Mechanical Systems Laboratory: Lecture 7
Time and Frequency Response of Second Order Systems

1. A Common Second-Order System: A Mass-Spring-Damper System

In lab next week you will measure how a vibrating beam behaves in the time and frequency domains. The
vibrating beam is an example of a system with a mass, some springiness, and some damping. Many physical
systems have a mass, some springiness, and some damping, in different proportions. We can describe their
behavior with a second order differential equation, and solve the equation to predict responses.

Modeling the Vibrating Beam
Assume the beam only moves in the x direction.
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The force caused by the unbalanced load m in the x direction is: F=mr whsinG =
So, we can use the unbalanced load to provide a sinusoidal force input into the beam.

What is K for the beam?

The load-deflection relationship for the beam (from any strength of materials book) is:

Where:

F = applied load

X = deflections of beam

E = modulus of elasticity

I = area moment of inertia of beam
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For a spring: F=Kx, so K= %& M;x

So, a simple model is:

The differential equation describing thls system is:
My =
M

The transfer function for this system is:
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2. How does this system behave in the time domain?
In lab you will measure the transient response of the beam by “twanging” it. How does a system behave when
you hit it with an impulse input?
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Thus, the ingverse Laplace transfor

What is the impulse response of the vibrating beam?

Use a partial fraction expansion to find the inverse Laplace transform. Basic idea: write the transfer function as

the sum of factors that we know how to take the Laplace transform of. Trick to find numerators: multiply by
factor, chose s to set factor to zero.
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The poles of the transfer function are the zeros of the denominator, and they tell us a lot about the way the
system behaves, because they became the exponents of exponentials in the time domain.
What are the poles of the vibrating beam?
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For {* > 1 the poles are real, and the system does not oscillate when you “twang’” it.
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How do you measure damping given the impulse response? One way that you can estimate the damping is by
using the “logarithmic damping method”
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Phase shift:
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Plot on a log-log scale (makes curves into lines)
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