 2,
then there are also N; different ways to minimally execute C;, where:
N— K; , if C; does not include digit 1
T 1 1, if C;includes the digit 1
If we order the cycles C; for which K; > 2 as Cy, (s, ..., C. then the total number of optimal

routing paths in the n-star from P, to Pj is:

!Note that this equation is valid even if the first digit in Py is not 1. Although Algorithm 1 indicates that
the cycle including digit 1 should be executed first, we may actually choose any order to execute the cycles,
one at a time. This is possible because the execution of any cycle leaves the position of digits that do not
belong to that cycle unchanged.



Figure 3: Routing in a supernode

Tp = C1ﬁ Ni
i=1

As an example, permutation 21453 has two cycles: Cy = (1 2) and C3 = (3 4 5). Cycle C is
executed with a single swap (2). On the other hand, cycle C3 may be executed with three different
sequences of swaps: (3, 4, 5, 3), (4, 5, 3, 4) or (5, 3, 4, 5). We may therefore execute both cycles as
the following sequences of lateral links: (2, 3, 4, 5, 3), (2, 4, 5, 3, 4), (2, 5, 3, 4, 5), (3, 4, 5, 3, 2),
(4,5,3,4,2) or (5,3, 4, 5, 2).

5.2 Routing in the Local Links

To describe the routing algorithm for the local links, we refer the reader to Figure 3. Let D, be the

minimum number of local links between two nodes I; and I; that belong to the same supernode. Then:

D, =min(D',n—1—D") | where D' =|I; — I (1)

We assume that the nodes belonging to the same ring are labeled in an ascending order from 2 to
n, going counterclockwise (Figure 3). We also assume that the lateral link entering the supernode is
I; and the lateral link leaving the supernode is I;. Then, the following routing algorithm applies to
the local links:

Algorithm 2 (Routing in the local links):

1. Evaluate L = I; — I, and R = |I; — I;| div ["QiJ , where div is the integer division operator.

2. If(L>0and R=0)or (L <0and R=1), then take the ring counterclockwise traversing D,

local links.

3. If(L>0and R=1)or (L <0 and R =0), then take the ring clockwise traversing D,, local
links.

Notice that the ordering of nodes inside each ring of an n-SCC depends on the physical lay-out

of the interconnection network. It is possible, for instance, to lay-out the n-SCC such that some



supernodes have a counterclockwise ordering while other supernodes use a clockwise ordering (as an
example, consider the 4-SCC graph in Figure 2). Algorithm 2 can be easily modified for n-SCC graphs
that have different types of node orderings if we store in the nodes a clockwise/counterclockwise flag
bit. Testing that bit indicates whether Algorithm 2 should proceed as stated above or whether the

opposite direction should be taken. In both cases, the number of local links to be traversed 1s D,,.

5.3 Routing Algorithm for the n-SCC

We now present an algorithm for routing in the n-SCC graph. Such algorithm is actually a combination
of Algorithms 1 and 2 and provides a sequence of lateral and local links as a result.

We recall that Algorithm 1 allows for 7, different optimal paths in an n-star graph. The edges
of the n-star graph are the lateral links of the corresponding n-SCC graph. However, not all of the
T, different optimal paths that exist in the n-star result in 7}, optimal paths in the n-SCC, since the
order of execution of the lateral links affects the number of local links in the routing.

The routing algorithm for the n-SCC graph performs a depth-first search on a weighted tree
structure. The algorithm builds the tree by expanding at each step those cycle orderings that seem
to result in a minimal number of local links. Backtracking is also performed to enable expansion of
previous cycle orderings that seem to be equivalent to or better than the most recently expanded
orderings.

In the description of the routing algorithm for the n-SCC, we denote the source node by (I, P;)
and the destination node by (I, Pg). We also define the following items:

e P, can be mapped into P; by a sequence of lateral links or generators of the quotient n-star
graph embedded in the n-SCC graph (i.e., Psgig2...g9, = Pi). Alternatively, we can find the
path from P to P; by routing from Py, to the identity permutation, where Py = Pd_IPS.

e S, 1s the set of cycles of length at least 2 that exist in Pgs.

e Sj;is a subset of the digits included in the cycles of S., such that:

— If (14243 ... i) is a cycle of S, then iy € Sq and 1,is,..., i & S4.

— If (i1 42 ... ix) is a cycle of S, that does not include digit 1, then ¢y,49, ..., € Sq.
The tree structure generated by the routing algorithm has the following characteristics:

o If the number of cycles in S, is ¢, then the height of the tree is (¢ + 1). The first level of the
tree is 0 and the deepest level is (¢ + 1).

e The label of any vertex in the tree is a pair of digits (f, £), belonging either to Sq or to {1, I4}.

Each vertex located between levels 1 and ¢ in the tree represents one of the cycles of S.. The
label (f,¢) is chosen so as to represent the first (f) and last () lateral link used during the

execution of the cycle.

If the cycle represented by the vertex is (1 i), then the vertex is labeled (f, ) = (ix,ix). If the
cycle represented by the vertex is (1 iy i3 ... dp), then the vertex is labeled (f, £) = (42, i1).

If the cycle represented by the vertex does not include digit 1, then the vertex may be labeled
as (f,¢) = (i;,1;), where 4; is any of the digits of the cycle.



The weight of an edge connecting any two vertices (f;, ¢;) and (f;, {;) corresponds to the num-
ber of local links required to move from ¢; to f; within the same supernode and is given by

Equation 1.

Each vertex (f,£) has an associated data structure consisting of its distance to the root (D)
and a reduced set of digits S5 = S — ;.

The distance D, is obtained by summing the weights of all edges in the path from the root to
the vertex. S% is the set of digits stored in the parent of each vertex and .5; is the set of digits
belonging to the cycle that includes digit f.

The root vertex is (f,£) = (I5,I5) and has D, = 0 and S5 = S4. The vertices located at level
(¢4 1) in the tree are labeled (f,¢) = (14, 13) and have S = {}. The vertices located at level ¢
in the tree have S5 = {I4}.

Each vertex also stores an enable/disable bit that informs whether the tree should continue to
be expanded from that vertex or not. The root vertex is created with an enabled bit, but all
other child vertices are created with a disabled bit. Tntermediate vertices (i.e., vertices that have

already been expanded) also have a disabled bit.

Given the definitions above, the routing algorithm for the n-SCC is as follows :

Algorithm 3 (Routing in the n-SCC):

1.

If P; = Py, then route inside the ring using Algorithm 2 and exit.

If P; # P4, then calculate permutation Pgs such that Pg, = Pd_lPs.

Identify the cycles of length at least 2 that exist in Py and create the sets S, and Sy.
Create an enabled root vertex labeled (I, I;) such that S§ = S3 and D, = 0.

Generate child vertices for all enabled vertices, such that the label f for each child corresponds
to exactly one of the digits stored in the set 5%, of each parent vertex. The label ¢ for each child

vertex is chosen according to the definitions of the tree structure given earlier in this section.

Evaluate D, and S for all child vertices. Check if there is any recently generated child vertex
that has a distance D,, = 0 to its parent. If such child vertex exists, enable it. Otherwise, enable

all recently generated child vertices that have a distance D,, = 1 to its parent vertices.

If none of the recently generated child vertices has a distance D,, < 1 to its parent vertices, then

it 18 necessary to perform a backtracking search in the tree.

The backtracking search enables all vertices that have the smallest virtual distance (Dy) to the

end of the tree, where:

Dy=D,+c+1—-h

and h is the level at which the vertex is located in the tree (0 < h < e+ 1).

If all enabled vertices are at level ¢ + 1 of the tree, then an optimal order of execution for the

cycles in S, has already been found. Otherwise, return to Step 5.

10



D = VERTEX DISABLED
E = VERTEX ENABLED

Figure 4: Example of routing tree in the n-SCC

8. The optimal order of execution for the cycles in S, is given by the intermediate vertices existing

between the root and any enabled vertex at level ¢ + 1 in the tree.

This optimal order of execution is actually a sequence of lateral links. Additional routing is

required to move between lateral links, but that can be easily done with Algorithm 2.

As an example, consider the routing in an 8-SCC for the case Pz = (15)(236)(47)(8), I, =5
and I; = 6. Figure 4 shows the tree built by the routing algorithm. An optimal order of execution for

Py is therefore (5, 6, 3, 2,6, 7,4, 7).
Algorithm Complexity

The complexity of the routing algorithm depends on the depth of the tree and on the amount of
backtracking that might be required during its execution. As at each of the (¢ + 1) levels of the tree
we might have to compare at most n vertices, the complexity of the routing algorithm is equal to or
better than O(en), if no backtracking is performed during its execution.

The algorithm usually executes faster than estimated for the following reasons:

1. Although there might be different optimal paths from the source to the destination node, the
execution is stopped as soon as the algorithm finds one optimal path. This behavior is dictated

by searching the tree depth-first.

2. The number of cycles that remain to be executed is decremented while the tree is built. This

reduces the number of child vertices under each parent as we move deeper in the tree.

3. Many child vertices are created with high weighted edges. Such vertices generally result in longer
paths and are kept disabled by the routing algorithm. Even if backtracking occurs during the
execution of the algorithm, only part of the vertices located in the upper levels of the tree are

enabled.

11



6 Diameter

Before calculating the diameter of the n-SCC graph, we recall that the diameter of the n-star can be
found by evaluating the number of edges between the identity permutation and one of its antipodes. An
antipode is the farthest node from a given node along the shortest path. In the n-star, the antipodes

are [13]:

(1 as) (as aq)...(an—1 an) , for even n
(1) (ag az a4) (a5 ag) .. .(an—1 an) , for even n
(1) (aq a3) (aq as)...(an—1 an) , for odd n
In an n-star, an antipode permutation P, can be formed with digits as, as, ..., a,, chosen from
the set {2, 3, ..., n}, such that [n/2] 2-cycles (a; a;) (i.e, in P, digit a; occupies the position of digit

a; and vice-versa) are formed. For even n, the antipode permutation may also contain a 3-cycle and
[(n — 3)/2] 2-cycles. In any case, the distance from an antipode P, to the identity permutation is
equal to the diameter of the n-star, i.e. [3(n —1)/2].

Similarly, the diameter of the n-SCC graph can be calculated by finding its antipode permutations.
We recall that in the n-SCC graph there are (n—1) nodes (I;, P1), where P; is the identity permutation
123 ... n and I; is a digit of the set { 2, 3,4, ..., n }. We must therefore choose one of these (n — 1)
nodes as the identity node for the n-SCC graph. Let such node be (I, P1) = (2,123 ...n). Now, we
define an antipode (I, Py) in the n-SCC graph as follows:

e P, is a permutation chosen such that the node (I, P,) is located [3(n — 1)/2] lateral links
away from (71, P1), while keeping the number of local links in the path to the identity node to

a maximum.

e [, is a digit chosen so as to include a maximum number of additional local links in the path to

(I, Pr).

Considering the above requirements, we state the following Lemma:
Lemma 2: The following nodes are antipodes in the n-SCC graph:
For odd n: (2,(1)(2 a+1)(3 a+2)...(a—1 n—1)(a n))

For even n: (2,(1b+1)(2 b+2)...(b—1 n—1) (b n))
where a = (n+1)/2 and b = n/2.

A proof of correctness for the above antipodes is given in Appendix A. From the above antipodes,

we obtain the following Theorem:
Theorem 1 The diameter of the n-SCC, n> 2, 1s :
n— 2 3(n—1 n .
P ET(C A EE PRI EEr o
6 ,ifn=3
Proof: Routing from any of the above antipodes requires di; = |3(n—1)/2] lateral links. The number

of local links can be calculated as follows:
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Figure 5: Execution of a cycle (a; a;) in the n-SCC

e Permutation P, has [(n—1)/2] cycles that does not include the digit 1. Execution of each of these
cycles requires 2| (n—1)/2] local links, as shown in Figure 5. Thus, the total number of local links
required for execution of all cycles in P, that do not include digit 1 is dio.(1) = 2(|(n — 1)/2])2.

e Permutation P, has [n/2] cycles of length 2 that must be executed in the route to the identity
node. The cycles in P, may be ordered such that only one local link is required to move between
the execution of adjacent cycles. This adds di,.(2) = (|n/2] — 1) local links to the routing from
the antipode to the identity.

e Digit I, in the antipode (I, P;) is such that a maximum of di,.(3) = (|n/2] — 1) local links
may be added to the routing.

e The diameter of the n-SCC graph is the sum of dias, dioe(1), dioe(2) and dj,e(3), so the result
follows. O

7 Broadcasting in the n-SCC Graph

A broadcasting algorithm for the n-SCC graph consists of a sequence of transmissions over lateral and
local links, such that a particular piece of information originated by a node is passed on to all other
processors in the interconnection network.

At each step of the algorithm, every node communicates with one of its neighbors and compares
notes on whether either of them has already received the information that is being broadcasted. If only
one node has received it, then additional communication takes place to relay the broadcasted infor-
mation to the uninformed node. If both or neither of the nodes have already received the information,
then no additional messages are exchanged between the nodes. We assume that note comparison
between any pair of nodes is accomplished with full-duplex (i.e., bidirectional) communication links,
both in the case of lateral and local links.

Broadcasting algorithms can be based on two distinct communication models, namely one-port
communication or multiple-port communication. In the one-port communication model, each node
sends messages using only one port at each step of the algorithm. With this scheme, the number of
informed nodes can at most double at each step of the algorithm. Therefore, broadcasting in a graph
with NV nodes using a one-port communication algorithm requires at least log N steps?.

In a multiple-port communication model, each node sends messages using two or more ports at
each step of the algorithm. Assuming a regular graph with N nodes and degree 8§, a broadcasting

algorithm based on an m-port communication model (1 < m < §) requires at least 1Og(m+1) N steps.

2 All logarithms in this report are base 2, unless otherwise indicated.
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8 One-port broadcasting algorithms for the n-SCC

One-port broadcasting in the n-cube can be accomplished with an optimal algorithm in n steps [1],

[14]. A one-port broadcasting algorithm for the n-star requiring at most 3(nlogn — n/2) steps was

introduced in [1], followed by an optimal algorithm requiring Z([log i] 4+ 1) steps [15]. In either case,

the complexity of one-port broadcasting algorithms for the n-star is O(nlogn).

Broadcasting in an n-SCC graph is basically an extension of the broadcasting algorithms already
introduced for the n-star. Our goal 1s to find a sequence of lateral links ¢ such that for every pair of
nodes in the graph there exists a subsequence that forms a path from one supernode to the other. As
long as o satisfies this condition, it constitutes a broadcasting algorithm. Of course, a proper choice of
local links transmissions must be used between lateral link steps such that the information is correctly
broadcasted among the nodes inside each supernode.

Tdeally, we should find an O(log N) = O(nlogn) broadcasting sequence for the n-SCC. However,
if we recall that the diameter of the n-SCC contains a quadratic term (Equation 2), the following
theorem holds:

Theorem 2 One-port broadcasting in an n-SCC graph requires a sequence with O(n?) steps.

Proof: The proof follows from the observation that any broadcasting sequence must include subse-
quences allowing the node originating the broadcast message to communicate with all other nodes in
the graph. Clearly, the broadcasting sequence must be at least as long as the longest communication
path existing in an n-SCC graph (i.e., the diameter). If we recall that the dominant term in the
diameter of the n-SCC is 2 (|(n — 1)/2])” & 0.5n2, the theorem follows. O

With that limitation in mind, we shall analyze different possible broadcasting sequences. The
general approach for analyzing a broadcasting sequence for the n-SCC graph consists of two steps.
First, we must consider how many lateral link steps each sequence requires, and then we evaluate the
number of local link steps. In any case, the sequence of lateral links required by the broadcasting

algorithm is defined by the quotient n-star graph embedded in the n-SCC.

8.1 An algorithm based on an nlogn switching network

The first broadcasting algorithm we are going to analyze is an extension of the O(nlogn) algorithm
introduced in [1] for the n-star graph. Such algorithm uses a broadcasting sequence 14,(T),) contain-
ing (nlogn — n/2) pairwise interchanges of digits (a;, ;) chosen from a switching network 7,, with
(2logn—1) stages and (nlogn—n/2) switches. As an example, consider the switching network shown
in Figure 6 (Tg). The first stage consists of switches (1,5) (2,6) (3,7) (4,8) and can be represented

by the following sequence of star operations:
5-6-2-6-7-3-7T-8-4-8

A similar analysis over all stages of T}, yields a broadcast sequence og44-(7},) for an n-star graph
of length at most [1]:

0star(Tn) = 3(nlogn — n/2)
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Stage 1 Stage 2 Stage Stage 4 Stage 5
3

o N o g A~ W N P
o N o o A~ W N P

Figure 6: An nlogn switching network (7T)

A broadcast sequence for an n-SCC graph can be built from the o44,(7},) broadcast sequence of
the quotient n-star embedded in the n-SCC. To do so, the local links transmissions that are required
to move between adjacent lateral link steps in o514,(7},) must be taken into account. That yields the

following theorem:

Theorem 3 An nlogn switching network T,, generates a one-port broadcasting sequence for the n-
SCC graph with length at most:

oo <4 ]+ 6n - g - - 2 .

Proof: An analysis of Figure 6 shows that each stage of T}, has 1 switch that includes digit 1 and at most
[(n — 2)/2| switches that do not include digit 1. The switches in each stage of T, can be ordered such
that their corresponding star operations are just 1 digit apart from each other. Therefore, if we use
Ty to build a broadcasting algorithm for an n-SCC; only 1 local link will be required to move between
switches belonging to the same stage. Moving between adjacent stages requires from 0 to [(n — 1)/2]
local links. We will assume the worst case to evaluate the length of a broadcasting sequence for the
n-SCC, originated from 14,(Ty). Therefore, the number of local links required to move between all

switches in 7T, is:

ohec(Tn, loc) < lnT_QJ (2logn — 1) + lnT_lJ (2logn — 2) = (n — 2)(2 logn — 1) — ln;lJ

We must now consider the local links required to move between digits inside the same switch. The
first and last stages of 7,, have at most [(n — 2)/2| switches involving 2 digits a; # 1, a; # 1 that are
[(n — 1)/2] local links apart from each other. Those switches require 2|(n — 1)/2] local links each to
be executed.

The second stage and the stage preceding the last one have at most |(n — 2)/2| switches involving
2 digits a; # 1, a; # 1 that are |[n/4] local links apart from each other. Those switches require 2|n /4|
local links each to be executed.

Examining the remaining stages, we conclude that the total number of local links required to

individually execute all switches in T, 1s:
S n—2|[n—-1 n—2 n n—2 nyy n—2 n
USCC(T”’IOC)§2<2[ 2 H 2 J“LQ[ 2 “4J+ +2[ 2 an 2 an
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< (4n—1) l”;QJ

Hence, the total number of local links required by the broadcasting sequence is:

-2
0scc(Th,loc) = okoa (T, loc) + 02 oo (Th, loc) < 4n lnTJ +2(n—2)(logn —1)
Taking now into account the lateral links, we obtain the total length of a broadcasting sequence

0scc(Tn), built from a switching network 7),:

n 5n

Tsoc(Tn) = Ostar(Tn) + Tgcc(Tn o) < An | 5| + (51— 4)(logn — 1) = =

[m]

Although Figure 6 was used to illustrate the case n = 8, a proper broadcasting sequence may be
obtained for generic n from a T} switching network, where 7 = [logn]. For instance, a broadcasting
sequence for a 6-SCC graph may be obtained from a T3 switching network by listing only those pairwise
interchanges of digits (a;, ;) in T that do not include either digit 6 or 7 [1].

Table 1 lists upper bounds in the number of steps required by a broadcasting algorithm based on

an nlogn switching network, according to Equation 3.

Size of | Diameter | Lateral | Local Total Relative

n | n-SCC | of n-SCC link lIink | number | distance to
graph graph steps steps | of steps | the diameter

4 72 8 18 20 38 375%

5 480 16 27 27 54 238%

6 3600 19 37 60 97 410%

7| 30240 31 48 74 122 293%

8 | 282240 34 60 120 180 429%

Table 1: Maximum number of steps required by the broadcasting sequence 04--(T,)

The efficiency of broadcasting algorithms for interconnection networks can be measured by com-
paring the required number of steps with the diameter of the graph. We present such comparison in
Table 1 for the broadcasting sequence ¢~ (7T},) in terms of percentages. More specifically, the relative
distance to the diameter of a generic broadcasting algorithm requiring o4~ steps is defined for a SCC

graph as:

Tscc —dsce 009
dscc

For large n, m approximates to 2n? and dgcc approximates to 0.5n2. Therefore, the higher

order terms in the expressions of m and dgc e indicate that the number of steps required by

the broadcasting sequence og-(T,) is approximately 300% higher than the diameter of the n-SCC

graph. If we take into account the lower order terms, we notice that the relative distance to the

diameter can be as high as 429% for 4 < n < 8.
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A broadcasting algorithm for the n-SCC graph based on an nlogn switching network seems to
be far from the minimum number of steps stated in Theorem 2. One possible approach to reduce the
number of steps required by this broadcasting algorithm is to execute some of the steps of sequence
0soc(Ty) in parallel. However, such approach is not feasible in this case, since the algorithm uses
star operations (pairwise interchanges of digits) that must be executed sequentially rather than in
parallel. More specifically, o~ (T,) consists of a sequence of lateral link steps that must be necessarily
intercalated with local link transmissions that will forward the broadcast message to the nodes that are
supposed to perform the next lateral link transmission. This limitation dictates a sequential approach

for the execution of 0. (Th).

8.2 An algorithm based on an n?/2 switching network

Referring again to Theorem 2, a simple analysis of the expression of the diameter of the n-SCC graph
(dscc) reveals that ideally a one-port broadcasting algorithm should require dgiqr = [3(n—1)/2]
lateral link steps and dgcc — dsiar = 2(|(n — 1)/2])2 + 2 |n/2| — 2 local link steps. The dominant
terms for the ideal number of lateral and local link steps can be approximated by 1.5n and 0.5n2,
respectively.

Clearly, our first broadcasting algorithm is far from these goals, since it requires about 3nlogn
lateral link steps and 2n? local link steps. Also, by inspecting Table 1 we notice that the number of
local link steps required by the algorithm based on an nlogn switching network is a major contribution
to its inefficiency. As an approach to verify whether a more efficient algorithm can be found, we might
perform some additional analysis on the nlogn switching network (7,,) in order to understand its
drawbacks and check whether it is possible to use a different type of switching network, particularly
one with the ability of generating a broadcasting algorithm containing about 0.5n2 local link steps.

Without loss of generality, a simple analysis shows that the 4n|n/2| ~ 2n? term in Equation 3 is

due to:

e Each stage of the switching network has n/2 switches.

e While we approach the inner stage of the switching network, each switch requires about 2n/2,
2n/4, ..., 2n/n local links to be executed.

e Therefore, the total number of local links required to execute all switches in 7}, (not taking into

account local links that are required to move between switches) is approximately:

n 2n+2n+ +2n+ +2n+2n ~ I
2\2 "1 n RN A

This analysis reveals that a major cause for the presence of the 2n? term in m is the
existence of switches that require many local links to be executed, particularly in the initial and final
stages of T, (i.e., switches on these stages require 2n/2, 2n/4,... local links as we go deeper into
T,). Therefore, it seems worthwhile to examine other type of switching network, particularly one
containing only switches requiring 2n/n = 2 local links to be executed. Such switches allow pairwise
interchanges of digits located at adjacent positions (p;, p;) of a permutation of n digits, such that
|pi — pj| mod (n —2) = 1. These requirements result in an n”/2 switching network (7). Figure 7

shows 7g.
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0 N o o A~ W N P

o N o o A~ W N P

Figure 7: An n?/2 switching network (7g)

To sort a permutation through 7,,, we compare at each stage k of 7,, every pair of digits (a., ay)
located at adjacent positions (p;, p;) and connected by a switch S;;. Considering that at the beginning
of stage k position p; is located above p; (i.e., p; < p;j), we set switch S;; (i.e., exchange a, with ay)

if ap > a,. It is easily seen that:
Theorem 4 An n?/2 switching network T, has (n — 1) stages and n(n — 1)/2 switches.
We now show:

Theorem 5 Considering even n, every permutation of n digits can be sorted through an appropriate

setting of the switches in T,.

Proof: A permutation of n digits has at most 2 digits that are (n—1) positions apart from their correct
position. Since 7, operates by exchanging the positions of a pair of adjacent digits, a maximum of
(n — 1) switch settings are required to place one of these digits in its correct position.

We are therefore left with a permutation containing at most 2 digits that are (n — 2) positions
apart from their correct position. An additional setting of (n — 2) switches can be used to place one
of these digits in its correct position.

By extending this reasoning, the maximum number of switch settings that may be required to sort
the permutation is (n — 1)+ (n — 2) + - - -+ 1 = n(n — 1)/2, which is exactly the number of switches
m7,. O

A direct consequence of Theorem 5 is that a sequence containing all switches in 7, can be used
as a broadcasting algorithm for an n-star graph (and therefore, also for an n-SCC graph). Basically,
a broadcasting algorithm for an n-star graph can be obtained by listing all switches in 7,, and trans-
forming every switch in an star operation as described before. Using this methodology, we obtain the

following theorems:

Theorem 6 An n?/2 switching network 7T, generates a one-port broadcasting sequence for an n-star

graph with length:

Ustar(Tn) = 15712 —35n+2 (4)
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Proof: Each stage of 7,, has a switch that can be represented by a star operation consisting of just one

lateral link and (n — 2)/2 switches that require 3 lateral links when transformed in star operations.

The total number of lateral links is therefore:

n—2
2

Ustar(,]—n) = (’Il - 1) <1 +3 > = 15712 —35n+2

[m]

Theorem 7 An n?/2 switching network 7T, generates a one-port broadcasting sequence for an n-SCC

graph with length:
Oscc(Th) = 3.5n2 —9.5n+6

Proof: The switches of 7,, can be ordered such that at each stage only one local link is required to
move from the first to the second switch. Moving to each switch remaining in the same stage requires
two local links. Also, one local link is required to move to the first switch in the next stage. As an

example, consider the first 3 stages of 7g, after their transformation to star operations:
2-3-4-3-5-6-5-7-8-7-8-7-6-7-5-6-5-3-2-3-2—...
Therefore, the number of local links required to move between switches in 7, 1s:
Thec(Tn loc) = 2(n — 1) + 2(n — 1) (2—2) —n?—3n+2

Each stage of 7, has (n — 2)/2 switches that require 2 local links for their internal execution. The

total number of local links required to internally execute all switches in 7, is therefore:
02oc(Tn loc) = 2(n — 1) (n —2)/2 = n* — 3n+2

Hence, the total number of local links required by a broadcasting algorithm based on 7, is:

e (Tn,loc) = ok oo (Th,loc) + 0%p (T, loc) = 2n% — 6n + 4

The total length of the broadcasting sequence for the n-SCC graph, when obtained from 7, is

therefore:

0scclTn) = Ostar(Tn) + 0500(Tn, loc) = 3.5n2 —9.5n+6

[m]

Table 2 lists the number of steps required by a one-port broadcasting algorithm based on an n?/2
switching network, according to Theorem 7.

Table 2 indicates that the algorithm based on an n?/2 switching network is more efficient than
the previous algorithm, for 4 < n < 8. However, Theorem 7 shows that the length of the broadcasting
sequence generated by 7, approximates to 3.5n” as n grows. This means that, for larger values of n,
T, tends to generate a broadcasting algorithm requiring more steps than the broadcasting algorithm

based on the nlogn switching network (75,).
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Size of | Diameter | Lateral | Local Total Relative

n | n-SCC | of n-SCC link lIink | number | distance to
graph graph steps steps | of steps | the diameter

4 72 8 12 12 24 200%

5 480 16 22 24 46 188%

6 3600 19 35 40 75 295%

7| 30240 31 51 60 111 258%

8 | 282240 34 70 84 154 353%

Table 2: Number of steps required by the broadcasting sequence o4, -(7,)

The additional stages introduced in 7, can be blamed for this result, as they cause the number
of switches to be quadratic and correspondingly increase the number of lateral links to approximately
3n?/2 = 1.5n% Furthermore, a one-port broadcasting algorithm for the n-star generated by 7,, is not
optimal, since the length of such sequence has 1.5n? as its dominant term (Equation 4) and the n-star
graph allows for an O(nlogn) one-port broadcasting algorithm.

The number of steps required by the broadcasting sequence og-(75) can not be reduced by
introducing parallelism in its execution. The reasoning for this statement is the same previously used
for the algorithm generated by 7,,.

Tt 1s also interesting to notice that 7,, does not even reduce significantly the requirements on local
links when compared to 7,. Although the number of local links required to internally execute all
switches in 7,, is reduced to about n%, the number of local links required to move between switches is
increased to about n?. The result is that the total number of local links in the algorithm generated

by 7, is approximately the same found in the algorithm generated by T, (i.e., about 2n?).

8.3 Algorithms based on cyclic sequences of digits

The sequential nature of broadcasting algorithms obtained from switching networks suggests that
broadcasting sequences that allow parallel execution of steps should be investigated.

One such sequence was proposed in [1] for the n-star graph, and basically is formed by repeating
a cyclic pattern of the digits (2 3 ... n) as follows. FEach digit in 044-(C) actually represents a
lateral link. Notice that in 014,-(C') the pattern (2 3 ... n) is repeated dsiqr times, where dgiqp is
the diameter of the quotient n-star embedded in the n-SCC graph. Therefore, 05:4-(C) includes all
possible paths between any two supernodes in the n-SCC, and as long as a proper sequence of local

links is also chosen, 514-(C) can be used as a broadcasting algorithm for the n-SCC graph.
0s1ar(C) =234 ... (n—=1)n234 ... (n—1)n ... (dstar times)

The length of the above sequence is m = (n — Ddstar = (n — 1) [3(n — 1)/2]. Therefore, a
one-port broadcasting algorithm for an n-star graph based on 4,(C') has a complexity of O(n?).

Let us now examine how o4,(C) can be extended to accomplish one-port broadcasting in an
n-SCC graph. A simple approach consists of inserting a local link step between every two adjacent
lateral link steps in og¢q,(C'), resulting in a sequential broadcasting sequence o5~ (C). Execution of

such broadcasting sequence is illustrated in Figure 8 for a 5-SCC graph.
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Figure 8: One-port broadcasting in a 5-SCC graph (o;1.(C))

It can be easily seen that oo J. (C) requires o4q,(C) lateral link steps and o¢f.(C,loc) =

ostar(C) — 1 local link steps. Therefore, the total number of steps required by 052~ (C) is 06l (C) =
0star(C) + 05o(Ciloc) =2(n—1) [3(n—1)/2] — 1.
Notice that due to its sequential nature, o7~ (C') requires O(n?) lateral link steps and O(n?) local

link steps. However, 0514-(C) can actually run in O(n) lateral link steps by using parallel transmis-
sions in those links. Moreover, while in an n-star such technique actually constitutes a multiple-port
broadcasting algorithm, in an 2-SCC we can benefit from parallel transmissions in the lateral links
and still have a one-port broadcasting algorithm.

Before adding more details on the advantages of using parallel transmissions in the lateral links of

an n-SCC graph, we state the following theorem:

Theorem 8 The use of a 6-port communication model in an n-star graph with degree 6 = n — 1 and

diameter dsiqr = |3(n — 1)/2] yields an optimal broadcasting algorithm requiring only dsiqr steps.

Proof: At each step, a node running a é-port broadcasting algorithm uses all its ports to propagate
the information to be broadcasted. Suppose that at the beginning of the algorithm, only node N;
holds the information. After the first step of the algorithm, all nodes within a distance of one lateral
link from N; will also have received the information. After the second step, the information has been
propagated to all nodes within two lateral links from N;, and so on. After dsi4, steps, all nodes in the
n-star graph have received the broadcasted information.

Optimality results from the observation that no broadcasting algorithm can use a shorter sequence
of steps than the longest distance between any pair of nodes in the n-star (i.e., the diameter). Since

a b-port broadcasting uses exactly ds¢q, steps, the algorithm is optimal. O

Also notice that é-port communication results in an algorithm with O(n) steps, while a one-port
broadcasting algorithm in the n-star requires O(nlogn) steps [1], [15]. A main disadvantage of using
such é-port algorithm in an n-star graph is that we may impose severe communication overhead on the
nodes. The algorithm may even be difficult to implement or require special hardware support for é-port
communication, specially on large degree star graphs with high transmission rates in the lateral links.
These restrictions do not apply to the n-SCC graph, since the task of simultaneous communication over
the lateral links is equally distributed over (n — 1) nodes belonging to the same supernode. Therefore,
we may take advantage of parallel transmissions in the lateral links to implement a faster one-port
broadcasting algorithm in the n-SCC graph.

An efficient mapping of sequence o4,(C') onto the SCC graph can be obtained with a sequence
ol (C) that uses all lateral links of each supernode simultaneously. To illustrate this reasoning,
Figure 9 shows the initial steps required to run ol (C) in a 6-SCC graph. Clearly, 0%~ (C) can

seq

be executed faster than ogj-(C), since the information is initially broadcasted inside the supernode

and then all lateral links are used simultaneously to pass the information on to adjacent supernodes.
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Figure 9: One-port broadcasting in a 6-SCC (e (C))

The full broadcasting algorithm requires this operation to be repeated dsq4, times. Notice that we still
have a one-port broadcasting algorithm, since at each step every node tries to compare notes using
a single communication port. Of course, the nodes may also receive a communication request in a
second port while transmitting in another port. Another interesting observation is that this technique
actually runs (n— 1) lateral link steps of the previous sequence o5}~ (C') in parallel, therefore reducing
the number of steps that would be required if we used only one lateral link per supernode at a time
by a factor of (n — 1).

Notice that in Figure 9 (n — 2) local link steps are required to accomplish the broadcasting inside
each supernode, since the information flows in just one direction. Therefore, UZSNZC(C’ ) requires dgiqr
lateral link steps and (n — 2)dsiqr local link steps, for a total of (n — 1)dsqr = (n — 1) [3(n —1)/2]

T e

Figure 10: One-port broadcasting in a 6-SCC (04-(C))

A better approach consists of adopting the concept of parallel transmissions in the local links as
well (Figure 10). This can be done in a one-port broadcasting algorithm by forcing one of the nodes in
the ring to use different local links in the first two steps of a subsequence of local link transmissions.
Each remaining node in the ring simply propagates the information using the same direction chosen by
their informed neighbors. The result is that now only |n/2] local link steps are required to accomplish
one-port broadcasting inside a supernode. The particular node that initiates the broadcasting in a
ring is either a node that originated a piece of information to be broadcasted or a node that has just
been informed of it via a lateral link. In this case, the node may be assumed as the first informed node
in a ring, and therefore proceeds with transmissions over different local links in the next two steps.

Let us call this particular broadcasting sequence as 0g.-~(C).

Theorem 9 A one-port broadcasting algorithm for an n-SCC graph based on the cyclic sequence

05cc(C) and using parallel transmissions over both lateral and local links requires a total of 040 (C)

EQEESI[RQQJ[aRQIW

Proof: The number of steps using lateral link transmissions in og--(C) is:

- a(n_ 1
deamw:¢mzli%_%

steps, where:
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Also, the number of local link steps in o4 (C) is:

_— n n||3(n-1)
750e(C 1) = |5 ] dar = [ 5] [TJ
The total number of steps required to run sequence g (C) is therefore:

050c(0) = 0500(Clat) + og0(C loc) = [” ‘; QJ [3(“2— 1)J

[m]

Table 3 lists the number of steps required by a one-port broadcasting algorithm using the cyclic
sequence g (), according to Theorem 9. The results shown in this table indicate that the algorithm
based on o5 (C) clearly outperforms the previous algorithms, since the relative distance to the
diameter of the n-SCC graph is at most 50% for 4 < n < 8. Also, the algorithm based on sequence
0gcc(C) is optimal from the viewpoint of lateral link steps, since it requires exactly dstqr = [3(n—1)/2]

such steps.

Size of | Diameter | Lateral | Local Total Relative

n | n-SCC | of n-SCC link lIink | number | distance to
graph graph steps steps | of steps | the diameter

4 72 8 4 8 12 50%

5 480 16 6 12 18 12.5%

6 3600 19 7 21 28 47.4%

7| 30240 31 9 27 36 16.1%

8 | 282240 34 10 40 50 47.1%

Table 3: Number of steps required by the broadcasting sequence o¢.(C)

We now present a synchronous algorithm to accomplish one-port broadcasting in an n-SCC graph
using sequence 0 g~ (C). Each node keeps a set of local variables that are required for proper operation

of the algorithm. These variables are:

o INFORMED - a boolean variable that is set to TRUE if the node has already received the broad-
cast message. It 1s assumed that the node originating the message has its variable INFORMED
initialized to TRUE, while the remaining nodes in the graph have INFORMED initialized to
FALSE.

e DONE_WITH_LATERALS - a boolean variable that is set to TRUE if an informed node has
already accomplished all lateral link transmissions required to broadcast a particular message
to its neighbors.

e DONE_WITH_LOCALS - a boolean variable that is set to TRUE if an informed node has
already accomplished all local link transmissions required to broadcast a particular message to
its neighbors.

e MESSAGE_RECEIVED_THROUGH - a variable that indicates the port through which a pre-
viously uninformed node first received the broadcast message. Three possible values may be

assigned to this variable: lateral_link, right_local link or left_local_link. The node originating
the broadcast message has MESSAGE_RECEIVED_THROUGH initialized to lateral link.
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The algorithm also uses procedures to send and receive messages, namely:

e SEND(port) - this procedure is called by an informed node to send the broadcast message using

one of 3 possible ports: lateral_link, right_local link or left_local link.

o MESSAGE_RECEIVED - this procedure checks the reception of the broadcast message by an
uninformed node. If no message is received, the procedure returns FALSE. If the message is
received, the procedure returns TRUE and sets MESSAGE_RECEIVED_THROUGH to indicate
the port that first brought the message to the uninformed node. If the node receives the message
simultaneously in more than one port, then MESSAGE_RECEIVED_THROUGH 1s arbitrarily

set to any of the ports currently bringing the broadcast message to the node.

Algorithm 4 (One-port broadcasting in the n-SCC):

DONE_WITH_LATERALS := FALSE;
DONE_WITH_LOCALS := FALSE;
fori:=1to [3(n—1)/2] do
begin
for j:=1to [n/2] do
begin
if (not DONE_WITH_.LOCALS) and (INFORMED) then
begin
if (j = 1) then SEND(right_local_link)
else
begin
case (MESSAGE_RECEIVED_THROUGH) of
lateral link: SEND(left_local_link);
right_local link: SEND(left_local_link);
left_local link: SEND(right_local link)
end;
DONE_WITH_LOCALS := TRUE
end
end;
if (not INFORMED) then
if (MESSAGE_RECEIVED) then INFORMED := TRUE
end;
if (not DONE_WITH_.LATERALS) and (INFORMED) then
begin
SEND(lateral link);
DONE_WITH_LATERALS := TRUE
end;
if (not INFORMED) then
if (MESSAGE_RECEIVED) then INFORMED := TRUE

end;
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Message Pipelining with Algorithm 4

A straightforward modification of Algorithm 4 allows broadcasting of B consecutive messages in
the SCC graph in a pipeline fashion. In this case, each node can keep the required control variables in
arrays INFORMED[1..B], DONE_WITH_LATERALS[1..B], DONE_WITH_LOCALS[1..B] and MES-
SAGE_RECEIVED_THROUGH][1..B]. The external loop of the algorithm must also be modified to
run for |3(n —1)/2] + B — 1 iterations. Thus, during each of the first B iterations of the main loop
the node originating the broadcasting will input one different message in the graph.

The MESSAGE_RECEIVED procedure must in this case provide proper memory allocation mech-
anisms to store the incoming messages at different positions. A simple implementation could be an
array with the capacity to store B messages. The index of the array can be easily implemented as
a count of received messages (k), initially set to 0 and incremented at each new message arrival.
Such index could be passed as a parameter to MESSAGE_RECEIVED, which would store the cur-
rently received message and also set MESSAGE_RECEIVED_THROUGH[k] accordingly. Message
counting is also used as the index for variable arrays INFORMED[ ], DONE_WITH_.LATERALS] ]
and DONE_WITH_.LOCALS[ ]. Finally, the SEND (port) procedure may be modified to accept an
additional parameter (e.g. the index k) indicating which message should be transmitted.

With this approach, broadcasting of B pipelined messages using a one-port communication model
can be accomplished in [(n+2)/2]| [B—1+3(n—1)/2] steps. Therefore, there is a latency of
[(n+2)/2] |3(n —1)/2] steps before the broadcasting of the first message is completed. After that,
broadcasting of the remaining messages in the sequence is concluded at a rate of |(n 4 2)/2] steps per

message.

8.4 Comparison of one-port broadcasting algorithms

Table 4 summarizes the characteristics of the one-port broadcasting algorithms presented so far. The
broadcasting algorithm generated by cyclic sequences of digits and using parallelism in both lateral and
local link steps clearly outperforms the remaining algorithms;, yielding a sequence o 4. ~(C) containing
about 1.5n lateral link steps and 0.75n2 local link steps. Such algorithm is optimal from the viewpoint
of lateral links steps and is also close to the minimal number of local link steps required by an ideal
one-port broadcasting algorithm for the n-SCC graph (about 0.5n” steps). As a matter of fact, for
4 < n < 8 the total number of steps required by og-(C) is just 12.5% to 50% greater than the
diameter of the n-SCC graph.

Optimality from the viewpoint of lateral links is particularly desired in implementations using
faster transmission rates in the local links than in the lateral links. In such cases, broadcasting
algorithms with a quadratic number of lateral link steps would perform poorly.

It is also interesting to notice that although the broadcasting algorithm generated by an nlogn
switching network runs efficiently in the star graph, it does not find such an efficient implementation
in the SCC. On the other hand, the one-port implementation of the broadcasting sequence g¢4r(C')
requires O(n?) steps in the star graph, but can be optimally implemented from the viewpoint of lateral
link steps in the n-SCC graph.

As a final comment on one-port broadcasting algorithms for the n-SCC graph, we add that a
modified version T,; of the switching network 7, shown in Figure 6 could actually result in a sequence
containing about n? local links and 3nlogn lateral links. T,; can be obtained by using at each stage

switches connecting digit positions that are 1 ... n/4 n/2 n/4 ... 1 apart from each other. However,
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Broadcasting | Dominant term | Dominant term | Relative distance

sequence for lateral for local to the diameter
link steps link steps (4<n<8)

Tscc(C) 1.5n 0.75n2 12.5% to 50%
ol (C) 1.5n 1.5n? 50% to 106%
ool (0) 1.5n2 1.5n? 188% to 309%
0soc(Th) 1.5n? 2n? 188% to 353%
oscc(Th) 3nlogn 2n? 238% to 429%

Table 4: Comparison of one-port broadcasting algorithms

T,IL can not be used to generate a broadcasting algorithm for the n-star graph (and consequently neither
for the n-SCC), since it does not have the ability to sort a permutation of n digits.

Therefore, it seems that the algorithm based on sequence g (C) is not only optimal from the
viewpoint of lateral link steps but is also very close to optimality regarding the number of local links

steps. Other approaches seem to increase both the number of local and lateral link steps.

9 Multiple-port broadcasting in the n-SCC

Multiple-port broadcasting algorithms for the n-SCC can be built as an extension of the previous
one-port algorithms. We recall that for n > 3, the n-SCC graph has a fixed degree é = 3, so that
in an n-SCC we can have at most a 3-port broadcasting algorithm. Another concern that arises
while running a multiple-port broadcasting algorithm in the n-SCC is a possible difference between
the transmission rate in the lateral and local links. In a particular broadcasting algorithm requiring
simultaneous use of lateral and local links, the amount of time required to run each step of the

algorithm 1s determined by the type of link with lowest transmission rate.

9.1 Algorithms based on sequential broadcasting sequences

Use of a multiple-port communication model is supposed to reduce the number of steps required
by a particular broadcasting sequence. To verify such possibility in the case of the SCC graph, we

initially investigate broadcasting sequences that have a sequential execution behavior (e.g. 5-(Th),

oscc(7n) and afquC(C)).
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An algorithm based on cyclic sequences of digits

For the sake of simplicity, let us consider sequence o~ (C) first. If we recall that 0§l (C)

interleaves local and lateral link steps, a possible solution to execute o5 (C') under a multiple-port

communication model seems to join a local and a lateral link transmission into a single step. The local

link forwards the broadcasted information to a node that is connected to the next lateral link to be
seq

used in the execution of ogi-(C). Such concept is depicted in Figure 11 for a supernode belonging

to a 5-SCC.

Figure 11: Multiple-port broadcasting in a 5-SCC graph (o55-(C))

The simultaneous use of a lateral and a local link to execute o5t~ (C') seems to reduce the total
number of steps to about half that required by a one-port broadcasting algorithm. However, a simple
inspection of the communication model shown in Figure 11 reveals that o¢ - (C) can not be properly
executed by such model. Suppose that a partially informed supernode a is passing on the broadcasted
information to an uninformed supernode b through lateral link 7 (Figure 12). The data forwarding
from a to b 1s actually performed by nodes I, and I, which simultaneously also communicate with
nodes J, and J;. Although [, succeeds to broadcast the information to both J, and I, I was still
uninformed while comparing notes with J;. Therefore, after completion of this step of the algorithm
Jy will remain uninformed. As in the next step of the execution of 0§~ (C) Jy is supposed to pass the
information on to K (the next node in b) and J. (a peer node in a third supernode ¢), the execution of
052 (C) under the communication model shown in Figure 11 clearly fails. In other words, 052~ (C)
seems to require interleaved execution of lateral and local link steps to assure proper forwarding of
the broadcasted information inside the supernodes. Nevertheless, the use of interleaved execution of

lateral and local link steps actually constitutes a one-port broadcasting algorithm.

Super node a Super node b

Super node ¢

Figure 12: A detail of multiple-port broadcasting in an n-SCC graph (o -(C))
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Another approach to run o ~(C) consists of interleaving simultaneous transmissions on both
local links with each lateral link step. Therefore, the information inside each supernode is broadcasted
in both clockwise and counterclockwise directions. The main benefit from this approach seems to be
a possible reduction of the number of local link steps, since a node in charge of performing a lateral
link step may possibly have received the broadcasted information by either of its local link ports.

Although such approach correctly executes o¢~(C), it fails to reduce the number of local link
steps. After each lateral link step, supernodes located at increasing distances from the source of
the broadcasted information will be reached. These uninformed supernodes will require interleaved
execution of the next lateral and local link steps to forward the information among each of their
internal nodes and still execute o5~ (C) correctly. As simultaneous use of both local links results in
a faster broadcasting inside the supernodes, at the time a supernode is completely informed there are
still some lateral link steps remaining to be executed. Although these lateral link steps can easily skip
any local link steps between them, there are farther supernodes in the graph still requiring interleaved
execution of lateral and local link steps. This actually imposes a limit on the total number of steps
required to execute oo d(C).

Our conclusion is that a multiple-port version of the broadcasting sequence o~ (C') does nothing
more than increasing the number of note comparisons between the nodes of an n-SCC graph, without

actually reducing the total number of steps when compared with the one-port version.
Algorithms based on switching networks

An analysis of one-port broadcasting sequences derived from the switching networks shown in the

previous section (namely, 0¢--(T)) and oo -(7y) ) reveals that:

e Both o4 -(T,) and o4 -(7,) require that each supernode use exactly one lateral link during

each lateral link step (i.e., there is no parallelism in the lateral links).

e A proper selection of local link steps must be inserted between the execution of any two consec-

utive lateral link steps.

If we now try to derive a multiple-port version for the one-port broadcasting algorithms based
on switching networks, we notice that the same restriction previously pointed for the cyclic sequence
0 3(C) holds for o4 (Ty) and ogn (7). In other words, 64.(T),) and 4o (7,) must be exe-
cuted sequentially and can not have their number of steps reduced by utilization of a multiple-port

communication model.

9.2 An algorithm based on parallel broadcasting sequences

Let us now turn our attention to broadcasting sequences that allow parallel execution of steps, such as
oo (C) and 04--(C). An efficient multiple-port version of sequence og.(C) (namely, 0%~ (C'))
can be achieved by using both local links simultaneously while broadcasting the information inside

each supernode. Figure 13 shows such technique for one of the supernodes of a §-SCC.

Theorem 10 A multiple-port broadcasting algorithm for an n-SCC graph based on the cyclic sequence

080 (C) and using parallel transmission over both lateral and local links requires a total of o' ~(C')

m:[nglJ [3(71;1)J

steps, where:

28



Figure 13: Multiple-port broadcasting in a 6-SCC (0%%~(C))

Proof: Our approach for multiple-port communication does not affect the number of steps using lateral

link transmissions compared to the one-port broadcasting sequence g (C'). Hence:

o)

ol (Cylat) = dyyar = 3

On the other hand, simultaneous use of both local links reduces the number of local link steps to:

TooClon = | = | ][22

The total number of steps required to run sequence ¢4~ ~(C') using the multiple-port communica-

tion model depicted in Figure 13 is then:

o (C) = a2 (Clat) + o (C, loc) = [n—; 1J [3(712_ 1) J

[m]

Table 5 lists the number of steps required by a multiple-port broadcasting algorithm using the
cyclic sequence 0%~ (C), according to Theorem 10. Notice that the total number of steps required by
the algorithm based on sequence ¢ (C') is very close to the diameter of the n-SCC graph (actually,
the relative distance to the diameter is at most 17.6% for 4 < n < 8). We have proved that 67 ~(C)
is optimal from the viewpoint of lateral link steps, and by inspecting Table 5 we notice that optimality

from the viewpoint of local link steps is very likely to have already been achieved.

Size of | Diameter | Lateral | Local Total Relative

n | n-SCC | of n-SCC link lIink | number | distance to
graph graph steps steps | of steps | the diameter

4 72 8 4 4 8 0%

5 480 16 6 12 18 12.5%

6 3600 19 7 14 21 10.5%

7| 30240 31 9 27 36 16.1%

8 | 282240 34 10 30 40 17.6%

Table 5: Number of steps required by the broadcasting sequence o2 (C)

A comparison of Tables 3 and 5 shows that for odd n, the one-port broadcasting sequence o (C)
performs as well as its multiple-port counterpart (62 ~(C)). However, for even n the number of
steps required by one-port broadcasting is about 50% greater than the diameter of the n-SCC graph.

Therefore, it is more efficient to use multiple-port broadcasting in this case.
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A synchronous algorithm to perform multiple-port broadcasting in an n-SCC graph using se-
quence 0%~ (C) follows. The variables and functions used by the multiple-port algorithm have the
same functionality previously defined for its one-port counterpart. However, an additional procedure
is used for multiple-port broadcasting, namely SEND_MULTTPLE(port1,port2). This procedure is
called by an informed node to send the broadcast message simultaneously in two of 3 possible ports:
lateral_link, right_local link or left local link. As a matter of fact, this procedure is always called as
SEND_MULTIPLE(right_local_link, left_local_link) in the proposed multiple-port broadcasting algo-
rithm.

Also, notice that the variable MESSAGE_RECEIVED_THROUGH is not used by the multiple-
port broadcasting algorithm. Therefore, the MESSAGE_RECEIVED procedure is also simpler in this

case, since recording of the port through which the broadcast message has been received is not required.

Algorithm 5 (Multiple-port broadcasting in the n-SCC):

DONE_WITH_LATERALS := FALSE;
DONE_WITH_LOCALS := FALSE;
fori:=1to [3(n—1)/2] do

begin
for j:=1to [(n—1)/2] do
begin
if (not DONE_WITH_LOCALS) and (INFORMED) then
begin

SEND_MULTIPLE(right_local link, left_local link);
DONE_WITH_LOCALS := TRUE
end;
if (not INFORMED) then
if (MESSAGE_RECEIVED) then INFORMED := TRUE
end;
if (not DONE_WITH_.LATERALS) and (INFORMED) then
begin
SEND(lateral link);
DONE_WITH_LATERALS := TRUE
end;
if (not INFORMED) then
if (MESSAGE_RECEIVED) then INFORMED := TRUE

end;

Message Pipelining Algorithm 5

Broadcasting of B pipelined messages can be supported in a multiple-port communication model
using the same mechanisms previously discussed for one-port broadcasting. In addition to the modifi-
cations proposed for one-port broadcasting, the SEND_MULTTPLE(port1,port2) procedure may also
be modified to accept an index or pointer to one of the messages in the pipeline. With this approach,
broadcasting of B pipelined messages using a multiple-port communication model can be accomplished

in [(n+1)/2] |B—1+4+3(n—1)/2] steps. Therefore, there is a latency of [(n+1)/2] [3(n —1)/2]
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steps before the broadcasting of the first message is completed. After that, broadcasting of the re-

maining messages in the sequence is concluded at a rate of [(n 4 1)/2] steps/message.

10 O(n) Broadcasting Algorithms for the n-SCC

A broadcasting algorithm using either sequence ¢ (C) or sequence 0%~ ~(C') requires O(n) lateral
link steps and O(n?) local link steps. We can actually accomplish broadcasting in O(n) running time
by making proper assumptions on the time spent by the algorithm on lateral and local link steps. As
an example, assume that we want to have the total running time of a broadcasting algorithm equally

divided over lateral and local link steps. This results in the following theorem:

Theorem 11 Broadcasting in an n-SCC graph using either sequence og-o(C) or sequence 6’8 (C')
can be accomplished in linear running time if the transmission rate in the local links is O(n) times

faster than the transmission rate in the lateral links.

Proof: Suppose that the transmission rates on the lateral and the local links are respectively TR (lat)
and TR (loc). Tf we want an even distribution of time over lateral and local link steps, then we may

choose for one-port broadcasting:

Iscc(C lat) _ Iscc(C)loc)
TR (lat) TR (loc)

For one-port broadcasting, the ratio between TR (loc) and T'R (lat) is then:

TR(loc) an

TR(lat) ~ L2

A similar reasoning for multiple-port broadcasting results in:

Fie = |7 )

In both cases, the result is that the time spent on a quadratic number of local link steps can be
made equal to that spent on a linear number of lateral link steps, as long as the transmission rate in
the local links is O(n) times faster than the transmission rate in the lateral links. If we suppose that
the broadcasting algorithm spends most of the time transmitting data (i.e., the overhead or start-up
time associated with the messages is small when compared to the time required to transmit them),

then the resulting running time is linear with n and equal to 2ds44, /TR (lat). D

11 Comparison of Broadcasting Algorithms for the n-SCC
and the n-star Graphs

A comparison of broadcasting algorithms for the n-SCC and the n-star graph is presented in Ta-
ble 6. Table 6 lists both one-port and multiple-port algorithms, assuming the broadcasting sequences
0scc(C) and 0% ~(C) in the case of the n-SCC graph. We also assume in this case that the trans-
mission rates in the local and lateral links of the graph meet the conditions described in Theorem 11.

One-port broadcasting in the n-star assumes that the optimal O(nlogn) algorithm proposed in
[15] is used. For multiple-port broadcasting in the n-star, we assume that the é-port communication

model proposed in Theorem 8 is used.
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Broadcasting Lateral | Local | Total Running | Relative
algorithm & | n | Graph Graph link Iink | number | time in distance
graph type size diameter | steps steps | of steps lateral to the
link steps | diameter
4 72 8 4 8 12 8 50%
One-port 5 480 16 6 12 18 12 12.5%
broadcasting | 6 | 3600 19 7 21 28 14 47.4%
in the n-SCC | 7 | 30240 31 9 27 36 18 16.1%
8 | 282240 34 10 40 50 20 47.1%
4 24 4 8 - 8 8 100%
One-port 5 120 6 12 - 12 12 100%
broadcasting | 6 720 7 16 - 16 16 129%
in the n-star | 7 | 5040 9 20 - 20 20 122%
8 | 40320 10 24 - 24 24 140%
4 72 8 4 4 8 8 0%
Multiple-port | 5 480 16 6 12 18 12 12.5%
broadcasting | 6 3600 19 7 14 21 14 10.5%
in the n-SCC | 7 | 30240 31 9 27 36 18 16.1%
8 | 282240 34 10 30 40 20 17.6%
4 24 4 4 - 4 4 0%
Multiple-port | 5 120 6 6 - 6 6 0%
broadcasting | 6 720 7 7 - 7 7 0%
in the n-star | 7 | 5040 9 9 - 9 9 0%
8 | 40320 10 10 - 10 10 0%

Table 6: Comparison of broadcasting algorithms for the n-SCC and the n-star graphs

One-port broadcasting is accomplished more efficiently in the n-SCC graph than in the n-star.
Notice that for 4 < n < 8 the relative distance to the diameter of one-port broadcasting algorithms
range from 12.5% to 50% in the case of the n-SCC graph, while for the n-star this range is 100% to
140%. Most interestingly, notice that one-port broadcasting in the n-SCC graph can be accomplished
in O(n) running time, while the n-star requires an O(nlogn) running time. Such difference in perfor-
mance can also be verified quantitatively in Table 6 by observing that one-port broadcasting requires
a running time better than or equal to that of an n-star containing (n — 1) times fewer nodes.

Multiple-port broadcasting can be accomplished in O(n) running time in both graphs. For 4 <
n < &, the relative distance to the diameter of multiple-port broadcasting algorithms range from 0% to
17.6% in the case of the n-SCC graph, while for the n-star this relative distance can be made equal to
0% by using a §-port broadcasting algorithm. Also, if we assume an n-star and an n-SCC graph with
the same lateral link transmission rate, the running time of multiple-port broadcasting in an n-SCC
is twice as much greater than that of an n-star containing (n — 1) times fewer nodes. However, if the
criterion (running time)/(graph size) is used to compare the efficiency of multiple-port broadcasting
algorithms,; then the n-SCC graph can also be considered superior to the the n-star graph in regards
to this aspect, for n > 3.

Another clear advantage provided by the 2-SCC graph is that an O(n) multiple-port broadcasting

algorithm requires each node to transmit over at most two links at a time. On the other hand, the O(n)
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multiple-port broadcasting algorithm pictured in Table 6 for the n-star graph may impose excessive

overhead on the nodes, since it requires simultaneous transmissions over the (n— 1) ports of each node

12 Comparison to other Graphs

A comparison between different interconnection network graphs is shown in Table 7. The n-SCC
graph offers a fixed-degree structure with bounded 1/O requirements at the node level, which allows
the construction of interconnection networks of different sizes with higher scaleability in network
growth than the n-cube and the n-star. In other words, processors with just 3 communication links
can be used to build any n-SCC graph. Variable-degree graphs such as the n-cube and the n-star
require a growing number of communication links at each processor as we increase the number of nodes
in the graph. The result is increased complexity and higher pin count at each processor than required

by fixed-degree graphs.

Topological properties One-port broadcasting
Graph || n Lateral | Local |  Total | Runningtime
Size | Degree | Diameter Link lLink | number in lateral
steps | steps | of steps link steps

7 128 7 7 7 - 7 7
n-cube || 8 256 8 8 8 - 8 8

9 512 9 9 9 - 9 9

5 120 4 6 12 - 12 12
n-star || 6 720 5 7 16 - 16 16

7 || 5040 6 9 20 - 20 20

4 64 3 8 4 8 12 18

5 160 3 10 5 15 20 10
n-CCC || 6 384 3 13 6 18 24 12

7| 896 3 15 7 28 35 14

8 || 2048 3 18 8 32 40 16

9 || 4608 3 20 9 45 54 18

4 72 3 8 4 8 12 8
n-SCC || 5 || 480 3 16 6 12 18 12

6 || 3600 3 19 7 21 28 14

7 || 30240 3 31 9 27 36 18

Table 7: Comparison of interconnection network graphs

One of the trade-offs of fixed-degree graphs is an increased diameter. However, the n-SCC can be
built with very high speed buses in the local links. Therefore, the n-SCC can present communication
delays comparable to the n-star, if we consider that the lateral links often use serial links for making
their lay-out simpler. In addition, many practical algorithms present locality of operation and require
just a limited region of the interconnection network to run. This reduces even more the requirements
for long communication paths in the graph and contributes to high performance in parallel computers.

Another disadvantage of fixed-degree graphs is a reduced fault tolerance in comparison to variable-
degree graphs. The fault tolerance of the n-SCC graph is 2, while the fault tolerance of the n-star

and the n-cube is respectively equal to (n — 2) and (n — 1). However, since the underlying topology
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connecting the cycles of the n-SCC is the n-star, we are at least left with a richness of disjoint paths
that might be taken in case of node failures [3], [12]. Of course, choosing between disjoint paths in
an n-SCC graph containing faulty nodes requires a dynamic fault-tolerant routing algorithm. Such
algorithm 1s actually an extension of the routing algorithm presented in this report and can be based
on dynamic fault-tolerant routing and broadcasting algorithms already developed for the n-star [3],
[16], [17] and the cube-connected cycles [18].

Table 7 also shows another type of 1/O-bounded interconnection network, namely the cube-
connected cycles or CCC. An n-CCC graph can be built by replacing each node of an n-cube with a
ring of n or more nodes. Table 7 shows typical values for n-CCC graphs containing n nodes in each
ring. The number of nodes and diameter of an n-CCC graph formed under such structure are given
respectively by N = n2" and dece = 2n+ [n/2| — 2 [19].

Compared to a CCC graph of similar size, the n-SCC graph presents about the same diameter
for the cases where n 1s even. The diameter of the n-SCC graph shows a sharp discontinuity when n
changes from an even to an odd value. Such behavior is due to the presence of the quadratic component
in the n-SCC diameter expression.

The diameter of the CCC compares favorably with the n-SCC graph for odd n. However, the
underlying topology or quotient Cayley graph used to connect the cycles in the n-SCC (i.e., the n-
star) has several advantages over that used in the CCC (i.e., the n-cube) [1]. Among these advantages,
we may cite a smaller degree from the viewpoint of the supernodes, as well as a shorter average distance
and fault diameter. Also, an n-SCC graph requires fewer lateral links and fewer nodes at each ring
than a CCC graph with similar number of nodes. Such characteristic reduces the complexity of the
supernodes and makes their implementation simpler.

Other aspects such as average distance and fault diameter have not been formally derived for the
n-SCC. However, it has been shown that the n-star outperforms the n-cube on these aspects [1], [3].
If we recall that the n-SCC not only uses the n-star as its quotient Cayley graph but also has fewer
nodes 1n each ring, then it seems that we should expect favorable results when compared with the
CCC.

Table 7 also compares the n-SCC with other graphs from the viewpoint of one-port broadcasting
algorithms. Theorem 11 shows that the selection of a proper value for the ratio of the transmission
rates in the local and lateral links of an n-SCC graph can reduce the running time of a broadcasting
algorithm to about twice the time spent in the lateral link steps. This results in an O(n) running
time, while a one-port broadcasting in an n-star has a O(n log n) running time.

The values shown for one-port broadcasting in the n-star in Table 7 are optimal and have been
extracted from [15]. By inspecting Table 7, we notice that the one-port broadcasting in an n-SCC
graph can be accomplished with running time better than or equal to that of an n-star containing
(n — 1) times fewer nodes.

For n = 4 and n = 6, the total number of steps required by the one-port broadcasting algorithm
is about 50% greater than the diameter of the corresponding SCC graph. For n = 5 and n = 7, the
total number of steps is less than 16.1% greater than the diameter. Therefore, the higher discontinuity
observed in the diameter of the n-SCC graph for odd n is somehow compensated by the increased
efficiency of one-port broadcasting algorithms, what may be beneficial to different parallel processing

applications.
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Solutions to the broadcasting problem in the cube-connected cycles network have been presented in
[20]. The approach used in that reference consists of using three arc-disjoint spanning trees (ADST’s)
with depth at most 4n. An algorithm based on such ADST’s could have been used to picture the
time complexity of broadcasting in the CCC graph. However, the number of steps shown in Table 7
for the CCC graph refer to a broadcasting algorithm based on the same technique that we have
introduced for the n-SCC. By doing so, we show that the CCC graph can also benefit from using
parallel transmissions both on the lateral and the local links. We also use for the CCC graph the
assumption of a higher transmission rate in the local links. Hence, a one-port broadcasting algorithm
in an n-CCC exploiting parallel transmissions on the lateral and local links requires oo (lat) lateral

links steps and occe (loc) local links steps, where:

occe (lat) = doype = 1

n-+1 n-+1
UCCC(IOC):[TJ dcube:n[ 2 J

The total number of steps required to perform one-port broadcasting in the n-CCC under this

approach is then:

n+3
d(occe) = occe (lat) + occe (loc) = n l J

Multiple-port broadcasting in an n-CCC using two local links at a time at each node and parallel

transmission over all lateral links of a supernode results in:

[oXeTele (lat)m =n

occe (loc)y, =n ng
d(occe)m =n [” B QJ

As in the n-SCC, we can choose a proper ratio for the transmission rates in the local and lateral
links of the n-CCC in order to achieve an O(n) running time for the broadcasting algorithm. Table 7
assumes that an equal amount of time is spent in the lateral and local link steps while running a
one-port broadcasting algorithm in both the n-SCC and the n-CCC. Such condition can be obtained
in the n-CCC by making TR (loc)/TR (lat) = [(n+1)/2]. For a multiple-port broadcasting algorithm
in the n-CCC, the same condition can be achieved by making TR (loc)/TR (lat) = |n/2].

Although one-port broadcasting can be accomplished within O(n) running time in both the n-SCC
and the n-CCC graph, the n-SCC shows better performance than an n-CCC graph with similar size.
This is because in both cases the running time can be made proportional to twice the diameter of
the underlying quotient graph (i.e., the n-cube in the case of the n-CCC and the n-star in the case
of the n-SCC). Since the diameter of an n-star is less than that of a hypercube of similar size, we
simply extend this result to conclude that broadcasting in the n-SCC graph can be achieved in shorter
running time than in a CCC of similar size. As a matter of fact, an inspection of Table 7 allows us to

confirm that.
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13 Conclusion

We have described in this technical report a new interconnection network - the star-connected cycles
or SCC. The SCC is an I/O-bounded graph and has been proposed as an evolution of the previous
cube-connected cycles or CCC.

Aspects such as labeling of nodes, degree, diameter, symmetry, fault tolerance and Cayley graph
representation have been presented. We have also developed an optimal routing algorithm for the
n-SCC.

We have shown that an efficient O(nlogn) one-port broadcasting algorithm devised for the n-star
graph can not be efficiently mapped onto an n-SCC graph. We have proved that a major limitation
of both this algorithm and a second algorithm extracted from an n?/2 switching network is their
sequential nature of execution.

Interestingly, we have shown that an O(n?) one-broadcasting cyclic sequence originally proposed
for the n-star graph can be efficiently executed in the n-SCC by using parallel transmissions over the
lateral and local links of the graph. Also, we have shown that if the transmission rate in the local
links of an n-SCC graph is O(n) times faster than the transmission rate in the lateral links, then it is
possible to accomplish both one-port and multiple-port broadcasting in O(n) time.

The proposed broadcasting algorithms are optimal from the viewpoint of lateral link steps and also
seem to be optimal from the viewpoint of local link steps. Particularly for 4 < n < 8, the total number
of steps required by a multiple-port broadcasting algorithm based on a cyclic sequence of digits is at
most 17.6% greater than the diameter of the corresponding n-SCC graph.

We have also compared the efficiency of broadcasting algorithms for the n-star and the n-SCC
graph and concluded that one-port broadcasting in an n-SCC graph requires a running time better
than or equal to that of an n-star containing (n — 1) times fewer nodes.

In the case of multiple-port broadcasting algorithms, the running time required by an n-SCC is
twice as much greater than that of an n-star containing (n — 1) times fewer nodes. However, we may
also claim that the n-SCC 1is superior to the n-star graph in regards to multiple-port broadcasting if
criteria such as the communication overhead at each node and the ratio (running time)/(graph size)
are used.

In addition, we have shown that the proposed broadcasting algorithms can be easily extended to
support transmission of a sequence of messages in a pipeline fashion.

We have compared the n-SCC with variable-degree graphs such as the star graph and the n-
cube. We claim that the n-SCC is an attractive alternative for parallel systems, since it overcomes
some disadvantages of variable-degree graphs such as the number of communication ports required for
massively parallel systems and the issue of scaleability.

We have also compared the n-SCC with another fixed-degree graph, namely the CCC graph. We
have shown that the diameter of the n-SCC is close to that of a CCC graph containing a similar
number of nodes whenever n is even. However, even for the cases where n is odd, the n-SCC shows
some superiority over the CCC, due to the use of the n-star as its quotient graph.

Some disadvantages of T/O-bounded interconnection networks are an increased diameter and a
reduced fault tolerance. Nevertheless, the n-SCC shows some symmetry properties that allow the
selection of different communication techniques between its nodes. A proper selection of transmission
rates can be done to reduce the communication delay to levels comparable to those obtained in an

n-star. Particularly for one-port broadcasting, we have shown that the total running time of the
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algorithm in the n-SCC graph is better than or equal to that required by an n-star containing (n — 1)

times fewer nodes.

Finally, the disadvantage of a reduced fault tolerance is somehow alleviated in the n-SCC due to

the richness of disjoint paths provided by its quotient graph (the n-star).
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A Proof of Correctness for the n-SCC Antipodes

A common point in the antipodes proposed for the n-SCC graph is that they have a maximum
number of 2-cycles. Such characteristic leads to a maximum number of lateral links in the path from
an antipode to the identity. However, it is not obvious that the inclusion of a 3-cycle or a 4-cycle, for
instance, does not result in a larger number of links (i.e., it may reduce the number of lateral links
but increase the number of local links).

The 2-cycles included in the proposed antipodes (I, P;) are chosen so as to represent nodes that
are located at opposite sites in the supernodes of the n-SCC. This requires 2 [(n — 1)/2] local links
and 3 lateral links for the execution of each 2-cycle.

Also, only one additional local link is required to move from a 2-cycle to the next. This condition
always holds for the proposed antipodes, as long as a proper order of execution is chosen. For instance,
an antipode P, = (1 5)(26) (3 7) (4 8) for an 8-SCC can be executed with the following order of lateral
links: (5, 6,2,6,7,3,7,8,4,8).

By inspecting the structure of the n-SCC graph, it can be seen that the execution of a r-cycle

that does not include digit 1 requires ¢jq; lateral links and at most ¢, local links, where:

Clar =7+ 1
and
(r—1) [251] , forodd r & n
(r=1) |25+ |52, for odd v & even n
o = NESITTESY , for cven v & n
rlosl]| —2(t5L| , for even r & odd n

The above equations hold for cycles of length at least two that do not include digit 1. The equations
for ¢j,. are derived from r-cycles chosen so as to result in a maximum number of local links during its
execution.

For a r-cycle including digit 1, the following equations hold:

Clat =7 —1
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and
(r—2) ["2;1J , if n is even
Cloe =

(r—2) ["2;1J — [’SZJ , if n is odd

For the special case of a 2-cycle not including digit 1, we have ¢;5 = 3 and ¢ = 2 [(n — 1)/2].

We now consider the effect of the inclusion of 3-cyclesin (I, Py). To do so, we may substitute three
2-cycles of the proposed antipodes with two 3-cycles and check whether such modification increases
the number of links in the path to the identity.

An antipode P, = (1 6)(2 7)(3 8)(4 9)(5 10) of a 10-SCC, for example, might be substituted
with permutation (1 6)(7 2 3)(4 9 8)(5 10). The 3-cycles in this example have been chosen so as to
require a maximum number of local links to be executed.

The inclusion of two 3-cycles in (I, Py) reduces the total number of cycles in the antipodes by 1.
Therefore, we have one lateral link less in the path to the identity. Let this variation in the number of
lateral links be A, = —1. We must now check the corresponding effect over the number of local links.

For even n and r = 3, each 3-cycle requires at most 2 [(n — 1)/2|+1 local links to be executed. We
define the non-concatenated execution of a set of cycles S as the total sequence of local links required
for the isolated execution of each cycle in S (i.e., additional cycles required to move between cycles in
S are not taken into account).

Accordingly, we define the concatenated execution of a set of cycles S as the sequence of additional
local links required to move between adjacent cycles in S. If S does not include all cycles in (I, Py),
then the concatenated execution of S must also include additional local links that may be needed to
enter and exit the execution of S.

The non-concatenated execution of two 3-cycles in (I, Py) requires at most 4 [(n — 1)/2] 42 local
links. If the digits in these two 3-cycles were organized as three 2-cycles of the proposed antipodes
(Ia, Pa), a total of 6 [(n — 1)/2] local links would be required.

Therefore, the substitution of three 2-cycles in (I, Py) with two 3-cycles reduces the number of
local links required for the non-concatenated execution of these cycles by Ay = =2 [(n — 1)/2] + 2, if
n is even.

We must now take into account the number of local links required to move from one cycle to
another, 1.e. additional local links are required for the concatenated execution of cycles in P,.

The concatenated execution of three 2-cycles of the proposed antipodes (I, Py) requires 4 addi-
tional local links. Tf we substitute these cycles with two 3-cycles, [(n — 1)/2| 4+ 2 additional local links
are required at most for the concatenated execution of the 3-cycles.

To justify this, we recall that the digits in the 3-cycles are selected from the digits originally
belonging to three 2-cycles of the proposed antipodes (1,4, P,). We do so in order to study separately
the effect of including 3-cycles in the antipodes, and therefore must leave the remaining cycles in
(14, Ps) unchanged.

Considering that the 3-cycles must be chosen so as to maximize the number of local links required
for their non-concatenated execution, we must have in the 3-cycles digits that represent nodes located
in opposite sites in the supernodes. In other words, each of the two 3-cycles formed from three 2-cycles
originally belonging to (I, P,) must include the digits of one of these 2-cycles plus another digit from
a third 2-cycle. For clarity, we refer the reader to the example already presented for the 10-SCC.

After doing this observation, we recall that a proper order of execution for the 3-cycles can be

chosen, such that a minimum number of additional links i1s required for the concatenated execution
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of these cycles. Let I, I and [, be the number of additional local links needed to switch from one
cycle to the other in the boundaries of the execution of the 3-cycles. Then, it is possible to have at
least two of these values (e.g. I, and I.) equal to 1 and a third value (e.g. ) that is at most equal to
L(n—1)/2].

Therefore, the number of additional local links required for the concatenated execution of the
3-cycles is at most equal to [(n — 1)/2] + 2. Comparing this with the number of additional local links
required for the concatenated execution of three 2-cycles in the proposed antipodes, we have therefore
a variation A, = [(n — 1)/2| — 2 in the number of additional local links.

For even n, the total variation in the number of links due to the substitution of three 2-cycles

with two 3-cycles in the proposed antipodes (I, P,) is therefore:

-1 -1 1
A:Aa+Ab+Ac:—1—2[n2 J+2+[”2 J—Q:—1—[”2 J

Hence, we conclude that the utilization of 3-cycles in the proposed antipodes for even n actually
reduces the number of links in the path to the identity. Correspondingly, the antipodes for the n-SCC
cannot include 3-cycles if n 1s even.

We leave as an exercise to the reader to confirm that a similar effect occurs if any r-cycle (r > 3) is
included in the proposed antipodes. In any case, it is possible to confirm that the proposed antipodes

are correct. O
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