Aver age Distance and Routing Algorithmsin the
Star-Connected Cycles I nterconnection Networ k

Marcelo M. de Azevedo, Nader Bagher zadeh, and Martin Dowd
Department of Electrical and Computer Engineering
University of California, Irvine— Irvine, CA 92717-2625

Shahram Latifi
Department of Electrical and Computer Engineering
University of Nevada, Las Vegas— Las Vegas, NV 89154-4026

April 1996 - Technical Report ECE 96-04-01



Average Distance and Routing Algorithmsin the
Star-Connected Cycles Interconnection Network

Marcelo Moraes de Azevedo; Nader Bagherzadeh, and Martin Dowd
Dept. of Electrical and Computer Engineering — Univ. of Caifornia— Irvine, CA 92717-2625
{mazevedo, nader, martin} @ece.uci.edu Phone: (714) 824-8720 FAX: (714) 824-2321

Shahram Latifi
Dept. of Electrical and Computer Engineering — Univ. of Nevada— Las Vegas, NV 89154
latifi@jb.eeunlv.edu  Phone: (702) 895-4016 FAX: (702) 895-4075

Abstract — The star-connected cycles (SCC) graph was recently proposed as an attractive inter-
connection network for parallel processing, using a star graph to connect cycles of nodes. This
paper presents an analytical solution for the problem of the average distance of the SCC graph.
We divide the cost of a route in the SCC graph into three components, and show that one of such
components is affected by the routing algorithm being used. Three routing algorithms for the SCC
graph are presented, which respectively employ random, greedy and optimal routing rules. The
computational complexities of the algorithms, and the average costs of the paths they produce,
are compared. Finally, we discuss how source-based and distributed versions of the algorithms
presented in this paper can be used in association with wormhole routing.
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1 Introduction

Aninterconnection network ischaracterized by four distinct aspects: topology, routing, flow control,
and switching [13]. The topology of a network defines how the nodes are interconnected by links,
and is usually modelled by a graph. Routing determines the path selected by a packet to reach its
destination, and is usually specified by means of a routing algorithm. Flow control deals with the
allocation of links and buffersto a packet asit isrouted through the network. Switching determines
the mechanism by which data is moved from an incoming link to an outgoing link of a node (e.g.,
store-and-forward, circuit switching, virtual cut-through, and wormhole routing are examples of
switching techniques found in parallel architectures).

In this paper, we continue the study of topological and routing aspects of the star-connected
cycles (SCC) interconnection network [12], which was recently proposed as an attractive extension
of the star graph [2, 3]. An SCC graph isrelated to a star graph in the same way a cube-connected
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cycles graph [14] is related to a hypercube [15]. Namely, an SCC graph is formed from a star
graph by replacing the nodes of the latter with cycles or rings of nodes. The SCC graph constitutes
an efficient architecture for execution of parallel agorithms, which include broadcasting [4] and
FFT [16]. Mesh algorithms are also supported in SCC graphs via embeddings [5]. The SCC graph
inherits many of the interesting properties of the star graph [3], while employing at most three |/O
ports per node. This last aspect categorizes the SCC graph as a bounded-degree network (other
examples are in [14, 17]). Networks with bounded degree favor area-efficient VLSI layouts, and
scale more easily than variable-degree networks.

Previoudly known topological aspects of SCC graphs include degree, symmetry, diameter, and
fault-diameter, and werederivedin [6, 12]. Here, we continuethe study of these by investigating the
average distance (or average diameter) of SCC graphs. Our interest in this property istwofold: 1)
to obtain ametric for comparing the performance of routing algorithms, and 2) to provide continued
characterization of the graph theoretical aspects of SCC networks.

Inthe absence of other network traffic, modern switching techniques(e.g., wormholerouting [8])
achieve acommunication latency which isvirtually independent of the selected path length [13]. In
thisidea environment, the two factors which contribute to the communication latency experienced
by a packet are the start-up latency and the network latency [13]. In a redistic environment in
which congestion occurs, however, a third factor known as blocking time also contributes to the
communication latency.

Regardless of the flow control and switching mechanismsbeing used in the network, congestion
can usually be minimized if fewer links are used when routing a packet [7]. For communication-
intensive parallel applications, the blocking time (and, consequently, the communication latency)
is expected to grow with path length [7]. In such cases, arouting algorithm should ideally compute
paths whose average cost matches the average distance of the network.

In this paper, we show that routes in an SCC graph may contain up to three classes of links,
whichwerefer to aslateral links, MT local links, and M B local links (see Section 3 for definitions).
Exact expressions for the average number of lateral linksand M1 local links between two nodesin
an SCC graph, and an upper bound on the average number of MB local links, are derived. When
combined, these expressions produce atight upper bound on the average distance of the SCC graph.

We show that the number of M B local linksis affected by the routing algorithm being used, and
propose three different agorithms for the SCC graph: random, greedy, and optimal routing. The
proposed routing algorithms are compared according to criteria such as computational complexity
(which affects their implementation in hardware) and average routing cost, for which figureswere
obtained by means of simulation programs. The results obtained with the optimal routing algorithm
provide exact numeric solutions for the average distance of SCC graphs. Our simulations indicate
that the greedy routing algorithm performs close to the optimal routing algorithm, while requiring
asmaller complexity. We show that the random routing al gorithm presents the smallest compl exity
among thethree algorithmsdescribed in this paper, and provide average and worst-case routing cost
metrics for it. Finally, we discuss how the three algorithms can be implemented in combination
with wormhole routing [8].



2 Background

2.1 Thestar graph

An n-dimensiona star graph, denoted by S, contains n! nodes which are labeled with the »n!
possible permutations of » distinct symbols. In this paper, we usetheintegers{1, 2, ..., n} to label
thenodes of S,,. A noder = pips...p;...p, iSconnected to (n — 1) distinct nodes, respectively
labeled with permutations ©; = p;ps ... piap1Pict - -Pny 2 < 2 < n (i€, 7; IS the permutation
resulting from exchanging the symbols occupying thefirst and the:** positionin =) [3, 2]. Each of
these (n — 1) possible exchange operationsisreferred to as agenerator of .5,,. Two nodes = and =;
of S,, are connected by alink iff thereis agenerator ¢; suchthat = - ¢; = =,. Thelink connecting =
and 7; isreferred to asan :"-dimension link and islabeled . S, has(n — 1) - (n!/2) links. Figure 1
shows 5;.

1234 4231

3142 2143

Figure 1: A 4-star graph (.54)

S, isaregular graph with degree 6(5,,) = n — 1 and diameter ¢(S,) = [3(n — 1)/2]. S,
is vertex- and edge-symmetric, and has hierarchical structure. The degree and diameter of S, are
sublogarithmic on the size of the graph [3], which makesthe star graph compare favorably with the
hypercube.

2.2 The star-connected cycles (SCC) graph

An n-dimensional SCC graph, denoted by SC'C,,, is a bounded-degree variant of S,, [12]. SCC,
is obtained by replacing each node of S,, with aring of (n — 1) nodes, which we refer to as a
supernode. The connections between nodes inside the same supernode arereferred to aslocal links.
Each supernode is connected to (n — 1) adjacent supernodes, using lateral links according to the
topology of S,,. Figure 2 shows SC (.



The nodesin each ring are identified by alabel (i, 7), where: isaninteger suchthat2 <i <n
and 7 is a permutation of » symbols. Then two nodes (:, 7) and (¢’, #") are connected by a link
(i, ), (', 7)) In SCC,, iff either

1. ((z,x), (s, 7")) isalocd link,i.e. 7 = #’ and min(|e — ¢'|,n — 1 — [: —¢'|) = 1, or

2. ((z,7), (i', ")) isalatera link, i.e. i = i’ and = differsfrom =’ only in the first and the ;"
symbols, such that (1) = #’(z) and = () = «'(1).

For smilarity with S,,, thelabel of the supernode containing nodes (2, )., ..., (n, 7) isx. Also,
thelateral link connected to node (i, =) islabeled . For simplicity, supernodeand lateral link labels
arenot shown in Fig. 2.

SCC, contains(n—1)-n! nodes, (n—1)-n!locd links, and (n — 1) - (n!/2) laterd links. Thus,
thesizeof SC'C, iscomparableto that of S,,,. Local linksaccount for 2/3 of thelinksof SC'C,,
and can belaid out very efficiently dueto the ring topol ogy of the supernodes. Moreover, SCC', has
about n times fewer latera linksthan 5,1, which further reduces the complexity of aVLSI layout
for SCC,, when compared to S, 1. SCC,, isvertex-symmetric, and hasdegree 6(SCC,,) = 2 (for
n = 3),and 6(SCC,) = 3 (for n > 4). In addition, the diameter of SCC,, isgiven by [12]:

6, forn =3
o(SCC,) = %(n2 +n—4), forevenn (1)
1(n*+3n—8), foroddn >5
(4,1234) (4, 4231)
c (3,1234) o~ \g (2, 1234) (3, 4231) (2, 4231) a
(3,3241)
(3,3214) (4, 3241) (2, 2431)

(4,3214)

(3,2134)

(2, 3214)

(2,3241) (3, 2431)

(2, 2314)

(3,3124) (2,2341) (3,3421)

(4,2314) (4, 2341) (4,3421)
(3,2341)

(3, 1324) &2, 1324) (3, 4321) O——A# 2 4321)

(2,3421)

(4,1324) (4, 4321)
(4,3412) (4, 2413)
(2.3412) & 7\ (3, 3412) (2,2413) g~ N\g 3 2413)

(3,1432) (2,4213)

(3,1423)
(4,1432) | | (4, 4213)

(4,4312) (4,1423)

(3,4312) (2,1432) (3,4213) (2, 1423)
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Figure2: A 4-SCC graph (SC'CY)



3 Averagedistance of the SCC graph

3.1 Preliminaries

Let the cost of aroute P between node (2, =) and the identity node (¢, 7o) = (2,12...n) inSCC,
be denoted by d = lat + loc, where lat and [oc respectively denote the number of lateral links and
the number of local linksin P. Because SC'C, is vertex-symmetric, its average distance can be
computed by finding minimal cost routesto theidentity from every nodein thegraph, and averaging
those over (n — 1) - nl.

Before we can derive the average distance of SC'(,,, some definitions related to latera links
are needed. We may organize the symbols of permutation = as a set of r-cycles' —i.e. cyclicaly
ordered sets of symbols with the property that each symbol’s desired position is that occupied by
the next symbol in the set. We assume in this paper that al r-cycles are written in canonical form
[10], i.e. the smallest symbol appearsfirst in each r-cycle. A permutation = = 265431 labeling a
supernode of SC'Cg, for example, can bewrittenin cyclicformat as(1 2 6)(3 5)(4). Notethat any
symbol aready in its correct position appears as a 1-cycle.

Let C; = (21 72 ... 7,) bean r-cycleincluded in permutation = (2 < r < n). Let 7 - R; be
the permutation produced from = by moving the symbolsin C; (i.e, (i1 i3 ... ¢,)) to their correct
positions. The execution of an r-cycle C; is, by definition, aminimal sequence of lateral links? &;,
leading from supernode = to supernode = - R;. R; can be expressed by [9, 11]:

A iayiay. i), ifi, =1
ki _{ (i1y i3« e siprinsin), i1 21 (2)

Inthecase:; # 1, C; can actually be executed with r different sequences of lateral links[9, 11]:

Ri = ('i17 'i27 . 7'l.,r_17 'Z.“ ll) = ('i27 'i37 e 7'l',r7 'i17 lz) = - = ('l.,” 'i17 e 7'l.,r_~27 'i'r—h l,«) (3)

As shown in [3], the minimum number of lateral linksin aroute from supernode = to 7 iS:

lat:{ c+m, if thefirst symbol in is 1 @
¢+ m — 2, if thefirst symbol in 7 isnot 1,
where ¢ is the number of r-cycles of length at least 2 in = and m is the total number of symbols
intheser-cycles. Itisshownin [3, 9] that /«¢ does not depend on the order chosen to execute the
r-cyclesinr.

Routesin SC'C,, often consist of sequences of lateral linksinterleaved with local links. 1nwhat
follows, we give some definitionsthat relate to local links.

Recall that [oc denotes the contribution of the local links to the total cost of a route P from
(1, 7) t0 (Z, mo). loc can befurther divided into two components, which we denote by MI(loc) and
MB(loc), and define as follows:

Ir-cycles provide a convenient means to represent permutations [10] and should not be confused with physical
cycles or rings, which constitute the supernodes of SCC,,.
?Note that local links are not an issue here.



e MI(loc) —thenumber of move-in (MI) local links existing in the route from (i, 7) to (z¢, o).
By definition, these arelocal linksthat must be traversed between two lateral links belonging
to the execution sequence of anr-cyclein r.

o MB(loc) —the number of move-between (MB) local links existing in the route from (i, 7) to
(10, 0). By definition, MB local links are: 1) local links that must be traversed between the
executions of two consecutiver-cyclesin =, 2) local linksthat must be traversed in supernode
7, and are required to move from (z, 7) to the lateral link that initiates the execution of the
first r-cycle of =, and 3) local links that must be traversed in supernode =, and are required
to move from the lateral link that finishes the execution of the last r-cycle of = to (¢, 7).

Thus, d = lat + loc = lat + MI(loc) + MB(loc). As an example, consider routing from
(3,34125) to (2,12345) in SCC5. Thecyclic representation of permutation 34125is(1 3)(2 4)(5).
One possible route uses the sequences of lateral links (2, 4,2) and (3). Figure 3 showsthe AT local
links and the MB local links in such aroute.

Supernode labels

34125 43125 23145 32145 12345
3
N /N / NN
4 3: : 4 3 4 3: 4 3:
: : : : 5 2
/ /
Legend: o  Sourcenode O  Destination node
— Latera link  -------- Ml local link ~ =esesess MB locadl link

Figure3: MI and MB local linksinaroutein SCC'

Note that from the topological viewpoint there is no distinction between MI and MB local
links. A particular local link existing in the route between two nodes of SC'C',, isconsidered to be
either an M1 or an MB local link, depending on the conditions stated above. Therefore, the same
local link can be classified asan M/ local link for some routes, and asan M B local link for others.

The cost components lat, MI(loc), and MB(loc) exist in the route between any nodein SCC,,
and the identity node (although in some short routes one or more of these components may be
null). Therefore, one can derive the average distance of .SC'(,, by computing the average numbers
of lateral links, MT local links, and MB local links in a route from (i, 7) to (7o, 7). We denote
such average numbers by lat, MI(loc), and MB(loc), respectively. The averagedistanceof SCC,,,

denoted by ¢(SCC,,), can then be expressed by:

o(SCC,) = lat + Ml (loc) + MB(loc) (5)

Finally, the average number of local links existing in aroute from (2, 7) to (1o, 7o) in SCC,, is,
by definition, loc = MI(loc) + MB(loc).




3.2 Averagenumber of lateral links

The number of lateral linksin the route between any node of SC'C’,, and the identity nodeis exactly
equal to the cost of the corresponding route in the underlying n-star graph [12]. Therefore, lat is
exactly equal to the average distance of S,,, which isgiven by [2, 3]:

— 2 1. :
lat=n+H,+=—4, wheref, = T is the nth Harmonic number [10]. (6)
n k=1

3.3 Averagenumber of MT local links

Thenumber of M7 local linksin the route between two nodesin SC'C',, can be calculated as follows.
Consider routing from (2, =) to the identity node (7, 7o), and let the number of r-cycles of length
aleast 2in7 bec. Let C; = (i1 75 ... 2,) be one of these r-cycles, and let R, be an execution
sequence for C; (Eq. 2). Moving between two consecutive lateral linksi,, i, in R; requiresd(i,, i)
MTI local links, where[12]:

d(ia,1y) = min (|i, — i), n — 1 — |iy — 1)) (7)

The total number of MT local links that must be traversed during the execution of C';, denoted
by Ml (loc, C;), isthereforethe sum of thedistancesd(i., ;) between all pairsof consecutive lateral
links (z4,1%) IN R;:

Z d('ij—17 l]) + d(lh il)? if 71 7£ 1
MI(loe,C;) = { 772 8
7=3

Lemma 1 The number of M1 local linksthat must be traversed in the route between any two nodes
of SC'C,, isindependent of the order chosen to execute the r-cycles existing between those nodes.

Proof: Without loss of generdlity, let the two nodes be (i, 7) and (io, 7o). Let C; = (i1 2 ... )
be an r-cycle of , 2 < r < n. Wefirst show that MI(loc, C;) does not depend on the sequence
of lateral links R; chosen to execute C;. If iy = 1, thereis only one such sequence (Eg. 2). If
11 # 1, there are r different possible sequences (Eq. 3). However, due to the cyclic nature of these
sequences, they al have the same cost M1 (loc, C;) (Eq. 8). By extension, the total number of M7
local linksin theroute, MI(loc), must also be an invariant. O

Animmediate consequence of Lemma 1 isthat the number of M7 local links between two nodes
of SC'C, can be derived without further considerations about routing. (Assuming, of course, that
routing is accomplished in adherence to Egs. 2 and 3, as is the case with al routing algorithms
presented in this paper.) Asan example, consider anr-cycleC; = (26 4),andletn = 7. Suchanr-
cyclecan beexecuted withasequenceof lateral links R, = (2, 6,4, 2). Thenumber of M7 locd links
required in theexecution of thissequenceis M1 (loc, C;) = d(2,6)+d(6,4)+d(4,2) = 24242 = 6.



Theorem 1 The average number of M7 local links that must be traversed in the route between a
pair of nodesin SCC,, is:

(=1 3] 5]

n

Mi(loc) =

(9)

Proof : The average number of local links that must be traversed between two adjacent latera links
iS.
510 [
TTor) — =3 _ 2 2 1
d(loc) m— — (10)
The average number of local links that must be traversed in the execution of an r-cycle C'; =
(111 ... 7,)iS

d(loc) - (r—2), ifi; =1
d(loc) - r, if iy £ 1

Over dl n! possible permutations of » symbols and for each integer valuer, 2 < r < n, there
isatotal of (n — 1)! r-cyclesthat include symbol 1 (; = 1) and n!/r — (n — 1)! r-cycles that do
not include symbol 1 (z; # 1). The average number of AT local links over all n! permutationsis
therefore:

Mi(loc,C;) = { (12)

n

(o= Dt o] ¢ = 2)+ 32 (% = (0 1) o]
MI(loc) = =2 r=2

n!

@) - (n—)(n—2) _ (n=1 5] [*5 _

3.4 Averagenumber of MB local links

Recall that MB local links are needed to move between execution sequences of adjacent r-cycles
(2 < r < n), to moveinto the first lateral link, and to move out of the last lateral link in aroute
between a pair of nodesin SC'C,.

Theorem 2 The average number of MB local links that must be traversed in the route between a
pair of nodesin SC'C,,, under arandom ordering of r-cycles, is:

MB(loc,rand) = l%J ln ; 1J <Zn___22 + " i 1) (12

Proof: Over al n! possible permutations of » symbols and for each integer value r, 2 < r < n,
thereisatotal of n!/r r-cycles. The total number of r-cycles of length at least 2 in the n! possible
permutations of n symbolsis, therefore, N, = >0, (n!/r) =n!-(H, — 1).

The average number of r-cycles, 2 < r < n, in apermutation of n symbolsis7 = N, /n! =
H, — 1. Theaverage number of MB local linksthat must be traversed between theser-cyclesis:



MB(loc,mid) = (T — 1) - d(loc) = ik ‘ " (13)

Assuming that the source nodeis (7, =) and that thefirst lateral link in the routeto the destination
nodeisiy, 2 < i, < n, the average number of local links that must be traversed between (2, =) and
<'ik7 7T> is

d(in) = =2 =122 (14)

n—1 n—1

Znid(-i72> BHIE

Notethat d(:n) differsfrom d(loc) (EQ. 10), since to compute d(:n) we must consider the case
© = 1. Similarly, the average number of local links that must be traversed between the last |ateral
link in the route and the destination node is d(out) = d(in). Then, the average number of MB
local links that must be traversed in the route between a pair of nodesin the SCC graph, assuming
arandom ordering of r-cyclesin theroute, is MB(loc, rand) = d(in) + MB(loc, mid) + d(out).
The theorem follows. O

As described in Section 4, a properly designed routing agorithm can optimize the ordering of
the r-cycles and reduce the average number of MB local links further below the value provided by
a random ordering of r-cycles (Eqg. 12). The average number of MB local links, considering that
the shortest route between any two nodes of an SCC graph is determined by an optimal routing
algorithm, istherefore bounded by:

MB(loc) < MB(loc,rand) (15)

3.5 Averagedistancein the SCC graph
Theorem 3 The average distance of SC'C,, is bounded by:

: - n — . — 2 2
HSOC) <n+ Hy+ 244 H [n 1J (1 L ) (16)
n 2 2 n n—2 n—1

Proof : The theorem immediately follows from Egs. 5, 6, 9, 12 and 15. O

4 Routingalgorithmsin the SCC graph

4.1 Orderingof r-cycles

Routing between two nodes (i, 75) and (i4, 74) in SCC,, isequivaent to routing from (i, 7,4,) to
(14, 7o), Where mg, = 77 - 7, 7o = 123...7n, and 7' istheinverse or reciprocal of permutation
Td [2, 12]

Let P(¢; — (;) denote aroute from from (i, 7,) to (24, 74) in SCC,,, along a sequence of f
lateral links R((; +— (7) = ({1, (5, ..., (). Thetota cost of P(¢; — (;)isgiven with:



f—1
|P(ly = Lp)] = [+ d(is, ) + D d(ly, ) + d(Lyda) 17)
j=1

Depending on the order chosen to execute ther-cyclesin =, different routes P(¢; +— (;) from
(15, 7s) 10 (24, ) @reproduced. Asexplainedin Section 3, acommon featureto any of these routes
isthat they all have the same number of lateral links ({at) and MT loca links (MI(loc)).

Finding the shortest route from (i, ) to (i4, 74) IS therefore a matter of choosing an r-cycle
ordering which minimizes the number of AMB local links (MB(loc)). A routing agorithm which
achieves this goal is given in Subsection 4.4. Non-optimal (but ssimpler) routing algorithms are
presented in Subsections 4.2 and 4.3.

To illustrate the different cost components in a route, and how they are affected by the order
chosen to execute the r-cycles, assume routing from node (3, 34125) to node (2, 12345) in SCC's.
A route along the sequence R(2 — 3) = (2,4, 2, 3) containsfour lateral links, four MT local links,
and three MB local links(i.e., |P(2 + 3)| = 4+ 4 + 3 = 11). However, if the sequence of lateral
links R(3 +— 2) = (3,2,4,2) is used, aroute with four lateral links, four AT local links, and one
MB locd link results (i.e,, |[P(3— 2)|=4+4+1=09).

In some cases, the number of AMB loca linksin aroute from (i, ) to (i4, 7,4) can be further
reduced by interleaving (rather than executing separately) the r-cyclesin = ,,. For example, some
possible sequences of lateral links from supernode 7,s = 23154 = (1 2 3)(4 5) to supernode
o = 12345 in SCCs ae(2,3,4,5,4),(2,3,5/4,5),(4,5 4,2,3),(5,4,5,2,73),(24,5,4,3)
and (2, 5, 4, 5, 3). The last two of these sequences interleave r-cycles (1 2 3) and (4 5). All of the
routing algorithms presented in this paper account for the possibility of interleaving r-cycles.

4.2 Random routing algorithm

A smple routing agorithm for SC'C,, consists of choosing arandom order to execute the r-cycles
in 74s. Particularly, a possible agorithm that can be used for this purpose is the routing algorithm
of the star graph [9]:

Algorithm 1 (Non-deterministic routing in the star graph):

Repeat until 74, = 7q:
1. If thefirst symbol in 7,4, is 1, then exchange it with any symbol not in its correct position.

2. If the first symbol in 74 is z # 1, then either exchange it with the symbol at position z,
or exchange it with any symbol in an r-cycle of length at least two, other than the r-cycle
containing .

The above agorithm requires at most ¢ + m steps of complexity O(1) each, and therefore its
complexity isO(c + m),or O(n),since0 < ¢ < |n/2] and 1 < m < n.
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4.3 Greedy routingalgorithm

A simple approach to minimizethe number of /B local linksin theroute between nodes (i ;, =) and
(14, 74) congists of using a greedy agorithm. Such an algorithm uses the following data structures
and variables:

e S.—theset of r-cyclesof length at least 2 in 7 4.

e S; —asubset of the symbols of 7, such that:

— If (14345 ... 7,)isanr-cycleof S., theni, € S;and 1,13, ...,7, & Sa.
— If (2142 ... 2,)isanr-cycleof S. that doesnotincludesymbol 1, theniy, is, ... 7, € Sa.

e 7; —aninteger variableinitializedto :; = 1.

Algorithm 2 (Greedy routing in the SCC graph):

1. If =45 = 7o, then route inside the supernode and exit.
2. ldentify ther-cycles of length at least 2 that exist in 745, and initidize S.., Sz, and 7.

3. Choose asymbol i, € S, such that d(z;,,) isminimal. Let C, be ther-cycle that contains
symbol 7. Oncez, ischosen, make:; = .

4. If C, has the form (1 i, 25 ... 4,) (i.e, C, includes symbol 1), then make S. = S. —
{(Tigig oo i) }+H{(1ig ... 2p) fand Sy = Sy — {ia} + {15}. Otherwise, make
S.=8.—{C,}andS; = Sy — {symbols(C,)}, where symbols(C',) denotes afunction that
returns the set of symbolsin r-cycle C,,.

5. Repeat Steps 3 and 4 until S, = 0.

The greedy approach used by Algorithm 2 consists of choosing ther-cycle that has the minimum
distance from ¢; as the next one to be executed. If the selected r-cycle C', includes symbol 1, then
only thefirst lateral link of C, is taken, which alows for an interleaved execution of that r-cycle.
If C', does not include symbol 1, then (', is executed completely. The complexity of the greedy
routing algorithm is O(cm), or O(n?) since 0 < ¢ < |n/2] and 0 < m < n. The ordering of
r-cycles chosen by this algorithm, however, may not be optimal.

4.4 Optimal routing algorithm

We now present an optimal routing algorithm which provides the shortest route between a pair of
nodes (i,, 75) and (14, 74) i SCC,,. The goa of the algorithm is to find a sequence of lateral links
R(ly — (y), such that |P({; — ()| isminimal (Eq. 17). We note that an earlier version of our
optimal routing algorithm appeared in [12]. The algorithm we present here improvesthat of [12] in
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twoways: 1) it employs more selective heuristics to further constrain the search space generated by
the algorithm, and 2) it accounts for the possibility of interleaving r-cycles, which is not possible
with the algorithmin [12].

The algorithm performs a depth-first search on a weighted tree structure. The tree is built
by expanding at each step only those r-cycle orderings that seem to result in a minimal number
of local links. Although the search tree can virtually examine all possible r-cycle orderings,
including interleaved r-cycles, its size is significantly constrained in our algorithm. To guarantee
that an optimal route is always found, backtracking is used to enable expansion of previousr-cycle
orderings that seem to be better than the most recently expanded orderings.

In the following discussion, we use the term vertex to refer to an element of the search tree.
In addition, we use the term edge to refer to the logical connection between vertices in the search
tree, which is usually implemented with pointers or some form of indexing. The following data
structures are stored within each vertex v; of the search tree and are used by our routing algorithm:

o ((;,m;) —thelabel of the node reached so far by the routing agorithm.

e B; —asubset of the symbolsof =;, such that:

—If (14345 ... 7,)isanr-cycleof r;,2 <r < n,theniy € B;and 1,is,...,2, € B;.

—If (27 42 ... 4,) isanr-cycle of 7;, 2 < r < n, such that iy,7s,...,7, # 1, then
i1yi2y. .., i, € By,

The symbols in B; represent al possible lateral links that can be selected by the routing
algorithm while expanding the search treefrom a given vertex v;. For convenience, we define
a function to generate B; from =,. Let this function be referred to as bsymbols, such that
B; = bsymbols(r;).

e F; —asubset of the symbols of =;, such that:

—If (14345 ... 7,)isanr-cycleof n;,2 <r < n,theni, € F,and 1,ia,...,7,—1 & F}.
r)

—If (27 42 ... 4,) isanr-cycle of 7;, 2 < r < n, such that iy,7s,...,7, # 1, then
i1,2,. .., 0, € F).

The symbols in F; represent all latera links that can be possibly selected by the routing

algorithm to enter supernode 7 (i.e., al possible r-cycle orderings that can be selected by

the routing algorithm from a given vertex »; necessarily end with alatera link /; € F;). For

convenience, we define a function to generate F; from ;. Let thisfunction be referred to as

fsymbols, such that F; = fsymbols(x;).

o [; —the number of local links used so far by the routing algorithm in the route from (i, 74)
to <€“ 7Ti>-
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e M; —an estimate of the minimum number of local links that may be needed by the routing
algorithm to reach node (24, 7¢) from node (i, 745), using the route aready constructed by
the algorithm up to theintermediate node (¢, ;). For convenience, we use afunction dubbed
as minloc to compute M; from L;, (;, =;, 4. Such afunction is defined as:

Ciem;
M, = ')7”0@")1100([/2'7&7 T, ld) =L, + rT‘]In(d(g27 bz)) + Z ]\4](1007 CZ) + rT‘]In(d(f27 'id))7
(18)

whereb;, € B;, B; = bsymbols(x;), and f; € F;, F; = fsymbols(r;).

Note that minloc is computed under the optimistic assumption that the route from (¢;, r,) to
(14, 7o) Selectsthe best possiblelateral linksinthesets B; and F;. In addition, the summation
term used to compute the number of local linksthat arerequired to executeall r-cyclesC'; € ;
(see Eq. 8) assumes that an optimal r-cycle ordering requiring no local links to move from
one r-cycle to the next can be found by the routing algorithm.

e ¢; —an enable/disable bit which indicates whether the tree should continue to be expanded
from vertex v; or not.

In addition, the tree structure generated by the optima routing algorithm has the following
characteristics:

e The number of levelsin the search treeisat most lat + 2, with /at being given by Eq. 4. We
number these levelsfrom 0 to lat + 1, starting from the root level.

o Let v, bethe parent of avertex v! in the search tree. We refer to the data stored in v; and v’ as
{<€“ 7Ti>7 Bi? Fi? Li? Mi? 62'} and {<€;7 7'(';>7 BZ/7 E»’7 L;7 ]\42/7 6;}, reSpeCtlver The Waght of the
edge connecting v; to »! corresponds to the number of local links that are required to route
from ((;, =;) to (¢}, x!) in SCC,, andisgiven by d((;, 0}) = min(|(; — li|,n — 1 — |{; — [}]).

Hence, L) = L; + d((;, ;).

Note that routing from (¢;, =;) to (¢, x’) aso requires one laterd link if =; # =/, and zero
lateral links otherwise. Since the total number of lateral links that must be traversed in the
route from (i, 745) 10 (24, 7o) Can be computed in advance (Eq. 4), the routing algorithm
focuses on accounting for the local links only.

e The root vertex is initidlized with ((;,7;) = (is,74s), Bi = bsymbols(mys), F;, =
fsymbols(mys), L; = 0, M; = minloc(0,is, 745, 14) and e; = ON. All verticeslocated at level
lat +1 inthetreehave <f€“ 7Ti> = <'id7 7T0>, B, = F;, = ¢ and M; = mmloc(L“ 'id7 To, ld) = L;.
All verticeslocated at level lat inthetreehave (¢;, 7;) = ({, o) (With{; beingthelateral link
used to enter supernode 7o), B; = F; = 0, and M; = minloc(L;, Uy, 70 iq) = L; + d({s,14).

¢ The backtracking mechanism is triggered by comparing the estimated minimum number of
local links (M;) stored in the most recently generated child vertices with a global variable
referredtoas7'. Thisvariableisupdated whenever abacktracking procedureoccurs, meaning
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that the minimum number of local linksthat is required in the route from (i 5, 745) t0 (74, 7o)
isactualy greater than the previousvalue of T'. As expected, the search for an optimal route
becomes more selective as 7" increases, which not only limits the width of the search tree but
also makes the backtracking mechanism less likely to be triggered again.

Given the definitions above, the optimal routing algorithm for the SCC graph follows::
Algorithm 3 (Optimal routing in the SCC graph):

1. If =45 = 7o, then route inside the supernode and exit.

2. Create aroot vertex with ((;, 7;) = (is, 74s), B; = bsymbols(wys), F; = fsymbols(mys),
L; = 0, M; = manloc(0,1s,745,74) ad e; = ON. Also, initialize 7" with the value 7' =

minloc(0, s, Fas,iq).

3. Generatechildverticesfor all enabled vertices, suchthat thelabel ¢ for each child corresponds
to exactly one of the symbols stored in the set B; of each parent vertex. Set ¢; = OFF a
each recently expanded parent vertex. Also, obtain permutation =/ for each child vertex
by swapping the 1st and the ¢‘th symbols of the corresponding permutation stored in the
parent vertex (r;), and make B! = bsymbols(x!), F! = fsymbols(x!), L' = L; + d((;, (}),

M! = minloc( L., U, %!, 1,). Enabled vertices located at level lat of the search tree must be
expanded similarly. However, they generate a single child with ¢! = i,, 7! = =;, B! = (),
F!'=0,L;=L; 4+ d({;,iq), M! = L. Inany case, achild vertex is enabled with ¢} = ON if

M! < T. Otherwise, we set ¢’ = OFF.

4. If oneof thechild verticeshas (¢’ x’) = (i4, 7o) and ¢ = ON, then an optimal route has been
found. The optimal sequence of lateral links R(¢, — () can be obtained in reverse order by
backing up towards the root of the tree and listing the value of the symbol /; stored in each
vertex located between the lat"" and the 1st levels. Once R({; — () has been obtained, exit

the algorithm.

5. If none of the enabled child verticeshas (¢}, ) = (i4, 7o), 9o to Step 3.

PREAE

6. If thereare no enabled child vertices, do abacktracking search inthetree. Amongall existing
child vertices, select those with the smallest value of M, and set 7" to thisvalue. Also, enable
the selected nodes and go to Step 4.

Theheight of thesearch treeisO(n ), sinceitsmaximumvalueis¢(S,)+2 = [3(n—1)/2] +2.
A worst-case analysis of the width of the search tree can be done under the following pessimistic
assumption: considering that all possible orderings of r-cyclesin permutation 4, are examined by
the optimal routing algorithm, the lowest level in the search tree would have at most m! vertices.
This is justified by the fact that there are at most m! possible ways to move the m misplaced
symbolsin 7, to their correct positions, using the minimum number of lateral links given by Eq. 4.
In practice, the constraints placed on the number of expanded vertices by the heuristics of the
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;=5 ;= (153) (24) (6)
Bj = {245} Fj={234}
Li=0 M;=6 ej= OFF

2 1 0
I, =2 1= (14253) () lj=4 T = (12453) (6) ;=5 T = (13) (24) (5) (6)
B; = {4} Fi={3 B = {2} Fi={3 B = {234 F;={234)
Li=2 M;=10 ej= OFF Li=1 M{=8 ej= OFF Li=0 M{j=5 e;= OFF
2 2 1
lj=2 T = (1423) (5) (6) I;=3 1 = (1) (24 (3) () (6) lj=4 T = (1243) (5) (6)
B; = {4} Fi={3} B ={24  F;={24) Bi = {2} Fi={3
Li=2 Mj=7 ej= OFF Li=2 M{j=8 e;= OFF Li=1 Mj=6 e;= OFF

2

=2 = (143) (2) (5) (6)
B = {4} Fi={3

Dimensionality of the SCC graph: n= 6 Li=3 M{=6 e;= OFF

Source node: < 5, (153) (24) (6) >

Destination node: < 3, (1) (2) (3) (4) (5) (6) > 2

Backtracking threshold used: T= 6 =4 T =(13)(2) (4) (5) (6)
Optimal sequence of lateral links found: (5,4,2,4,3) Bj = {3} Fi=1{3}

Number of lateral links in the optimal path: 5 Li=5 Mj=6 ej=OFF
Number of local linksin the optimal path: 6 1

Total length of the optimal path: 11 links

;=3 1= (1) (2 (3 (4 (5) (6)
Bi={1} Fi={}
I‘|_6 Iv|| 6 e| ON

Figure 4: Example of search tree used for optimal routingin SC'C',
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algorithm (i.e., the estimated minimum number of local links A;) limit the width of the search tree
considerably. Simulations carried out for 4 < n < 9 revealed that a very small number of vertices
is enabled at each step, which makes the maximum width of the tree virtually proportional to .
Figure 4 illustrates an example of the search tree constructed by the algorithm.

The main computationsthat must be performed upon creation of avertex of the search tree refer
to B!, F/ and M. Fortunately, each of these computations can be accomplished in O(1) time by
using the corresponding values B;, F; and M, that are stored in the parent vertex, and taking into
account the differencesin the r-cycle structures of permutations =, and .

The reasoning above results in aworst-case complexity of O(m!n). As explained above, such
computational requirements were not observed during simulations of the optimal agorithm. The
potential need for backtracking searches in the tree, added to fact that the maximum width of the
treeisin practice proportional to m, resultsin a complexity of O(mn?), on the average (or O(n?),
snce0 < m < n).

5 Simulation results

The performanceof routing algorithmsfor the SC €', graph was eval uated with simul ation programs
that compute the route of al (n — 1)n! nodes of the graph to the identity. The routing algorithms
that weretested are: 1) arandom routing algorithm that generates all possible routes to the identity
with equal probability, which is based on Algorithm 1, 2) Algorithm 2, and 3) Algorithm 3. The
simulations were carried out for 3 < n < 9. A log of worst-case routes that may result from the
random routing algorithm was aso made.

n 3 4 5 6 7 8 9
Gragphsize((n —1)-n!) | 12 72 | 480 | 3,600 | 30,240 | 282,240 | 2,903,040
Graph diam. (¢(SCC,,)) 6 8 16 19 31 34 50

Average number of 1.500 | 2.583 | 3.683 | 4.783 | 5879 | 6.968 8.051
lateral links (lat)
Average number of MI | 0.667 | 1.500 | 3.200 | 5.000 | 7.714 | 10500 | 14.222
local links (MI(loc))

Average number of MB | 0.833 | 1.222 | 1.925 | 2.337 | 2924 | 3.334 3.873

local links (MB(loc))

Average number of 1500 | 2.722 | 5125 | 7.337 | 10.638 | 13.834 18.096
local links (loc)

Averagedist. (6(SCC,)) | 3.000 | 5.306 | 8.808 | 12.121 | 16517 | 20.802 | 26.147

Table 1. Average distance of SCC graphs under optimal routing

Table 1 and Fig. 5 show the ssimulation results obtained with the optimal routing algorithm. The

simulation results obtained for /at and M1 (loc) match exactly the theoretical values provided by
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Egs. 6 and 9. Also, the smulation results obtained for M B(loc) under an optimal routing algorithm
are closely bounded by Eq. 12.

30.0
& - —A Average distance ,/A
+——+ Average number of local links e
e — e Average number of Ml local links /»/
» - - x Average number of lateral links e
20.0 =0 Average number of MB local links e 1

Distances

10.0

A
//
/

8.0 ] R
4~ -— Random routing (worst-case) >
-+—+Random routing (average, simulation) L
o~ — e Random routing (average, theoretical) N
% - - x Greedy routing e

6.0 - o0 Optimal routing PR iy

»
o

Average number of MB local links

N
o

3.0 5.0 7.0 9.0

Figure 6: Average number of MB local links for different routing algorithms

As expected, only the average number of MB loca links varied among the different routing

algorithmsthat were tested. Fig. 6 compares simulation resultsfor MB(loc). Note that the results
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for the random routing algorithm are very close to the theoretical values provided by Eq. 12.
The model used to derive that equation seems to result in an error proportional to 1/n!, which is
negligible considering that Eq. 12 is still a close upper bound for MB(loc). As expected, both the
greedy and the optimal routing algorithm outperform the random routing algorithm, as far as the
average number of MB local links is concerned. Also observe that, for 3 < n < 4, the greedy
routing algorithm performs as well as the optimal routing algorithm. Besides, our results indicate
that the performance of these algorithms is quite similar for 5 < n < 9, which makes the less

complex greedy routing algorithm particularly attractive.

n 3 4 5 6 7 8 9
Optimal routing 3.000 | 5.306 | 8.808 | 12.121 | 16.517 | 20.802 | 26.147
Greedy routing 3.000 | 5.305 | 8.812 | 12.215 | 16.707 | 21.109 | 26.570

Random routing (theoretical) | 3.000 | 5.500 | 9.261 | 12.858 | 17.660 | 22.332 | 28.168
Random routing (Smulation) | 3.084 | 5.514 | 9.264 | 12.858 | 17.660 | 22.332 | 28.168
Random routing (worst-case) | 3.167 | 5.694 | 9.775 | 13.662 | 19.100 | 24.324 | 31.043

Table 2: Average costs for different routing algorithms

Average costs of paths produced by the threerouting algorithmsare summarizedin Table 2. The
random routing algorithm has a complexity of O(rn) and performs reasonably well on the average.
Utilization of such an algorithm may, however, result in variations in the average cost of routes up
to the worst-case values shown in Table 2.

300000.0

—— Optimal routing

— — - Greedy routing

. —-— Random routing (average)

B Random routing (worst case)

200000.0

100000.0 -

0.0 ‘ = ‘
0.0 20.0 40.0 60.0

Distance to the identity

Figure7: D; x Nj distribution curvesfor a9-SCC graph
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Figure 7 shows distribution curves comparing the three routing algorithms in the case of an
SCCqy graph. A point (D, N7) in one of these curves indicates that the corresponding routing
algorithm will compute a route of cost D; to the identity for N; nodes in the SCC graph. The
average distribution for the random routing algorithm is shown, but the results for that algorithm
may actually vary fromthe optimal to the worst-case distribution curvesdueto the non-deterministic
nature of the algorithm. It is also interesting to observe that the greedy routing agorithm provides
a distribution curve which is close to that of the optimal routing algorithm, presenting however a
smaller complexity.

6 Consderationson wormholerouting

In this section, we briefly describe how the algorithms presented in the paper can be combined with
wormhole routing [8], which is a popular switching technique used in parallel computers.

All three agorithms can be used with wormhole routing, when implemented as source-based
routing algorithms [13]. In source-based routing, the source node selects the entire path before
sending the packet. Because the processing delay for the routing algorithm is incurred only at the
source node, it adds only once to the communication latency, and can be viewed as part of the
start-up latency. Source-based routing, however, has two disadvantages. 1) each packet must carry
complete information about its path in the header, which increases the packet length, and 2) the
path cannot be changed while the packet is being routed, which precludes incorporating adaptivity
into the routing algorithm.

Distributed routing eliminatesthe disadvantages of source-based routing by invokingtherouting
algorithm in each node to which the packet is forwarded [13]. Thus, the decision on whether a
packet should be delivered to the local processor or forwarded on an outgoing link is done locally
by the routing circuit of a node. Because the routing algorithm is invoked multiple times while a
packet is being routed, the routing decision must be taken as fast as possible. From this viewpoint,
it isimportant that the routing algorithm can be easily and efficiently rendered in hardware, which
favors the random routing algorithm over the greedy and optimal routing algorithms.

Besides being the most complex a gorithm discussed in this paper, the optimal routing algorithm
includes a feature which precludes its distributed implementation in association with wormhole
routing, namely its backtracking mechanism. Distributed versions of the random and greedy
algorithms, however, can be used in combination with wormholerouting. A sub-optimal distributed
routing algorithm which supports wormhole routing can be obtained by removing the backtracking
mechanism from Algorithm 3. Such a sub-optimal algorithm is likely to have computational
complexity and average cost that lie between those of the greedy and the optimal routing algorithm.

Due to its non-deterministic nature, the random routing algorithm also seems to be a good
candidate for SCC networks employing distributed adaptive routing [13]. Adaptivity is desirable,
for example, if the routing algorithm must dynamically respond to network conditions such as
congestion and faults. Some degree of adaptivity isaso possible in the greedy and optimal routing
algorithms, which in some cases can decide between paths of equal cost.
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7 Conclusion

Thispaper compared theaverage cost and the complexity of threedifferent routing algorithmsfor the
SCC graph. We divided theroute between apair of nodesin the graphinto three components (lateral
links, MT local linksand MB local links) and showed that only the number of AMB local links may
be affected by the routing algorithm being considered. Exact expressions for the average number
of lateral links and the average number of M1 local links were presented. Also, an upper bound for
the average number of MB local links was derived, considering a random routing algorithm. Asa
result, atight upper bound on the average distance of the SCC graph was obtai ned.

Simulation results for arandom, agreedy and an optimal routing algorithm were presented and
compared with theoretical values. The complexity of the proposed algorithmsis respectively O(n),
O(n?), and O(n?), where n is the dimensionality of the SC'C,, graph. The results under optimal
routing produce exact numerical values for the average distance of SC'C,,, for3 <n < 9.

Our results indicate that the greedy algorithm performs as well as the optimal algorithm for
3 < n < 4. The greedy algorithm aso performs close to optimality for 5 < n < 9, and is
an interesting choice due to its O(n?) complexity. The random routing algorithm has an O(n)
complexity and performs fairly well on the average, but may introduce additional MB local links
in the route under worst-case conditions.

Finally, we discussed how the routing algorithms presented in this paper can be used in asso-
ciation with the wormhol e routing switching technique. Directions for future research in this area
include an evaluation of requirementsfor deadlock avoidance (e.g., number of virtual channels).
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