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Motivation

e Goal: to find motions for an underactuated robot that interacts
with the environment by solving an optimal control problem

e applications in:
— robotics
— biomechanics

— computer animation



We assumed that the desired motions are the
solution to an optimal control problem.

Min J = ¥la,dvt) + | Lia(e), (o),

subject to: M(q) + C(q,4) + G(q) = Q+ > _JF
g<qg<gq
d<¢<gq
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Kinematics using the Product of Exponentials

Denavit-Hartenberg:

fi—1,i = Rot,, 9, Trans,, 4, Transy, q«,Rots, ,

cosf; —sin6;cos o, sin 6; sin o; a; cos 0;
sinf; cosf;cosa; —cosl;sino; a;sinb;
= € SE(3)
0 sin o; COS (; d;
] 0 0 0 1 ]
Alternative: Matrix Exponentials
d
=19 = e M d—f — Se’IM (1)

q

1. ¢ is the joint angle (or distance for prismatic joint)

2. S € se(3) is the joint screw composed of unit vectors w and v
which define the directino of the joint motion arranged in a 4x4

17



matrix:

0] 0 —w, 1wy
w| v
S=(w,v) = , |w] = Wy 0 —Wyg (2)
0 O
| —wy Wy 0

3. M € SE(3) is the 4x4 transformation between adjacent joint
frames in the home position
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T he Manipulator Jacobian

w Juw(q, p)
v Ju(q, D)

V =

q¢ = J(q,p)q (3)

where g are the joint values and p is the point on the robot to which
the Jacobian is being written.

d dx d d
v M _ g g, =2 (4)
dt dq dt dq
M
r=J'F=[J, J,] F (5)

where V € R0 is the generalized velocity, ¢ is the vector of joint
velocities, M is a moment, f is a force, so F € R° is the generalized
external force.
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The Manipulator Jacobian is written:

w : _ 0
— TO,nTO,é + (6)
Jv J’lU X p

Later we will need the derivative of the Jacobian with respect to the

. . aJ
joint angles 8q

Jw — [TO,nTO_ﬁ]upper hal f

Jv — [TO,nTo_,qi]lower hal f + Jw Xp

20



Physical Interpretation of Jacobian Terms

21



Derivative of the Manipulator Jacobian

0Jw o . B

dqi - O [TO,nTo,rlL]upper hal f

0Jy o . B OJ.. ap
= To,n1 . ower ha X Juw X —

0qi 8q7;[ 0.0 Lol half + 94, p+ P

1. Calculate Jy, Jy
(a) find To.. Ty,
(b) extract upper half, = J,
(c) evaluate J, x p, add to lower half of T'O,nTO_’TlL, have J,

2. Calculate 9(TynT} )/0q
(a) perform ad on all combinations of columns of T'O,nTO_,; for
g <z
8T07iTO_i1 o
v (7)

0g; 8qj( 7:5:) = 0dadr, ; 5, Admy
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(b)

% [iTO,nTO_;] (8)
dq 9q; ’

upperhal f

) o.J
. calculate X 22 and 2w x
3 Juw dq; 94q; p

4. Add terms for g—jf

23



We assume that the desired motions are the
solution to an optimal control problem. An example
of this problem is the human diver.

Min J = Wlg.dtf]+ [ Lia(e), (o), rlde

subject to: M(q) +C(q,4) +G(q) =Q+ Y _JF
7<q<q
§<q¢<gq

Find g%, 7. These will define the motion for an underactuated robot
(that is, a robot with more degrees of freedom than actuators)
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Parametrize the Motion

. Transform the optimal control problem into a parameter

optimization problem.
. Choose a set of parameters, P(§%,7P) to define the motion.

. We usually choose P to represent the active joint trajectories,
q®(t). In the free-flying case, the passive joint torques are zero.
When contact with the environment is made, the passive joint
torques are > Ji F.

B-Splines are used to represent the active joint trajectories:
¢“(t) =) piBi; (9)
1=1

. With this definition, ¢* and ¢* are easily found. The coefficients
P = (po, ...pn) are the parameters over which the problem is
optimized.
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We assumed that the desired motions are the
solution to an parameter optimization problem.

Min J(P) = Wa(P),d(P),t;(P)]+ | Lia(P).d(P),7(P)lde

subject to: M(q(P)) + C(q(P), (P)) +G(a(P)) = Q(P) + ) _JyF
qg<q(t,P)<q

d<q(t,P)<q

initial conditions: q(to), q(to)

Find the set of parameters P that yield the desired motion (g%, rP)
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Numerical Solution of Optimization Problem

IP) = (@(tr) = ) W@t =g +5 [ It (10)

To computer J we need to integrate the system forward in time to
determine the motion of the passive joints:

¢ ) ( . 3\

p q” q”
—y ¢ (=] @@t (11)
t . .o
L JoslleliPat ) L gllv(a, d g% ™)1

We solve this with C-STORM, which contains the hybrid
active/passive dynamics algorithm:

(t%,d¢") = g(q, 4,4, 7). (12)
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Hybrid Dynamics Algorithm, Input: q,q, g% 7P
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Computing the Exact Gradient

oJ 0qP (t+) tr ora
— =2(¢P(ty) —qa)' W + “dt 13
op = At —a) W=l 4 | S (13)
Recall: (7%, 4?) = g(q,q¢,3*, ™). To compute g—]ﬁ we need the derivative
of the hybrid active/passive dynamics algorithm:
5 Cea
9(q,4,4%,77) (14)

oP

and to integrate these equations forward in time.
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Computing the Gradient (cont’'d)

Taking the derivative of the hybrid dynamics algorithm with respect
to the set of parameters P:

09(¢,4,4*7%) _990q 0904 99 6§  Og Or°
oP - 9qOP  HGOP e OP 1P OP

(15)

1. This equation requires the derivative of the hybrid dynamics
equation with respect to joint angles, velocities, accelerations,
and torques.

2. Since P parametrize g%, can easily get g%, ¢*.

3. The passive joint derivatives are integrated forward in time from
an initial value of zero.

4. What about %—Gf ? For the free-flying case, when the passive
joint torques are zero, this term is zero.
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5. If the passive joint torques are non-zero:

p p P 9 P O
or _ oTP Oq i 87. oq i 87'" tolt] (16)
oP 0q OP 0q OP og OP

Later we'll discuss how the passive joint torques might come to
be nonzero.
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Procedure for Solving Parameter Optimization
Problem

1. Set initial conditions — g, g%, a5, 46
2. Begin constrained optimization in MATLAB with constr

(a) Use hybrid algorithm to integrate system forward in time,
obtain 7%, ¢P

(b) Evaluate the cost function using 7%, ¢?, return value to constr

(c) Use derivative of hybrid algorithm to generate data for the
analytic gradient

(d) Calculate the analytic gradient of the cost function, return it
to constr

(e) if local minimum is reached, exit loop
(f) else
i. vary parameters using the analytic gradient in the SQP

algorithm
ii. return to step (a)
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An Example of Our Approach — The Planar Diver

Cost function for diver:

1
J = C1 (qg(tf) _ q3,desired)2 + Co / §||7'a||2dt (17)
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Now we wish to solve for optimal motions for a
system that makes and breaks contact with the
ground, e.g. the Luxo hopping robot.

Min J(P) = Wla(P),d(P),t;(P)] + | Lia(P),d(P), 7(P)lde

subject to: M(q(P)) + C(q(P),q(P)) + G(q(P)) = Q(P) + Y JLF
q<q(t,P)<q

§<(t,P)<q

initial conditions: q(to), ¢(to)

Find the set of parameters P that yield the desired motion (g%, TP).
Because the robot will make and break contact with the ground, the
external forces F' will not be zero in this case.
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Numerical Solution of Parameter Optimization
Problem

Same two algorithm calls as before:

(TCL?q.p) — g(q7q’q-a,7_p). (18)

o a o a o a
(Ta,(']‘p7 oG, ), a(q ,.T )7 (g )T )) _
dq dq g

oTP orP OTtP
dg (q, q,q", 7", )

Oq 0q O

Only now the external forces F' are mapped onto the joint torques r
via the manipulator Jacobian Jy;, so 7P # 0.

T=JLF (19)
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Solving for Nonzero Passive Joint Torques

(Give example of what it means to map forces to joint torques?)
The joint torques are no longer zero, soO in the expression:

orr  0tP Oq i otP 0q orP 0g

— 20
oP dq OP  0q OP i oG OP (20)

we need ‘98—T5, 88—j, and aa—j. How will we model the contact forces and

calculate these derivatives?
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The Luxo Hopping Robot

The normal force exerted by the ground
on the robot was:

N = B(y)(—ky — cy)
ify<p
%yQ + ;—fy?’ otherwise
6(0) =0, 5'(0)=0
B(p) =1, f'(p) =0

Then N € C! and it is calculated for
points at either end of the base of the

Luxo.
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The Contact Model

ffm'c,static S ,USN
ffric,k:inetic — ,ukN

N To get some sense of the shape of this
e X curve, but still have the friction be C*!, we
use:
f=—3Ny
S’Lg?’L(iU) if |$| 2 Umaz
’Y(’Ut,norm) — :

1.5(—-) — 0.5(—=-)® otherwise

v(0) =0, 7'(0)=1
fY(’UmaJ:) — 1, 'Y/(’Umax) =0

338



Mapping Normal and Friction Forces to Joint
Torques

For the Luxo, the generalized force looked like:
F=[0 0 0 ffie N 0]" (21)

The Jacobian is a function of the joint variables but also the point
for which you are writing it, so, for the Luxo first point is:

000100
(22)

ffm'c (23)

39



For the Luxo second point, the Jacobian is:

So the joint torques due to external forces on point 2 are:

(0 0 0
Juy=10 0 0
0 0 1

1
0

—[sin g3

ffm'c
N

0
1

—l cosqs

| —frriclsings — Nlcosqs |

40

0
1
0

(24)
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Luxo Example Demo

Four motions: slide, rock, hop, flip

o J = —C1qy (tf) -+ Cg(q (tf) - 0)2 + C3Jpenalty

e same as the slide, with more emphasis on first term, less on the
torque penalty

o J = Cl(qg(tf) — 0)2 — %CQ fotf yTydt + C3Jpenalty

= (g5(ty) — 2m)% + (g5 — 0)°
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General Contact and Collision Model

To implement 7 = ZJ}@F generally, using virtual spring-damper
systems, what do we need?

e a local coordinate frame to give a sense of the “normal” and
“tangential’ directions

e a general expression of distance, to replace y in the expression
for N

e velocity component in normal direction, for damper term in N

e Vvelocity component in tangential direction, for v smoothing
function
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General Distance

A general expression for the distance between two rigid bodies is
the distance d

d = ||p?“ob _pobsH = ||dvec|| (26)

where dye. IS a vector from the near point on the obstacle (poys)
to the near point on the robot (propb).

Also gives a definition for the normal direction, 4.

B(y) becomes B(d), and need to define don, dofri, Where do, > doyy

N = B(d)(k(don — d) — Cvnormal)ad

43



Recall
ffric — _-BN'Y(Q.:)

For replacement for z, velocity component in tangential direction:
UVt =V — Unormﬁ/d

ffric — _-3N7(|’vtl|)ﬁt

So, to map external forces to joint torques:

T = ZJ]:\ZF

“r .7
T r —1 O
JLUF = |TT ' —

Jw X P

_— 0 0
= |77 ' —

Jw X ﬁ Nﬁ/d + ffric/&'t

JOF = JITf=J0(Nig+ fucis)
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Numerical Solution of Parametrized Optimization
Problem

(r*,q") = 9(q,4,q4%,7")

o, %) o, r) A&7 “)) <
Y Y Y — d ) Y 7
< G 3 ¥ 9 g\ad,q°

an oTP 87’p>
" 0q’ 0q  Oq

7 = Jr (Z (Nig + ffric'&t))
So, we need

o _ o
dq

<—ud N aUd + affrlc A ffl’l( %)
dq dq dq

e [0 calculate the highlighted elements, we need a_;z which reduces

to finding 3p“°b, 375‘(’1“
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Distance Derivatives

P = T(q)z
8prob — 8—TZ _|_ T%
dq dq dq

e 2 iS p., €xpressed in the local frame.
e As the robot moves, z is expressed in local frame moves.

e Though the obstacle does not move, p.. IS also a function of
Pon, @aNd SO IS also a function of gq.
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For a pair of unique near points, they are the solution to the
optimization problem:

. 2
mlnf(x) — ||prob - pobs” =d

s.t. h(zx) =0,g9(x) <0

e gi(z) = 0 are active inequality constraints, so we can treat the
problem as just having equality constraints.

e T he solution to the optimization is the solution to the following
system of equations:

Vf(*) +X'Vh(z*) = 0
h(z®) = b

a7



V() +X'Vh(z*) = 0
h(z*) = b

Depending on the shapes used to describe robots and obstacles, we
can factor this to get

Qr — DX = 0
Ar = b
Q —-DT z | |0
A 0 b
M

So near points are in Z, from

8y
()
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But, we have an algorithm to solve for p., and p.s, what we need is
the derivatives of the p,, and p.s with respect to gq:

75 0
M —
A b
- ~
8_M a: 4+ M| 94 — 0
dq | )\ oA ob
oq | | Oq
o %—]‘j and g—g can be defined from the expresions we have for them
x 1 0 1 i
° = M~ , SO long as M ~+ exists
b
oz
e \We can solve for % | where 2% will contain aprob, OPobs
[o2N 9q 9q 7 Oq
dq
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Proposed Research

pneumatic

Q/ fee‘\Q e

e fully generalize collision and contact model to general polytopes

e find planar gaits for tumbler and rocking pneumatic robot

e find a three-dimensional gait for the rocking pneumatic robot
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