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Motivation

• Goal: to find motions for an underactuated robot that interacts

with the environment by solving an optimal control problem

• applications in:

– robotics

– biomechanics

– computer animation
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We assumed that the desired motions are the
solution to an optimal control problem.

Min J = Ψ[q, q̇, tf ] +

∫ tf

0

L[q(t), q̇(t), τ ]dt

subject to: M(q) + C(q, q̇) +G(q) = Q+
∑

JT
MF

q < q < q

q̇ < q̇ < q̇
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Longman. Human-like actuated walking that is asymptotically

stable without feedback. In Proceedings of the 2001 IEEE

International Conference on Robotics and Automation, pages

4128–4133, Seoul, Korea, May 2001.

[45] K. Yamane and Y. Nakamura. Dynamics filter—concept and

12



implementation of online motion generator for human figures.

IEEE Transactions on Robotics and Automation,

19(3):421–432, June 2003.

[46] David Baraff. Fast contact force computation for

nonpenetrating rigid bodies. In Computer Graphics Proceedings,

pages 23–34, 1994.

[47] M. G. Pandy and F. C. Anderson. Dynamic simulation of human

movement using large-scale models of the body. In Proceedings

of the 2000 IEEE International Conference on Robotics and

Automation, pages 676–681, San Francisco, CA, April 2000.

[48] A. Pandolfi, C. Kane, J. E. Marsden, and M. Ortiz.

Time-discretized variational formulation of non-smooth

frictional contact. International Journal for Numerical Methods

in Engineering, 2002.
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Kinematics using the Product of Exponentials

Denavit-Hartenberg:

fi−1,i = Rotzi,θi
Transzi,di

Transxi,aiRotxi,αi

=










cos θi − sin θi cosαi sin θi sinαi ai cos θi

sin θi cos θi cosαi − cos θi sinαi ai sin θi

0 sinαi cosαi di

0 0 0 1










∈ SE(3)

Alternative: Matrix Exponentials

fi−1,i = eSqM
df

dq
= SeSqM (1)

1. q is the joint angle (or distance for prismatic joint)

2. S ∈ se(3) is the joint screw composed of unit vectors ω and v

which define the directino of the joint motion arranged in a 4x4
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matrix:

S = (w, v) =




[w] v

0 0



 , [w] =







0 −wz wy

wz 0 −wx

−wy wx 0







(2)

3. M ∈ SE(3) is the 4x4 transformation between adjacent joint

frames in the home position
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The Manipulator Jacobian

V =




w

v



 =




Jw(q, p)

Jv(q, p)



 q̇ = J(q, p)q̇ (3)

where q are the joint values and p is the point on the robot to which

the Jacobian is being written.

v =
dx

dt
=
dx

dq

dq

dt
= Jv q̇, Jv =

dx

dq
(4)

τ = JTF = [ Jw Jv ]




M

f



 (5)

where V ∈ <6 is the generalized velocity, q̇ is the vector of joint

velocities, M is a moment, f is a force, so F ∈ <6 is the generalized

external force.
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The Manipulator Jacobian is written:




Jw

Jv



 = Ṫ0,nT
−1

0,n +




0

Jw × p



 (6)

Later we will need the derivative of the Jacobian with respect to the

joint angles ∂J
∂q

Jw = [Ṫ0,nT
−1

0,n]upper half

Jv = [Ṫ0,nT
−1

0,n ]lower half + Jw × p
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Physical Interpretation of Jacobian Terms

y x

S

y’
x’

p

T0,i

i
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Derivative of the Manipulator Jacobian

∂Jw

∂qi

=
∂

∂qi

[Ṫ0,nT
−1

0,n]upper half

∂Jv

∂qi

=
∂

∂qi

[Ṫ0,nT
−1

0,n ]lower half +
∂Jw

∂qi

× p+ Jw ×
∂p

∂q

1. Calculate Jw, Jv

(a) find Ṫ0,nT
−1

0,n

(b) extract upper half, = Jw

(c) evaluate Jw × p, add to lower half of Ṫ0,nT
−1

0,n, have Jv

2. Calculate ∂(Ṫ0,nT
−1

0,n)/∂q

(a) perform ad on all combinations of columns of Ṫ0,nT
−1

0,n for

j < i:

∂Ṫ0,iT
−1

0,i

∂qj

=
∂

∂qj

(AdT0,i
Si) = adAdT0,j

Sj
AdT0,i

Si (7)
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(b)

∂Jw

∂q
=

[
∂

∂qj

Ṫ0,nT
−1

0,n

]

upperhalf

(8)

3. calculate Jw × ∂p

∂qj
and ∂Jw

∂qj
× p

4. Add terms for ∂Jv

∂qj
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We assume that the desired motions are the
solution to an optimal control problem. An example

of this problem is the human diver.

Min J = Ψ[q, q̇, tf ] +

∫ tf

0

L[q(t), q̇(t), τ ]dt

subject to: M(q) + C(q, q̇) +G(q) = Q+
∑

JT
MF

q < q < q

q̇ < q̇ < q̇

Find q̈a, τp. These will define the motion for an underactuated robot

(that is, a robot with more degrees of freedom than actuators)
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Parametrize the Motion

1. Transform the optimal control problem into a parameter

optimization problem.

2. Choose a set of parameters, P (q̈a, τp) to define the motion.

3. We usually choose P to represent the active joint trajectories,

qa(t). In the free-flying case, the passive joint torques are zero.

When contact with the environment is made, the passive joint

torques are
∑
JT

MF .

4. B-Splines are used to represent the active joint trajectories:

qa(t) =

n∑

i=1

piBi,j (9)

5. With this definition, q̇a and q̈a are easily found. The coefficients

P = (p0, ...pn) are the parameters over which the problem is

optimized.
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We assumed that the desired motions are the
solution to an parameter optimization problem.

Min J(P ) = Ψ[q(P ), q̇(P ), tf (P )] +

∫ tf

0

L[q(P ), q̇(P ), τ(P )]dt

subject to: M(q(P )) + C(q(P ), q̇(P )) +G(q(P )) = Q(P ) +
∑

JT
MF

q < q(t, P ) < q

q̇ < q̇(t, P ) < q̇

initial conditions: q(t0), q̇(t0)

Find the set of parameters P that yield the desired motion (q̈a, τp)
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Numerical Solution of Optimization Problem

J(P ) = (qp(tf ) − qd)
TW (qp(tf ) − qd) +

1

2

∫ tf

t0

‖τa‖2dt (10)

To computer J we need to integrate the system forward in time to

determine the motion of the passive joints:

d

dt







qp

q̇p

∫ t

0

1

2
||ψ||2dt







=







q̇p

q̈p(q, q̇, q̈a, τp)

1

2
||ψ(q, q̇, q̈a, τp)||2







(11)

We solve this with C-STORM, which contains the hybrid

active/passive dynamics algorithm:

(τa, q̈p) = g(q, q̇, q̈a, τp). (12)
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Hybrid Dynamics Algorithm, Input: q, q̇, q̈a, τ p
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Computing the Exact Gradient

∂J

∂P
= 2(qp(tf ) − qd)

TW
∂qp(tf )

∂P
+

∫ tf

t0

∂τa

∂P
τadt (13)

Recall: (τa, q̈p) = g(q, q̇, q̈a, τp). To compute ∂J
∂P

we need the derivative

of the hybrid active/passive dynamics algorithm:

∂g(q, q̇, q̈a, τp)

∂P
(14)

and to integrate these equations forward in time.
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Computing the Gradient (cont’d)

Taking the derivative of the hybrid dynamics algorithm with respect

to the set of parameters P:

∂g(q, q̇, q̈a, τp)

∂P
=
∂g

∂q

∂q

∂P
+
∂g

∂q̇

∂q̇

∂P
+

∂g

∂q̈a

∂q̈a

∂P
+

∂g

∂τp

∂τp

∂P
(15)

1. This equation requires the derivative of the hybrid dynamics

equation with respect to joint angles, velocities, accelerations,

and torques.

2. Since P parametrize qa, can easily get q̇a, q̈a.

3. The passive joint derivatives are integrated forward in time from

an initial value of zero.

4. What about ∂τp

∂P
? For the free-flying case, when the passive

joint torques are zero, this term is zero.
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5. If the passive joint torques are non-zero:

∂τp

∂P
=
∂τp

∂q

∂q

∂P
+
∂τp

∂q̇

∂q̇

∂P
+
∂τp

∂q̈

∂q̈

∂P
(16)

Later we’ll discuss how the passive joint torques might come to

be nonzero.
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Procedure for Solving Parameter Optimization
Problem

1. Set initial conditions – qa
0
, qa

f , q
p
0
, q̇p

0

2. Begin constrained optimization in MATLAB with constr :

(a) Use hybrid algorithm to integrate system forward in time,

obtain τa, q̈p

(b) Evaluate the cost function using τ a, q̈p, return value to constr

(c) Use derivative of hybrid algorithm to generate data for the

analytic gradient

(d) Calculate the analytic gradient of the cost function, return it

to constr

(e) if local minimum is reached, exit loop

(f) else

i. vary parameters using the analytic gradient in the SQP

algorithm

ii. return to step (a)
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An Example of Our Approach – The Planar Diver

Cost function for diver:

J = c1(q
p
3
(tf ) − q3,desired)

2 + c2

∫
1

2
‖τa‖2dt (17)
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Now we wish to solve for optimal motions for a
system that makes and breaks contact with the

ground, e.g. the Luxo hopping robot.

Min J(P ) = Ψ[q(P ), q̇(P ), tf (P )] +

∫ tf

0

L[q(P ), q̇(P ), τ(P )]dt

subject to: M(q(P )) + C(q(P ), q̇(P )) +G(q(P )) = Q(P ) +
∑

JT
MF

q < q(t, P ) < q

q̇ < q̇(t, P ) < q̇

initial conditions: q(t0), q̇(t0)

Find the set of parameters P that yield the desired motion (q̈a, τp).

Because the robot will make and break contact with the ground, the

external forces F will not be zero in this case.
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Numerical Solution of Parameter Optimization
Problem

Same two algorithm calls as before:

(τa, q̈p) = g(q, q̇, q̈a, τp). (18)

(

τa, q̈p,
∂(q̈p, τa)

∂q
,
∂(q̈p, τa)

∂q̇
,
∂(q̈p, τa)

∂q̈

)

=

dg

(

q, q̇, q̈a, τp,
∂τp

∂q
,
∂τp

∂q̇
,
∂τp

∂q̈

)

Only now the external forces F are mapped onto the joint torques τ

via the manipulator Jacobian JM , so τp 6= 0.

τ = JT
MF (19)
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Solving for Nonzero Passive Joint Torques

(Give example of what it means to map forces to joint torques?)

The joint torques are no longer zero, so in the expression:

∂τp

∂P
=
∂τp

∂q

∂q

∂P
+
∂τp

∂q̇

∂q̇

∂P
+
∂τp

∂q̈

∂q̈

∂P
(20)

we need ∂τp

∂q
, ∂τp

∂q̇
, and ∂τp

∂q̈
. How will we model the contact forces and

calculate these derivatives?
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The Luxo Hopping Robot

q
5

2

q
4

q
1

q

Base  Frame

3
q

The normal force exerted by the ground

on the robot was:

N = β(y)(−ky − cẏ)

β(y) =







1 if y < p

3

p2
y2 + −2

p3
y3 otherwise

β(0) = 0, β′(0) = 0

β(p) = 1, β′(p) = 0

Then N ∈ C1 and it is calculated for

points at either end of the base of the

Luxo.
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The Contact Model

k c x

ffric,static ≤ µsN

ffric,kinetic = µkN

To get some sense of the shape of this

curve, but still have the friction be C1, we

use:

f = −.3Nγ

γ(vt,norm) =







sign(ẋ) if |ẋ| ≥ vmax

1.5( ẋ
vmax

) − 0.5( ẋ
vmax

)3 otherwise

γ(0) = 0, γ′(0) = 1

γ(vmax) = 1, γ′(vmax) = 0
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Mapping Normal and Friction Forces to Joint
Torques

For the Luxo, the generalized force looked like:

F = [ 0 0 0 ffric N 0 ]T (21)

The Jacobian is a function of the joint variables but also the point

for which you are writing it, so, for the Luxo first point is:

JT
M =




0 0 0 1 0 0

0 0 0 0 1 1



 (22)

The resulting joint torques are:

τ =




ffric

N



 (23)
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For the Luxo second point, the Jacobian is:

JT
M =







0 0 0 1 0 0

0 0 0 0 1 1

0 0 1 −l sin q3 −l cos q3 0







(24)

So the joint torques due to external forces on point 2 are:

τ =







ffric

N

−ffricl sin q3 −Nl cos q3







(25)
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Luxo Example Demo

Four motions: slide, rock, hop, flip

• J = −c1q
p
1
(tf ) + c2(q

p
3
(tf ) − 0)2 + c3Jpenalty

• same as the slide, with more emphasis on first term, less on the

torque penalty

• J = c1(q
p
3
(tf ) − 0)2 − 1

2
c2

∫ tf

0
yTydt+ c3Jpenalty

• J = (qp
3
(tf ) − 2π)2 + (qp

2
− 0)2
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General Contact and Collision Model

To implement τ =
∑
JT

MF generally, using virtual spring-damper

systems, what do we need?

• a local coordinate frame to give a sense of the “normal” and

“tangential” directions

• a general expression of distance, to replace y in the expression

for N

• velocity component in normal direction, for damper term in N

• velocity component in tangential direction, for γ smoothing

function
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General Distance

• A general expression for the distance between two rigid bodies is

the distance d

d = ‖prob − pobs‖ = ‖dvec‖ (26)

where dvec is a vector from the near point on the obstacle (pobs)

to the near point on the robot (prob).

• Also gives a definition for the normal direction, ûd.

• β(y) becomes β(d), and need to define don, doff i, where don > doff

• N = β(d)(k(don − d) − cvnormal)ûd
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Recall

ffric = −.3Nγ(ẋ)

For replacement for ẋ, velocity component in tangential direction:

vt = v − vnormûd

ffric = −.3Nγ(‖vt‖)ût

So, to map external forces to joint torques:

τ =
∑

JT
MF

JT
MF =



Ṫ T−1 −
0

Jw × ~p








~0

f





T

=



Ṫ T−1 −
0

Jw × ~p








~0

Nûd + ffricût





JT
MF = JT

v f = JT
v (Nûd + ffricût)

44



Numerical Solution of Parametrized Optimization
Problem

(τa, q̈p) = g(q, q̇, q̈a, τp)
(

τa, q̈a,
∂(q̈p, τa)

∂q
,
∂(q̈p, τa)

∂q̇
,
∂(q̈p, τa)

∂q̈

)

= dg

(

q, q̇, q̈a, τp,
∂τp

∂q
,
∂τp

∂q̇
,
∂τp

∂q̈

)

τp = JT
v

(∑

(Nûd + ffricût)
)

So, we need

∂τp

∂q
=

∂JT
v

∂q

∑

(Nûd + ffricût) + JT
v ·

∑
(
∂N

∂q
ûd +N

∂ûd

∂q
+
∂ffric

∂q
ût + ffric

∂ût

∂q

)

• To calculate the highlighted elements, we need ∂d
∂q

which reduces

to finding ∂prob

∂q
, ∂pobs

∂q

45



Distance Derivatives

prob = T (q)z

∂prob

∂q
=

∂T

∂q
z + T

∂z

∂q

• z is prob expressed in the local frame.

• As the robot moves, z is expressed in local frame moves.

• Though the obstacle does not move, pobs is also a function of

prob, and so is also a function of q.
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For a pair of unique near points, they are the solution to the

optimization problem:

min f(x) = ‖prob − pobs‖
2

= d

s.t. h(x) = 0, g(x) ≤ 0

• gi(x) = 0 are active inequality constraints, so we can treat the

problem as just having equality constraints.

• The solution to the optimization is the solution to the following

system of equations:

∇f(x∗) + λT∇h(x∗) = 0

h(x∗) = b
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∇f(x∗) + λT∇h(x∗) = 0

h(x∗) = b

Depending on the shapes used to describe robots and obstacles, we

can factor this to get

Qx−DTλ = 0

Ax = b



Q −DT

A 0





︸ ︷︷ ︸




x

λ



 =




0

b





M

So near points are in ~x, from



~x

λ



 = M−1




0

b




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But, we have an algorithm to solve for prob and pobs, what we need is

the derivatives of the prob and pobs with respect to q:

M




x

λ



 =




0

b





∂M

∂q




x

λ



 +M





∂x
∂q

∂λ
∂q



 =




0

∂b
∂q





• ∂M
∂q

and ∂b
∂q

can be defined from the expresions we have for them

•




x

λ



 = M−1




0

b



, so long as M−1 exists

• We can solve for





∂x
∂q

∂λ
∂q



 , where ∂x
∂q

will contain ∂prob

∂q
, ∂pobs

∂q
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Proposed Research

motors

feet
pneumatic
cylinder

wheel

• fully generalize collision and contact model to general polytopes

• find planar gaits for tumbler and rocking pneumatic robot

• find a three-dimensional gait for the rocking pneumatic robot
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