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Abstract

The star-connected cycles (SCC) graph wasrecently pro-
posed as an attractive interconnection network for parallel
processing, using a star graph to connect cycles of nodes.
This paper presents an analytical solution for the problem
of the average distance of the SCC graph. \We divide the
cost of a route in the SCC graph into three components,
and show that one of such components is affected by the
routing algorithmbeing used. Three routing algorithmsfor
the SCC graph are presented, which respectively employ
random, greedy and minimal routing rules. The computa-
tional compl exities of the algorithms, and the average costs
of the pathsthey produce, are compared. Finally, wediscuss
how the algorithms presented in this paper can be used in
associ ation with wormhol e routing.

1. Introduction

An interconnection network is characterized by four dis-
tinct aspects: topology, routing, flow control, and switching
[11]. The topology of a network defines how the nodes are
interconnected by links, and is usually modeled by agraph.
Routing determines the path selected by a packet to reach
its destination, and is usually specified by means of a rout-
ing algorithm. Flow control deals with the allocation of
links and buffers to a packet as it is routed through the net-
work. Switching determines the mechanism by which data
is moved from an incoming link to an outgoing link of a
node (e.g., store-and-forward, circuit switching, virtual cut-
through, and wormhole routing are examples of switching
techniques found in parallel architectures).

In this paper, we continue the study of topological and
routing aspects of the star-connected cycles (SCC) intercon-
nection network [10], which was recently proposed as an
attractive extension of the star graph [1]. An SCC graph
isrelated to a star graph in the same way a cube-connected
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cycles graph [12] is related to a hypercube [13]. Namely,
an SCC graph isformed from a star graph by replacing the
nodes of the latter with cycles or rings of nodes. The SCC
graph constitutes an efficient architecture for execution of
paralel agorithms, whichincludebroadcasting [2] and FFT
[14]. Mesh dgorithmsare a so supportedin SCC graphsvia
embeddings [3]. The SCC graph inherits many of the in-
teresting properties of the star graph [1], while employing
at most three 1/0O ports per node. This last aspect catego-
rizes the SCC graph as a bounded-degree network (other
examples are in [12, 15]). Networks with bounded degree
favor area-efficient VLS| layouts, and scale more easily than
variable-degree networks.

Previously known topol ogical aspects of SCC graphsin-
clude degree, symmetry, diameter, and fault-diameter, and
werederivedin[4, 10]. Here, we continuethe study of these
by investigating the average distance (or average diameter)
of SCC graphs. Our interest in this property istwofold: 1)
to obtain ametric for comparing the performance of routing
algorithms, and 2) to provide continued characterization of
the graph theoretical aspects of SCC networks.

Inthe absence of other network traffic, modern switching
techniques (e.g., wormholerouting[6]) achieve acommuni-
cation latency whichisvirtually independent of the selected
path length [11]. In thisideal environment, the two factors
which contributeto the communication latency experienced
by a packet are the start-up latency and the network latency
[11]. In aredistic environment in which congestion oc-
curs, however, a third factor known as blocking time also
contributes to the communication latency.

Regardlessof theflow control and switching mechanisms
being used in the network, congestion can usualy be mini-
mized if fewer linksare used when routing a packet [5]. For
communication-intensiveparallel applications, theblocking
time (and, consequently, the communication latency) is ex-
pected to grow with path length[5]. In such cases, arouting
algorithm should ideally compute paths whose average cost
matches the average distance of the network.

In this paper, we show that routesin an SCC graph may
contain up to three classes of links, which we refer to as
lateral links, MT local links, and M B local links (see Sec. 3
for definitions). Exact expressions for the average number
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of latera links and MT local links between two nodes in
an SCC graph, and an upper bound on the average number
of MB local links, are derived. When combined, these
expressions produce a tight upper bound on the average
distance of the SCC graph.

We show that the number of MB local linksis affected
by the routing algorithm being used, and propose three dif-
ferent algorithms for the SCC graph: random, greedy, and
minimal routing. The proposed routing algorithmsare com-
pared according to criteriasuch as computational complexity
(which affects their implementation in hardware) and aver-
age routing cost, for which figures were obtained by means
of smulation. The results obtained with the minimal rout-
ing agorithm provide exact numeric solutionsfor the aver-
age distance of SCC graphs. Our simulations indicate that
the greedy routing a gorithm performs close to the minimal
routing a gorithm, whilerequiring asmaller complexity. We
show that the random routing al gorithm presents the small-
est complexity among the three algorithms described in this
paper, and provideaverage and worst-case routing cost met-
ricsfor it. Finally, we discuss how the three algorithms can
be implemented in combination with wormholerouting [6].

2. Background
2.1. Thestar graph

An n-dimensional star graph, denoted by S,,, containsn!
nodeswhich arelabel ed with then! possiblepermutati ons of
n distinct symbols. Inthispaper, weusetheintegers{1,.. .,
n} tolabel thenodesof S,,. Anodem = py...p;...pn IS
connectedto (n— 1) distinct nodes, respectively label ed with
permutationsm; = p; ... pi—1p1Pit1 ---Pn,2 < i < n(i.e,
w; isthe permutati on resulting from exchanging the symbols
occupying the first and the i** positionin 7) [1]. Each of
these (n — 1) possible exchange operationsisreferred to as
agenerator of S,,. Twonodes = and =; of .S,, are connected
by alink iff thereisa generator ¢; suchthat = - g; = =;. The
link connecting = and 7; isreferred to as an ' -dimension
linkand is labeled i. S, has(n — 1) - (n!/2) links. S, is
aregular graph with degree 6(S,) = n — 1 and diameter
¢(Sn) = |3(n—1)/2]. S, isvertex- and edge-symmetric,
and has hierarchical structure. The degree and diameter of
S, are sublogarithmic on the size of the graph [1], which
makesthestar graph compare favorably with the hypercube.

2.2. The star-connected cycles (SCC) graph

An n-dimensiona SCC graph, denoted by SCC,,, is a
bounded-degree variant of S,, [10]. SCC,, is formed by
replacing each node of S,, with a supernode, i.e. aring
of (n — 1) nodes. The connections between nodes inside
the same supernode are referred to as local links. Each
supernodeisconnected to (n— 1) adjacent supernodes, using
lateral linksinherited from .S,,. Figure 1 shows SC'C4.

Nodesin SCC,, are identified by alabel (i, 7), where i
isaninteger such that 2 < 7 < n and = is a permutation of

n symbols. Two nodes (i, 7) and (¢, ') are connected by a
link ((¢, =), (¢, @'}) inSCC,, iff either: 1) (i, x), (', 7)) is
alocd link,i.e. 7 = 7’ andmin(|i—#'|,n—1—|i—7']) = 1,
or2) ({¢, ), (', 7')) isalateral link,i.e. i = ' and = differs
from 7 only in the first and the ' symbols, such that
(1) = #'(7) and =(i) = 7'(1).

(4,1234) (4, 4231)
C  (3,1234) o (2, 1234) (3,4231) o7 0N\g(2.4231) @
(2,2134) (3,3241)

(4,3241) (2,2431)

(3,3214)

(4,3214) (4,2431)

(2,3214) (3,2134) (2,3241)  (3,2431)

(2,2314) (3,3124) (2,2341) (3,3421)

(4, 2314) (4, 3421)

(4, 2341)
(3, 2341)

(3, 4321) O—

(4, 4321)

(4,2413)

(2, 3421)
(2,4321)

(2. 2413) (3,2413)

(2, 4213)

(4, 4213) (3,1423)

(4, 1423)

(3,4312)  (2,1432) (3,4213) (2, 1423)

(3,1342) (2,4132) (3,1243) (2,4123)

(4,1243)
(2,1243)
(2,2143) O %(3,2143)  d

(4,3142) (4,2143)

Figure 1. The SCC4 graph

For similarity with S,,, the label of the supernode con-
taining nodes (2, ), ..., (n, w) isw. Also, thelatera link
connected to node (i, =) islabeled i. For simplicity, supern-
ode and latera link labels are not shown in Fig. 1.

SCC, contains(n—1)-n!nodes, (n —1)-n!loca links,
and (n—1)-(n!/2) latera links. Thus, thesize of SC'C,, is
comparable to that of S,, 1. Loca links account for 2/3 of
thelinksof SC'C,,, and can belaid out very efficiently dueto
the ring topology of the supernodes. Moreover, SCC', has
about n times fewer latera linksthan S, 1, which further
reduces the complexity of a VLS| layout for SC'C,, when
compared to S, 1. SCC, is vertex-symmetric, and has
degree §(SCC,) = 2 (forn = 3), and 6(SCC,,) = 3 (for
n > 4). Inaddition, thediameter of SC'C,, isgivenby [10]:

6, forn=3
t(n?+n—4), forevenn (1)
$(n? +3n—28), foroddn >5

o(SCCy) =

3. Average distance of the SCC graph
3.1. Preliminaries

Let thecost of aroute P between node (7, ) and theiden-
tity node (ig, o) = (2,12...0n) inSCC, bed = lat + loc,
where lat and loc respectively denote the number of lateral
links and the number of local linksin P. Because SCC', is
vertex-symmetric, its average distance can be computed by
finding minimal cost routes to the identity from every node
in the graph, and averaging those over (n — 1) - nl.
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Before we can derive the average distance of SCC,,,
some definitionsrel ated to lateral linksare needed. We may
organize the symbols of permutation 7 as a set of r-cycles!
—i.e, cyclically ordered sets of symbols with the property
that each symbol’s desired position is that occupied by the
next symbol intheset. Inthispaper, al r-cyclesare written
in canonica form[8] (i.e., the smallest symbol appears first
in each r-cycle). For example, a permutation = = 265431
can bewrittenincyclicformat as(1 2 6)(3 5)(4). Notethat
asymbol aready initscorrect position appears asa 1-cycle.

LetC; = (ig ... ir—1) beanr-cycleinm, 2 < r < n.
Let 7 - R; be the permutation produced from = by moving
the symbolsin C; to their correct positions. The execution
of an r-cycle C; is, by definition, a minimal sequence of
lateral links® R;, leading from supernode 7 to supernode
7 - R; (notethat local linksare not anissue here). R; can be
expressed by [7, 9]:

R:{ (v, s, . .

(70,71, - -

ifig =1
ifip£1 9
In the case ip # 1, C; can actually be executed with

r different sequences of latera links [7, 9]. Hence, for
j :0— r— 1, such sequences can be expressed as.

B ii‘—l)v
B ir‘—17 i0)7

(ijmodra i(j-l—l)modrv sy i(j-l—r—l)modm ijmodr) (3)

The minimum number of lateral links in a route from
supernode 7 to 7o does not depend on the order chosen to
execute ther-cyclesin «, and isgiven with [1]:

. c+m,
lat_{ c+m—2,

if 7'sfirst symbol is1 @
if 7'sfirst symbol isnot 1,

where ¢ is the number of r-cycles of length at least 2 in =
and m isthetotal number of symbolsin these r-cycles.

Routes in SCC,, often consist of sequences of lateral
linksinterleaved withloca links. In what follows, we give
some definitionsthat relate tolocal links.

Recall that loc denotes the contribution of thelocal links
to thetotal cost of aroute P from (i, 7) to (g, o). loc can
be further divided into two components, which we denote
by MI(loc) and MB(loc), and define as follows:

e MI(loc) — the number of move-in (MI) local links
exigting in the route from (i, 7) to (ig, o). By def-
inition, these are local links that must be traversed
between two lateral links belonging to the execution
sequence of anr-cyclein .

e MB(loc) —the number of move-between (MB) local
links existing in the route from (7, =) to (g, mo). By
definition, M/B local linksare: 1) local linksthat must
be traversed between the executions of two consecu-
tiver-cyclesin , 2) local linksthat must be traversed

Tr-cyclesprovide aconvenient meansto represent permutations[8] and
should not be confused with physical cycles or rings, which constitute the
supernodesof SC'C,.

2 Throughout the paper, we distinguish the notation of an r-cycle from
that of a sequenceof lateral links by using commasin the latter.

in supernode 7, and are required to move from (i, 7)
to the lateral link that initiates the execution of the
first r-cycle of =, and 3) local linksthat must be tra-
versed in supernode 7o, and arerequired to movefrom
the laterd link that finishes the execution of the last
r-cycle of m to (Zq, mo).

Thus, d = lat + loc = lat + MI(loc) + MB(loc). As
an example, consider routing from (3, 34125) to (2, 12345)
in SCC5. The cyclic representation of permutation 34125
is(1 3)(2 4)(5). One possible route uses the sequences of
laterd links (2,4, 2) and (3). Figure 2 shows the MT local
links and the M B locd linksin such aroute.

Supernode |abels

34125 43125 23145 32145 12345
3
N L /N 7/ NN\

43 4 3% 4 3} 4 3
: : 5 2%
/ /
Legend: o  Source node O Destination node
—— Lateral link =~ ----eee Ml local link ~ sexeseas MB local link

Figure 2. Types of links in aroute in SCCj

Note that from the topological viewpoint thereisno dis-
tinction between M7 and M B local links. A particular local
link used by aroutein SCC,, isconsidered to be either an
MTI or an MB loca link, depending on the conditionsstated
above. Therefore, the samelocal link can be classified asan
MT local link for some routes, and as an M B local link for
others.

The cost components lat, MI(loc), and MB(loc) ex-
ist in any route in SCC,, (although in some short routes
one or more of these components may be null). Due to
vertex symmetry, one can derive the average distance of
SCC,, by computing the average numbers of lateral links,
MT local links, and M B local linksin aroutefrom (i, ) to
{70, mo). Wedenote such average numbersby lat, MI(loc),
and MB(loc), respectively. Theaverage distanceof SC'C,,,

denoted by ¢(SCC,,), can then be expressed by:

6(SCCy) = lat + MI(loc) + MB(loc) (5)

Finally, the average number of local links existing in
a route from (i, 7) to (ig, mg) in SCC,, is, by definition,
loc = MI(loc) + MB(loc).

3.2. Average number of lateral links

The number of lateral linksin theroute between any node
of SC'C,, and the identity node is exactly equa to the cost
of the corresponding route in the underlying n-star graph
[10]. Therefore, lat isexactly equal to the average distance
of S,, whichisgivenby [1]:

— 2
lat =n+ H, + — — 4, (6)
n

where H, = 3" _, + isthenth Harmonic number [8].
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3.3. Average number of MT local links

The number of A1 loca linksin aroutein SC'C), can
be calculated as follows. Consider routing from (i, =) to
the identity node (i, 7o), and let the number of r-cycles of
lengthat least 2in7 bee. Let C; = (i ... i,—1) beoneof
theser-cycles, and let R; be an execution sequence for C;
(Eg. 2). Moving between two consecutive lateral linksi,,
ip in R; requiresd(iq, i) MT local links, where [10]:

d(ia,1p) = min([ia —dp[,n —1—=[ia —d])  (7)

The total number of MT local links that must be tra
versed during the execution of C;, denoted by MI(loc, C;),
is therefore the sum of the distances d(i,, 7;) between al
pairs of consecutive lateral links (iq, i) in R;:

r—1

Zd(ij_l,ij), ifiop =1
MI(loe,C;) = i=2 (8)

> d(ij-1yimoar), ifido # 1

ji=1

Lemmal The number of M local links that must be tra-
versed in a route between any two nodes of SC'C,, isinde-
pendent of the order chosen to execute the r-cycles existing
between those nodes.

Proof: We first show that MI(loc, C;) does not depend on
the sequence of lateral links R; chosen to execute C;. If
ip = 1, thereisonly one such sequence (Eq. 2). If ig # 1,
there are r different possible sequences (Eg. 3). However,
due to the cyclic nature of these sequences, they al have
the same cost MI(loc, C;) (Eq. 8). By extension, the total
number of MT locd linksin the route, MI(loc), must also
beaninvariant. O

Animmediate conseguence of Lemma 1 isthat the num-
ber of M1 local links between two nodes of SC'C', can be
derived without further considerations about routing. (As-
suming, of course, that routingisaccomplished in adherence
to Egs. 2 and 3, as is the case with all routing algorithms
presented in thispaper.) Asan example, consider anr-cycle
C; =(264),andlet n = 7. C; can be executed with a
sequence of lateral links R; = (2,6,4,2). The number of
MT local links reguired in the execution of this sequenceis
MI(loe,C;) = d(2,6)+d(6,4)+d(4,2) = 2+2+2 = 6.

Theorem 1 Theaveragenumber of M1 local linksthat must
betraversed inaroutein SCC,, is.

n

Proof: The average number of local links that must be
traversed between two adjacent latera linksis:

The average number of local linksthat must be traversed

inthe execution of anr-cycle C; = (ig ... ip—1) IS
— d(loc)-(r—2), ifig=1
i) = . 11
Mi(ioe, Ci) { d(loc) - r, ifig # 1 (1)

Over dl n! possible permutations of » symbols and for
eachintegerr, 2 < r < n, thereisatotd of (n—1)!r-cycles
that includesymbol 1 (i; = 1) and n!/r — (n — 1)! r-cycles
that do not include symbol 1 (iy # 1). The average number
of MT locd linksover dl n! permutationsis therefore:

Wé((n—mw—m(”;—m_l)!).r)

n!

_ @) (n-H(n-2) _ - [3][%]

n

3

3.4. Average number of MB local links

Recall that MB loca links are needed to move between
execution sequences of adjacent r-cycles (2 < r < n), to
move into the first latera link, and to move out of the last
laterd link inaroutein SCC,,.

Theorem 2 The average number of AMB local links that
must be traversed in a route in SCC,,, under a random
ordering of r-cycles, is:

st - 2|25 (2222)

Proof : Over al n! possible permutations of » symbols and
for each integer r, 2 < r < n, there is a total of n!/r
r-cycles. The tota number of r-cycles of length at least 2
in the n! possible permutations of n symbols is, therefore,
N, =5 _,(nl/r)=n!-(H, —1).

The average number of r-cycles, 2 < r < n, in aper-
mutation of n symbolsis7 = N,/n! = H, — 1. The
average number of MB local links that must be traversed
betweentheser-cyclesis MB(loc, mid) = (F—1)-d(loc) =
[3] [%5] (Ha = 2)

n—2 '

Let (i, ) bethe source node, and let the first lateral link
in the route be iy, 2 < i < n. The average number of
local linksthat must be traversed between (i, 7) and (i, 7)
T |2] [25
isd(in) = p— S d(i,2) = S

Note that d(in) differs from d(loc) (Eq. 10), since to

compute d(in) we must consider the case i = 5. Simi-
larly, the average number of local links that must be tra-
versed between the last lateral link in the route and the
destination node is d(out) = d(in). Then, the average
number of AMB loca links that must be traversed in a
route in SCC,,, assuming a random ordering of r-cycles,
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is MB(loc, rand) = d(in) + MB(loc, mid) + d(out). The
theorem follows. O

Asdescribed in Sec. 4, aproperly designed routing a go-
rithm can optimize the ordering of the r-cycles and reduce
the average number of MB local links further below the
value provided by a random ordering of r-cycles (Eq. 12).
The average number of MB loca links, considering that
the shortest route between any two nodes of an SCC graph
is determined by a minimal routing algorithm, is therefore
bounded by:

MB(loc) < MB(loe, rand) (13)
3.5. Averagedistance in the SCC graph

Theorem 3 The average distance of SCC), isbounded by:

_— 2
¢(SCCn)§n+Hn+;—4+
n n—1 n?+1 H, —2
n 14
[QJl 2 J(nz—n+ n—2>( )

Proof: Followsdirectly from Egs. 5, 6, 9, 12 and 13. O

4. Routing algorithmsin the SCC graph
4.1. Ordering of r-cycles

Routing between two nodes (i, w;) and (i, 74) in
SCC,, is equivaent to routing from (i,, m4s) t0 {i4, 7o),
where 74, = ﬂ'gl - e, mg = 123 ...n, and ﬂ'gl is the
inverse or reciprocal of permutation =4 [1, 10].

Let P(¢; — {;) denote a route from from (i,, 7,) to
(14, mq) in SCC,,, which traverses a sequence of f laterd
links R(¢1 — £p) = ({1,0s,...,¢;). The tota cost of
P4 — £y) isgiven with:

|P(ty — )| = f+dis, 02) + 121 d(ty, 6 40) +
d(ls,iq) (15)

Depending on the order chosen to execute the r-cycles
in mqs, different routes P(¢; — ¢;) are produced. As
explainedin Sec. 3, acommon featureto any of these routes
is that they al have the same number of lateral links (lat)
and MT local links (MI(loc)). Finding the shortest route
from (is, m,) to (¢4, 74) istherefore amatter of choosing an
r-cycle ordering which minimizes the number of M B local
links (MB(loc)). A routing algorithm which achieves this
goa is given in Subsec. 4.4. Non-minima (but simpler)
routing algorithms are presented in Subsecs. 4.2 and 4.3.

To illustrate the different cost components in a route,
and how they are affected by the order chosen to exe-
cute the r-cycles, assume routing from node (3, 34125) to
node (2,12345) in SCCs. A route along the sequence
R(2 — 3) = (2,4, 2, 3) containsfour latera links, four MT
local links, and three MB loca links (i.e, |P(2 — 3)| =
4444 3 = 11). However, if the sequence of latera links

R(3 — 2) = (3,2,4,2) is used, a route with four lateral
links, four MT local links, and one MB loca link results
(e, |P(3—2)|=4+4+1=9).

In some cases, the number of MB local linksin a route
from (is, 75} to (iq, mq) can be further reduced by inter-
leaving (rather than executing separately) the r-cycles in
mgqs. FOr example, some possible sequences of lateral links
from supernode 74; = 23154 = (1 2 3)(4 5) to supernode
mg = 12345 in SCC5 are (2, 3, 4, 5, 4), (2, 3, 5, 4, 5),
(4,5,4,2,3),(5,4,5,2,3),(2,4,5,4,3) and (2, 5, 4, 5, 3).
The last two of these sequences interleave r-cycles (1 2 3)
and (4 5). All of the routing algorithms presented in this
paper account for the possibility of interleaving r-cycles.

4.2. Random routing algorithm

A simplerouting dgorithmfor SCC,, consistsof choos-
ing arandom order to execute ther-cycles in w45. Particu-
larly, a possible agorithm that can be used for this purpose
isthe routing algorithm of the star graph [7]:

Algorithm 1 (Non-deterministic routing in the star graph):

Repeat until 745, = mo:

1. If thefirst symbol in 745 is 1, then exchange it with
any symbol not in its correct position.

2. If thefirstsymbol inw 4 isz # 1,theneither exchange
it with the symbol at position =, or exchange it with
any symbol in an r-cycle of length at least two, other
than the r-cycle containing .

Algorithm 1 requires at most ¢ + m steps of complexity
O(1) each, and therefore its complexity is O(c + m), or
O(n),since0 < e < [n/2]and1 < m < n.

4.3. Greedy routing algorithm

A simple approach to minimizing the number of MB
local linksin the route between nodes (i,, ) and (i4, 74)
consists of using a greedy agorithm. Such an agorithm
uses the following data structures and variabl es:

e S. —theset of r-cyclesof length at least 2in 7 4.

e S, —asubset of the symbols of 7,5, such that: 1)
if (14 ... 4—1)isanr-cycleof m45,2 < r < n,
then iy, € S and 1,4s,...,4,—1 & S, and 2) if
(g ... #r—1) isanr-cycle of mys, 2 < r < n, such
thatio,...,ir_l ;é 1,thenl'0,...,l',‘_1 € S;.

e i; —aninteger varigbleinitidizedtoi; = i,.

Algorithm 2 (Greedy routing in the SCC graph):

1. If 745 = o, then routeinside the supernode and exit.

2. ldentify the r-cycles of length at least 2 that exist in
T4, andinitidize S,, S,, and ¢;.
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3. Choose asymbol i, € S, suchthat d(i;,i,)ismin-
ima. Let C, bether-cycle that contains symbol .
Once i, ischosen, makei; = i,.

4. If C, has the form (1 i, ig ... 4,—1), then make
S.=8—{(licig ... tr—1) }+{(Lig ... ir—1)}
andS; = S; — {in} + {ig}. Otherwise, make S, =
S, —{C,} and §; = S, — {symbols(Cy)}, where
symbols(C,) denotes a function that returns the set
of symbolsinr-cycle C,.

5. Repeat Steps 3 and 4 until S, = 0.

The greedy approach used by Alg. 2 consists of choosing
the r-cycle that has the minimum distance from ¢; as the
next one to be executed. If the selected r-cycle C, includes
symbol 1, then only thefirst latera link of C, istaken, which
alows for an interleaved execution of that r-cycle. If C,
does not include symbol 1, then ', isexecuted completely.
The complexity of the greedy routing agorithmis O(em),
or O(n?) since0 < ¢ < [n/2] and0 < m < n. The
ordering of r-cycleschosen by thisalgorithm, however, may
not produce aminimal route.

4.4. Minimal routing algorithm

We now present a minimal routing algorithm which
finds the shortest route between a pair of nodes (i, 7)
and (iq, m4) in SC'C,,. The output of the agorithm con-
sists of a sequence of laterd links R(¢y — £;), for which
|P(¢1 — £;)| isminima (Eq. 15). We note that an earlier
version of our minimal routing algorithm appeared in [10].
The agorithm we present hereimprovesthat of [10] in two
ways. 1) it employsmore selective heuristicsto further con-
strain the search space generated by the algorithm, and 2) it
accounts for the possibility of interleaving r-cycles, which
is not possible with the algorithm in [10].

Thea gorithm performsadepth-first search onaweighted
tree structure. The tree is built by expanding at each step
only those r-cycle orderings that seem to result in a min-
imal number of local links. Although the search tree can
virtualy examine all possible r-cycle orderings, including
interleaved r-cycles, its size is significantly constrained in
our algorithm. To guarantee that aminimal routeis aways
found, backtracking is used to enable expansion of previ-
ous r-cycle orderings that seem to be better than the most
recently expanded orderings.

In the following discussion, we use the term vertex to
refer to an element of the search tree. In addition, we use
the term edge to refer to the logical connection between
vertices in the search tree, which is usualy implemented
with pointersor some form of indexing. Thefollowing data
structures are stored within each vertex v; of the search tree
and are used by the algorithm:

o ({;, m;) —thelabel of the node reached so far by the
routing algorithm.

e 3; — a subset of the symbols of #;, such that: 1)
if (14 ... 4,—q)isanr-cycleof m;, 2 < r < n,
then iy, € B; and 1,4s,...,4,—1 & B;, and 2) if
(i1 ... i,—1) isanr-cycle of 7;, 2 < r < n, such
thatil,...,ir_l ;é 1,theni1,...,i,«_1 € B;.

The symbolsin B; represent al possible latera links
that can be selected by the routing agorithm while
expanding the search tree from a given vertex v;.
For convenience, we define a function bsymbols to
generate 53; from ;, such that B; = bsymbols(w;).

e F; —asubset of the symbols of 7;, such that: 1)
if (14 ... 4,—q)isanr-cycleof m;, 2 < r < n,
theni,_, € F; and 1,41,...,4r_> ¢ F;, and 2) if
(ig ... ip—1) isanr-cycle of m;, 2 < r < n, such
thatio,...,ir_l ;é 1,thenl'0,...,l',‘_1 c F;.

The symbolsin F; represent dl lateral linksthat can
be possibly selected by the routing a gorithm to enter
supernode 7 (i.e., al possibler-cycle orderings that
can be selected from a given vertex »; necessarily end
with a laterd link £; € F;). For convenience, we
define a function fsymbols to generate F; from ;,
suchthat F; = fsymbols(m;).

e [; —thenumber of local links used so far by the rout-
ing algorithm in the routefrom (i, w4,) to (¢;, ;).

o M, — an estimate of the minimum number of loca
linksthat may be needed to reach node (i 4, mo) from
node (i, 745, Using the route a ready constructed by
thealgorithmup to theintermediatenode (¢;, «; ). For
convenience, we define a function dubbed minloc,
which computes M; asfollows:

Mi= minloc(Li, b, 75, id) =L;+ min(d(ﬁi, bl))
Ciem;

+ > Mi(loc, C;) + min(d(f;,i4)), (16)

whereb; € B; and f; € F;.

Notethat minloc iscomputed under theoptimisticas-
sumptionthat theroutefrom (¢;, ;) to (14, 7o) selects
the best possible laterd linksin B; and F;. In addi-
tion, the summati on term which computes the number
of local links needed to execute all r-cycles C; € =;
(see Eq. 8) assumes that an optimal r-cycle ordering
requiring no local links to move from one r-cycle to
the next can be found by the routing a gorithm.

e ¢; —an enable/disable bit which indicates whether or
not the tree should be expanded from vertex v;.

In addition, the tree structure generated by the minima
routing algorithm has the following characteristics:

e The search tree has at most lat + 2 levels, with lat
being given by Eq. 4. We number levels from 0O to
lat + 1, starting from theroot level.
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e Let v; be the parent of a vertex v in the
search tree. Let {<fi,7Ti>,Bi,fi,Li,Mi,6i} and
L, w0y, By, FL LL, M, e}t denotethedatastored in
v; and v}, respectively. Theweight of theedge (v;, v})
corresponds to the number of loca links that are re-
quired to route from (¢;, =;) to (¢, =) in SCC,, and
isgivenby d(¢;, ¢}). Hence, L, = L; + d(¢;, £}).
Notethat routingfrom (¢;, =;) to (¢;, ;) aso requires
one lateral link if m; # =}, and zero latera links
otherwise. Sincethe number of laterdl linksinaroute
from (is, m45) to (iq, o) can be computed a priori
(EQ. 4), the routing a gorithm focuses on accounting
for thelocal linksonly.

o Vertices located at level lat + 1 in the tree have
<fi,ﬂ'i> = <id,7To>, B, = i = ) and M; =
minloc(L;, 14, mo,14) = L;. Verticeslocated at level
lat have(ﬁi,m) = <ff,ﬂ'0> (Wlthff belngthelaterd
link used to enter supernode 7o), B; = F; = 0, and
M; = minloc(Li,Ef, o, id) =L;+ d(ff, id).

e The backtracking mechanism is triggered by com-
paring the estimated minimum number of local links
(M;) stored in the most recently generated child ver-
tices with a globa variable referred to as 7. This
variable is updated whenever a backtracking proce-
dure occurs, meaning that the minimum number of
local linksthat is required in the route from (i, m4s)
to (i4, mo) isactualy greater than the previous vaue
of T. The search becomes more selective as 7' in-
creases, which not only limitsthe width of the search
tree, but al so makes the backtracking mechanism less
likely to be triggered again.

Given the definitions above, the minimal routing ago-
rithm for the SCC graph follows:

Algorithm 3 (Minimal routing in the SCC graph):

1. If 745 = 7o, then routeinside the supernode and exit.

2. Create aroot vertex with (¢;, ;) = (i, mas), B; =
bsymbols(wqs), Fi = fsymbols(wqs), L; = 0,
M; = minloc(0, i, 745,1q) and e; = ON. Also, ini-
tializeT withthevalue T' = minloc(0, s, 745, 14).

3. Generate child vertices for all enabled vertices, such
that the label ¢; for each child corresponds to exactly
one of the symbols stored in the set 3; of each parent
vertex. Sete; = OFF at eachrecently expanded parent
vertex. Also, obtain permutation = for each child
vertex by swapping the 1st and the ¢;th symbolsof =;,
and make B} = bsymbols(x.), F! = fsymbols(w}),
Ll = Ly +d(4;, 0, M} = minloc(L;, l; 7 iq).
Enabled verticeslocated at level lat of the search tree
must be expanded similarly. However, they generate
asinglechildwith ¢, = iy, 7} = =, B, = 0, 7/ = 0,
L = L; +d(¢,iq), and M] = L. Inany case, a
child vertex is enabled with e, = ON if M/ < T.
Otherwise, we set e/ = OFF.

4. If achild vertex has (¢}, @) = {igz, mo) and e} = ON,
then a minima route has been found. The optimal
sequence of latera links R(¢;, — £;) can be obtained
in reverse order by backing up towards the root of
the tree and listing the value ¢; stored in each vertex
located between the lat'” and the 1st levels. Once

R(¢; — £;) has been obtained, exit the algorithm.

5. If none of the enabled child vertices has (¢, 7)) =
(14, mo), QO to Step 3.

6. If there are no enabled child vertices, do a backtrack-
ing search in the tree. Among all existing child ver-
tices, sdlect those with the smallest value of M; and
set 7' to thisvaue. Also, enable the selected nodes
and go to Step 4.

The height of the search treeisO(n), sinceitsmaximum
value is ¢(S,) + 2 = [3(n —1)/2] + 2. A worst-case
analysis of the width of the search tree can be done under
the following pessimistic assumption: considering that all
possible orderings of r-cyclesin permutation r 45 are exam-
ined by Alg. 3, thelowest level inthe search treewould have
at most m! vertices. Thisis due to the fact that there are at
most m! possible ways to move the m misplaced symbols
in 45 totheir correct positions, using the minimum number
of lateral links given by Eq. 4. In practice, the constraints
placed on the number of vertices by the heuristics of Alg. 3
(i.e., theestimated minimum number of local links A7;) limit
the width of the search tree considerably. Simulations car-
riedoutfor4 < n < 9 revealed that avery small number of
verticesisenabled at each step, which makes the maximum
width of thetree virtually proportiona to m. Figure 3illus-
trates an example of the search tree constructed by Alg. 3.

Themain computationsincurred upon creation of avertex
of the search tree refer to 3, F/ and M. Fortunately, each
of these computations can be accomplished in O(1) timeby
using the corresponding values 3;, F; and M, that are stored
inthe parent vertex, and taking into account the differences
in the r-cycle structures of permutations 7; and ..

Thereasoning aboveresultsin aworst-casecompl exity of
O(m!n). Asexplained above, such computational require-
ments were not observed during simulations of the minimal
algorithm. The potential need for backtracking searches in
the tree, added to fact that the maximum width of the tree
isin practice proportional to m, resultsin a complexity of
O(mn?), onthe average (or O(n?), since0 < m < n).

5. Simulation results

The performance of routing algorithms for SCC,, was
evaluated with simulation programs which compute the
route of al (n — 1)n! nodes of the graph to the identity.
The routing agorithms that were tested are: 1) a random
routing agorithm that generates al possible routes to the
identity with equal probability, whichisbased on Alg. 1, 2)
Alg. 2, and 3) Alg. 3. The simulations were carried out for
3 < n < 9. Alog of worst-case routes that may result from
the random routing algorithm was a so made.
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fi = 5 T = (1 5 3)(2 4)(6)
B; ={2,4,5} F,=1{2,3,4}
LiIO MZ'IG ei:OFF
v N
=2 = (14253)0) 2 =4 m=(12453)) O =5 = = 3@ HO)O)
Bi = {4} Fi = {3} Bi = {2} Fi = {3} Bi ={2,3,4} Fi=1{2,3,4}
LiIZ Mi:10 ei:OFF LiIl MZ'I ei:OFF LiIO MZ'I5 ei:OFF
7
- 2 Vs 2 % !
6 =2 m = (1423)(5)(6) 4G =3 m = (1)(2 4)(3)(5)(6) 6 =4 m = (124 3)5)(6)
B; = {4} Fi =13} B; = {2,4} Fi =1{2,4} B; = {2} Fi = {3}
LiIZ MZ'I7 ei:OFF LiIZ MZ'IS ei:OFF LiIl MZIG ei:OFF
12
Dimensionality of the SCC graph: n = 6 gi _ {24}7” B (1;-2, 3:)(?;)5,5)(6)
Source node: (5, (15 3)(24)(6)) IL;=3 M, =6 ¢ =OFF
Destination node: (3, (1)(2)(3)(4)(5)(6)) |2
Backtracking threshold used: 7" = 6 Go=4 m = (13)(2)(4)(5)(6)
Optimal sequence of laterd linksfound: (5,4,2,4,3) B = {3} Fi=1{3}
Number of latera linksin the minimal path: 5 Li=5 Mi= 6|1 ei = OFF
Number of local linksin the minimal path: 6 =3 m=()2)B)D)05)6)
Totd length of the minimal path: 11 B =0 Fi=0
LiIG MZ'IG ei:ON

Figure 3. Example of search tree used for minimal routing in SCC,,

e

o5 | --—1A Average distance AT
+— Average number of local links s
O-—-0 Average number of Ml local links e

20 b *---% Average number of lateral links /A/

L = Average number of MB local links //

Distances

Figure 4. Av. distances under minimal routing

Table 1 and Fig. 4 show the simulation results obtained
with the minimal routing algorithm. Values for lat and
MTI(loc) match exactly the theoretical values provided by
Egs. 6 and 9. Also, the simulation results obtained for
MB(loc) under a minima routing agorithm are closely
bounded by Eq. 12.

Asexpected, only the average number of M B local links
varied among the different routing algorithms that were

& -—A Random routing (worst-case)
*——% Random routing (average, simulation) s
& —— Random routing (average, theoretical) //5
*---x Greedy routing -
&8 Minimal routing x

Average number of MB local links

3 1 5 6 7 8 o
Figure 5. MB(loc) vs. routing algorithms

tested. Fig. 5 compares simulation results for MB(loc).
Note that the results for the random routing algorithm are
very closeto the theoretical values provided by Eq. 12. The
model used to derive that equation seems to result in an
error proportional to 1/n!, which is negligible considering
that Eq. 12 isstill aclose upper bound for MB(loc). Asex-
pected, both the greedy and the minimal routing agorithm
outperform the random routing a gorithm, as far as the av-
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n 3 4 5 6 7 8 9
Graphsize((n — 1) - n!) 12 72 | 480 | 3,600 | 30,240 | 282,240 | 2,903,040
Graph diameter ($(SCC.,)) 6 8 16 19 31 34 50
Average number of lateral links(lat) 1500 | 2583 | 3.683 | 4.783 | 5.879 | 6.968 8.051
Average number of MT local links(MI(loc)) | 0.667 | 1.500 | 3.200 | 5.000 | 7.714 | 10500 | 14.222
Average number of MB local links(MB(loc)) | 0.833 | 1.222 | 1.925 | 2337 | 2924 | 3.334 3.873
Average number of local links (loc) 1500 | 2.722 | 5125 | 7.337 | 10.638 | 13.834 18.096
Average distance (6(SCC,,)) 3.000 | 5.306 | 8.808 | 12.121 | 16,517 | 20.802 | 26.147

Table 1. Average distance of SCC graphs under minimal routing

erage number of M B local linksis concerned. Also observe
that, for 3 < n < 4, the greedy routing agorithm performs
as well as the minimal routing algorithm. Besides, our re-
sults indicate that the performance of these agorithmsis
quitesimilar for 5 < n < 9, which makes the less complex
greedy routing algorithm particul arly attractive.

Average costs of paths produced by the three routing d-
gorithms are summarized in Table 2. The random routing
algorithm has a complexity of O(n) and performs reason-
ably well on the average. Utilization of such an agorithm
may, however, result in variations in the average cost of
routes up to the worst-case values shown in Table 2.

n | Minima | Greedy Random routing
rout. rout. | Theor. | Simul. | Worst-case

3| 3.000 3.000 | 3.000 | 3.084 3.167

4| 5.306 5305 | 5500 | 5514 5.694

5| 8.808 8812 | 9.261 | 9.264 9.775

6| 12.121 | 12.215 | 12.858 | 12.858 13.662

7| 16517 | 16.707 | 17.660 | 17.660 19.100

8| 20.802 | 21.109 | 22.332 | 22.332 24.324

9| 26.147 | 26.570 | 28.168 | 28.168 31.043

Table 2. Average costs vs. routing algorithms

Figure 6 shows distribution curves comparing the three
routing algorithms in the case of an SC'Cy graph. A point
(Dr, N1) in one of these curves indicates that the corre-
sponding routing algorithm will compute aroute of cost Dy
to the identity for Ny nodesin the SCC graph. The aver-
age distribution for the random routing algorithm is shown,
but the resultsfor that a gorithm may actualy vary fromthe
minimal to theworst-case distribution curves dueto thenon-
deterministic nature of the algorithm. It isaso interesting
to observe that the greedy routing algorithm providesa dis-
tribution curve which is close to that of the minimal routing
algorithm, presenting however asmaller complexity.

300000

—— Minimal routing

——— Greedy routing

B —-—- Random rout. (average)
Vo Random rout. (worst case)

250000 r

200000

150000

Number of nodes

100000 +

50000

0 10 20 30 40 50 60 70
Distance to the identity

Figure 6. Dy x Ny dist. curves for SCCy

6. Consider ationson wor mhole routing

In this section, we briefly describe how the agorithms
presented in the paper can be combined with wormhole
routing [6], which isa popular switching technique used in
paralel computers.

All three algorithms can be used with wormhol e routing,
when implemented as source-based routing a gorithms[11].
In source-based routing, the source node selects the entire
path before sending the packet. Because the processing
delay for theroutingalgorithmisincurred only at the source
node, it adds only once to the communication latency, and
can be viewed as part of the start-up latency. Source-based
routing, however, has two disadvantages. 1) each packet
must carry completeinformationabout itspath inthe header,
which increases the packet length, and 2) the path cannot be
changed while the packet is being routed, which precludes
incorporating adaptivity into the routing agorithm.

Distributed routing eliminates the disadvantages of
source-based routing by invoking the routing algorithm in
each node to which the packet is forwarded [11]. Thus,
the decision on whether a packet should be delivered to the
local processor or forwarded on an outgoing link is done



Appearsin Proceedings of the 8th |EEE Symposium on Parallel and Distributed Processing,
New Orleans, Louisiana, October 23-26, 1996, pp. 443—452.

locally by the routing circuit of anode. Because therouting
algorithmisinvoked multiple timeswhile a packet isbeing
routed, the routing decision must be taken as fast as pos-
sible. From this viewpoint, it is important that the routing
algorithm can beeasily and efficiently rendered in hardware,
which favors the random routing a gorithm over the greedy
and minimal routing algorithms.

Besides being the most complex agorithm discussed in
this paper, the minimal routing algorithm includes a festure
which precludes its distributed implementation in associa-
tion with wormhol e routing, namely its backtracking mech-
anism. Distributed versions of the random and greedy a-
gorithms, however, can be used in combination with worm-
holerouting. A near-minimal distributed routing algorithm
which supports wormhole routing can be obtained by re-
moving the backtracking mechanism from Alg. 3. Such an
algorithm is likely to have computational complexity and
average cost that lie between those of the greedy and the
minimal routing a gorithm.

Due to its non-deterministic nature, the random routing
algorithm aso seems to be a good candidate for SCC net-
works employing distributed adaptive routing [11]. Adap-
tivityisdesirable, for example, if therouting a gorithm must
dynamically respond to network conditionssuch as conges-
tion and faults. Some degree of adaptivity isalso possiblein
the greedy and minimal routing algorithms, which in some
cases can decide between paths of equal cost.

7. Conclusion

This paper compared the average cost and the complex-
ity of three different routing a gorithms for the SCC graph.
We divided routes into three components (latera links, M7
local links and MB local links) and showed that only the
number of MB loca links may be affected by the routing
algorithmbeing considered. Exact expressionsfor the aver-
age number of lateral linksand the average number of M1
local links were presented. Also, an upper bound for the
average number of M B locd linkswas derived, considering
arandom routing agorithm. Asaresult, atight upper bound
on the average distance of the SCC graph was obtai ned.

Simulation results for arandom, a greedy and aminimal
routing a gorithm were presented and compared with theo-
retical values. The complexity of the proposed agorithms
is respectively O(n), O(n?), and O(n?®), where n is the
dimensiondity of the SC'C, graph. Theresultsunder mini-
mal routing produce exact numerical valuesfor the average
distanceof SCC,,,for3 <n <9.

Resultsfor the greedy a gorithm match those of the min-
imal algorithm for 3 < n < 4. The greedy agorithm aso
performs close to minimdity for 5 < n < 9, andisanin-
teresting choice due to its O(n?) complexity. The random
routing agorithm has an O(n) complexity and performs
fairly well on the average, but may introduce additional
MB local linksin the route under worst-case conditions.

Finally, we discussed how each of the routing algorithms
can be used i n associ ati on with thewormholerouting switch-

10

ing technique. Directionsfor futureresearch inthisareain-
clude an evaluation of requirements for deadl ock avoidance
(e.g., number of virtual channels).
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