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ABSTRACT

This paper presents a synthesis procedure for a spatial 4R o
linkage, known as Bennett's linkage. It is known that the two so- WL
lutions of the RR chain synthesis equations form a Bennett link-
age. While analytical solutions to these equations have been de-
veloped previously, this paper uses the cylindroid that is known
to exist for a Bennett linkage to simplify the solution process. Itis _—
interesting that geometric constraint associated with the spatial =
4R chain simplifies the solution of the RR chain design equations. ay 9
An example design is presented.

Ground link

1 Introduction _ _
Figure 1. A Bennett linkage

In this paper we present a procedure to design spatial 4R
chains known as Bennett linkages, using the synthesis equations
for the spatial RR chain. Veldkamp (Veldkamp, 1967) solved the >
design equations of a spatial RR chain for three instantaneous
positions, and showed that the two solutions form a Bennett link-
age. Tsai and Roth (Tsai and Roth, 1973) solved the 10 quadratic
equations for three position synthesis using the screw triangle
formulation and showed that it always has two solutions which
form a Bennett linkage.

We use Huang’s result (Huang, 1996) that the finite displace-
ment screws of a Bennett linkage form a cylindroid to determine sina siny
a coordinate frame in which the Tsai and Roth’s design equa- —_— = (1)
tions simplify. The result is three linear equations and one cubic a 9
polynomial in four design parameters.

The Bennett Linkage

The Bennett linkage is formed by connecting the end-links
of two spatial RR chains to form a coupler, Figure 1. In order to
move, the twist angles and link lengths of the opposites sides of
this linkage must be equal. Let the angle of twist and length of
the two cranks bet, a andy, g for the ground link and coupler.
Then Bennett showed that the condition

ensures that the linkage moves with one degree of freedom.

To design the Bennett linkage we use the design equations
. . for an RR chain. The RR chain consists of a fixed revolute axis
*Address all correspondence to this author.
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Fixed Axis B

Figure 2. A spatial RR robot.

G=(G,BxG)"T =(G,R)T connected to a moving revolute axis
W' = (W' P' x W)T = (W' V)T by a rigid link. The vectoG
denotes the direction of the fixed axis aBds a point on this
line. The vectoM' is the direction of the moving axis in tlith
position and®' a point on this line. We chood®andP' to be the
intersection points of these lines with the common norkh&b
the two axes, Figure 2.

In order to design the RR chain we need to determine the
directionsG andW? of the fixed and moving axes and the co-
ordinates of the point8 and P%. This is a total of 10 design
parameters. The solution of the design equations yields two RR
chains which form the Bennett linkage.

3 Geometry of the RR Chain

The set of relative screw displacements reachable by the
RR chain is achieved by a spatial rotation dgybout thew
axis followed by a rotation by about theG axis. Leté(g) =
cog 2) +sin(8)G andW(2) = cog ¥) + sin($)W? be the dual
quaternions associated with these rotations (Bottema and Roth
1990), (McCarthy, 1990). The dual quaterniSiwhich repre-
sents the displacement of the end-link is obtained by the dual
quaternion producs= GW?!, which yields the dual scalar
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The dual angle) defines the rotation and translation of the end-
link along the screw axiS. This can be written in a useful form

2

by dividing the screw (3) by the dual scalar (2) to obtain

o

B tan9G +tandW* + tan§ tan?G x w*
5)S=

0tan® 1
1-tanstan;G-W

(4)

tan(=)S

By varying the joint angle® and @ in (3) we obtain a two di-
mensional set of screw axes which define the set of positions
reachable by the RR chain.

If, on the other hand, the values @fand ¢ are coupled by
the Bennett linkage, then Hunt (Hunt, 1978) shows that

tan9

0
= Ktan=
2 )

> ©)

whereK is a constant obtained from the dimensiangandy.
Substitute (5) into (4) and divide by tgrto obtain

_ GH+KW'4+KtanG x W!
~ cotd —KtandG-w!

(6)

Remarkably, this equation generates a set of screw axes that form
a cylindroid, Figure 3. It is useful to note that the screw axes
defined by (3) with the angular relation (5) form the same cylin-
droid; the division by the dual scalar does not affect the geometry
of this system.

A cylindroid is a ruled surface which appears as generated
by the real linear combination of two screw axes. Equation 5 de-
fines the relation between the coupler and input angle for a Ben-
nett linkage, hence the cylindroid is the locus of relative screw
displacements for a Bennett linkage.

On the following sections we will relate the cylindroid gen-
erated by the Bennett linkage with the one that contains the rela-
tive screwsS;, andSia.

4 The Cylindroid

A cylindroid is a ruled surface formed by the axes of a real
linear combination of two screws. Assume that we have designed
an RR chain that passes through three spatial positndvi,
andMs. Then the relative screw ax8s, andS13 must lie on the
cylindroid defined by (6). In fact these two screws must generate
this cylindroid. This is the key to our formulation of the RR
design problem.

To describe the geometry of the cylindroid, let us consider
the screws obtained from the design positions. For this calcula-
tion it is convenient to work with the vector part of the quaternion
product (3) and define the screws

P12

2

Va= sin 512, Vp = Sin%slg. (7)
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The real linear combination &f; andVy, yields

F = a(1,Pa)l + b(1, Py)(cosdl + sindJ), (11)

where we have absorbed §Jﬁ and sin‘% into the constanta
andb, respectively. The axes of the screfwBrm the cylindroid.

5 The Principal Axes

The cylindroid consists of pairs of lines that intersect a cen-
tral axis that is the common normal to all of the lines. This sur-
face has a set gfrincipal axesconsisting of the common normal
and the only pair of lines that form an angle of 90 degrees. This
occurs at the midpoint of the central axis. The following formu-
lation combines the results of (Hunt, 1978) and (Parkin, 1997) to
define the principal axes.

We locate the axis of the general scrévof the cylindroid
using the dual anglé= (,z), that is

F = F(1,P)(cos{I +sinlJ), (12)

whereF is the magnitude of this screw aRds its pitch. Expand
(112) to obtain

F =(a+bcosd,aP, + b(R,cosd — dsind))|

Figure 3. The cylindroid as viewed first from the top along the central + (bsin6, b(P, Sin6+dC085))J (13)
axis, then from an angle and finally, from the side.

and equate to (12). We separate the real and dual parts of this

The dual number sitfl = (sin%, % cos*2) contains the mag- result,
nitude and pitch of the screw,
cos{| [1lcod| [a
o U F {sin(} = [0 siné] {b} (14)
sinz = smE(L P), 8
and

where the pitclP is given by the expression
F —sin{ cos{| [ z| _ |PaPycosd—dsind| [a (15)
P _ t12 P, — t13 ©) cos{ sin| |P| |0 Pysind+dcosd| | b
A7 2tan¥2’ 2tan¥e”

Now we eliminate the scalassandb using both equations
The two screwsV, and Vy are independent and generate to obtain
a cylindroid. To simplify the following calculations denote the

screw axisSi2 asl and the common normal line &> andS;3 czQ) —sing cos] [Pa (P, — Pa) cotd —d] [ cost
asK. Then we havd = K x | to form a framd, J, K, and F{P(Z)} = {cos{ sinz} [O P, + dcotd } {sin(}
A . (16)
Si12=1, Si13=c0sdl+sindJ. (20)
R This equation gives the pitdh and distance of the screw
whered = (5,d) is the dual angle betweén, andS; . for any value of the anglé. We use this expression to locate
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the principal axes of the cylindroid, as the screws with maximum whereD;; is the 3x 3 skew-symmetric matrix obtained such that

and minimum value of pitch. Computing the derivative of the

above expression we obtain

d [z [-(R—Psycotd+d (R, —Ps)+dcotd] [sinZ
dZ \Pf/ | (B,—Py)+dcotd (P,—Ps)cotd—d| |cosZ
(17)

Set the second of these equations to zero to determine the angle

{ = o for extreme values of pitcR, given by

—(Py—Py)cotd+d

tan = (P, —Py) +dcotd -

(18)

This yields two angles separatedt§2. They define the princi-
pal axesX andY of the cylindroid.

The offsetz(o) at which the principal axes are located is
given by

_ d— (R, —Py)cosd
2= 25sind

(19)

The principal axes can be expressed, using the dual @ngle
(0.20) as
Y = —sinGl + cosoJ.

X = cos6l + sindJ, (20)

The principal axes capture the symmetry of the cylindroid.
By expressing the synthesis problem in this coordinate frame we

obtain simpler design equations.

6 The Design Equations

[Daily = dai x .
Dual vector algebra now allows to define one set of con-
straint equations for the RR chain such that

G- [Ty —1Wt=0,i=23, (22)

gvhich is the same equation that is used@@ chains. Separating

this dual equation into real and dual components we obtain the
direction constraint equations

G- [Ay—1Wl=0,i=23, (23)
and the moment constraint equations
G- A —1IVI+ WL A —1]TR+G- [Dy AW =0,
i=23. (24)

These equations ensure that the dual apgie(p,r) is constant
in the three positions.

In order to ensure that the common normal passes through
the same point8 andP' = [Ty]P*, we requireP' — B to be per-
pendicular taG and|[Ty;] B — P! to be perpendicular ta/1, that
is

G- ([Tu]lP*-B)=0, W' (P*—[Ty]'B) =0,

i=1,2,3. (25)

The 10 equations (23), (24), (25) are solved to deterrtired
1

The design equations for the RR chain are obtained from
the geometrical constraints imposed by the link connecting the
moving and fixed axes. L@tandr denote the angle and distance
between these axes. Clearly they must remain constant during
the movement. Furthermore, the axes can not slide, so that the o5 ys to write some of the constraint equations in a different
normal line to both axes remains the same. These constraints,\ oy For each relative transformation we can construct the screw
can be found in Suh a_nd Radcliffe (Su_h and Radcliffe, 1978), axisSy and a rotation angles; and a translatioty;. The equiv-
(McCarthy, 2000). Tsai and Roth (Tsai and Roth, 1973) use & gjent screw triangle defines the relationship between the screw

similar formulation ba;_ed on the gquivalent screw triangle. axisS1i and the fixed and moving ax&andW?, Figure 4. Let
Let the three positions be defined by the 4 homogeneous Cui be a reference point on the screw a%is

transformgTi] = [A;,di],i = 1,2,3 where[A] is a 3x 3 rotation The direction constraint in (23) can be reformulated as
matrix andd; is a 3x 1 translation vector. Construct the relative
displacement§Ty| = [Ti][T; %],i = 2,3. Associated with each of
these matrices is a¥66 coordinate transformation for screws,

7 The Equivalent Screw Triangle
The equivalent screw triangle formulation of Tsai and Roth

. . . 1
anﬁ_ G- (S xWH)

A T SuxG) (Sux WY

(26)

Au O } , 21)

fal = |
" (DA A using the equation of the screw triangle.
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Figure 4. The equivalent screw triangle for the RR chain

The properties of the screw triangle yield an alternative set
of equations for the moment constraints. Notice that the geom-
etry of the dyad triangle requires the common normal lineS to
andW' to be separated by a distangg’2 alongS;;. Thus the
component o8 — P! in the directionSy; is given by

g

(B—PY) .Sy > i=2.3 (27)

It is possible to show that these equations are equivalent to (24).
To complete the set of design equations, we transform the
equations (25) to obtain

G- (P*-B)=0,
wt. (Pt-B)=0, (28)
and
G- [l - SuS}](B—Cu) =0,
W[l - S;Sf](P* ~Cyi) =0, i=23 (29)

This is a set of ten quadratic equations in ten unknowns, the co-

ordinates of the lin& and the lineW? in its first position.

8 Bennett Linkage Coordinates

Given three specified positions, we can determine the two
relative screws of the displacements, with screw agsand
S13. The principal axes of the cylindroid generated by these two
screws provides an efficient form for the design equations.

Figure 5. The tetrahedron defines the Bennett linkage.

Yu (Yu, 1981) introduced a coordinate frame aimed to sim-
plify the expression of the Bennett linkage. The joints of the Ben-
nett linkage can be determined using a tetrahedron: each joint
passes through one of the four vertices and its direction is per-
pendicular to the adjacent sides. The construction is showed in
Figure 5.

Let B, P, Q, C! be the vertices of the tetrahedron. The
edges are given by the difference of the vertices. The tetrahedron
is oriented so that thk axis of the cylindroid forms the common
normal to the lines defined B— C! andP! — Q (Huang, 1996).

Let 2a = |B—C! and 2 = |P* — Q|, and letc andk be the
distance and angle between both edges akndhe principal
axesX andY are located at a half distance and bisecting the
anglek.

We can completely describe the Bennett linkage in the prin-
cipal axes frame using the four parameters of the tetrahegjron
b, ¢, k. The coordinates of the vertices are given by

acosy bcosj
B=4{asin§ 3, P'={ —bsink .
—c c
2 2
—bcos§ —acos}
Q=< bsin§ ;, C'={ -—asin§ (30)
C —C
2 2

To find the direction of the joint axe8 andW?! we compute
the cross product of the edges

2bcsing
2bccoss
4abcosy sin%

G =Kq¢(Q—B) x (P*—B)

(1)

Kg
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and Substitute (36) into (27) to obtain two linear equationsiin
andb. They can be solved to obtain
—2acsin}
W =Ky(B—PY x (Ct—PY =Ky 2accosy o, (32) Ks Kq Ks Kq
4abcos sin

= — —, = — . (37)
2sin§ ~ 2cosj 2sin§  2cosj

where the constant§y andK,, normalize the vectors. The ex-

pressions of the screwé = (G,B x G)T andW?! = (W, P! x

WHT in the principal axis coordinates are

The constant&s andKy combine information from the relative
screws and are listed in Table 1.

Next we substitute (37) into the set of equations (26) and
introduce the usual definition gf= tan$ to eliminate the sine

2bcsing bcos} (4a?sir? 5+ ) and cosine functions af. The result is two rational equations in
G=Kg{ 2bccos§ 3 +eKgq —bsink(4a®cos § +c?) c andy,
4abcos sin 2abd(cog & —sirf %)
(33) Agic+2KZ tan e (K2 /K3 —y?) o
g ((cos B — 1)y2 +cos D + 1)c2 + 2K2(K2/KZ —y2)
an (38)
—2acsin —acosk (4b%sir? § +c?)
W!=Ky{ 2accos§ 5 +eKy{ —asink(4b?cog§ +c?) where
4abcos sin 2abd(cog & —sirf %)
Pai .
(34) Agi = ((—14cos B;)y* + cos B + 1) tan=>-c— 2y, i=23.
(39)

Similarly, the coordinates of the second RR dyddandU?, are

iven by the expressions .
9 y P We do not clear fractions and solve because the numerator and

denominator share two roots associated with0, that is

H=Kn(C' - Q) x (B~ Q) +&KnQ x ((C*~Q) x (B~Q))

Ul =Ky(P*—CY x (Q—Ch) +eK,Ct x (Pt —Ch) x (Q-CY). K
(35) Kad
Using the Bennett linkage coordinates to defthandW?, Note that whert = 0 the linkage is planar.
we reduce the number of design parameters from ten to four. Fur- To eliminate these roots we set the numerators of (38) equal

thermore, the six equations (28) and (29) are identically satisfied. to zero and form the matrix equation
The result is four equations (26) and (27) in the unknoajns,

c andk. S
A1z 2Kgtan=32 c 0 (41)
Az 2K3tan®83 | | (KZ/KG—y?) [~
9 Solving the Design Equations
We now transform the task positiofi§] to the principal axis | order for this set of equation to have roots other than those
frame and determine the relative screw axes given by (40), the determinant of the coefficient matrix must be
zero. This yields an equation that is lineardn Solve this to
Si2= sin% (COSd;X +sind1Y) obtain
Si13= sin% (cosSZX + sinSZY), (36) ¢ = (K13 —Kjp)sink (42)
where(y; = (W3i,ty5) are the apgle and translation of the screw where the constant$;» andKyz are shown in Table 1.
displacements. The dual anglgsre defined relative to the prin- In order to determin&, we substitute the expressions for
cipal axes frame. a, b andc into one of the one of the direction equations (26).
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X

y

z

0

¢

W

M1 | 0.0

0.0

0.0

o°

o°

o°

Constant Expression
K t12€0Sdp —113€0S01
S 25in(61—62)
t135iNd; —t12SiNdy
Ka 25in(8,— )
t1p/2 1
K12 tanJ2 (sinzélfsinzéz>
t13/2 1
K tan 713 (Sinzélfsinzég)

Table 1. Constants computed from the specified positions.

Eliminating the trivial solutions wittc = 0, we obtain a cubic
polynomial iny?,

P: Gy’ +Cy*+C1y? +Co=0 (43)
with the coefficients given by

Cs = —K3,
Co=4K2 —8K2

+ (K]_z — K13)(K13Sil’12 o1 — Klgsinz 52),
Cp = 8K2—4K?2

— (Klz — Klg)(Klg 0052 61 — K12 COS2 62),
Co=K2. (44)

Substitutez = y?, and solve the cubic polynomial to determine
its three roots.

This cubic polynomial has only one real positive root for
To see this we note that the value of the polynomiat at0 is
positive, that isP(0) = K2. For large positive values & the
polynomial becomes negative becaler) = —K2, hence we
have at least one positive root. For large negative valuestbé
polynomial remains positive. Now fa= —1, the value of the
polynomial is—3K3 — 3K2 — (K12 — K13)? which is negative for
all values of the coefficients. We conclude that there must be two
negative roots.

The square root of the positive root gives the two solu-
tions fork. The result is two sets of solutior{g,b,c,k) and
(—b,—a,—c,—K).

The design procedure yields two unique algebraic solutions
for the three position synthesis of the RR chain. Due to the sym-
metry of the principal axes, the second solution given by the val-
ues(—b,—a, —c,—K) corresponds to the coordinates of the RR
chain associated with the other two axes of the Bennett linkage,
as defined in Equation (35%(a,b,c,k) = —H(—b,—a, —c, —K)

M2 | 00| 00| 24| O° 5° log
Mz | 36| 20| 02| 19 | -28 | 67

Table 2. Three specified positions

Figure 6. The Bennett linkage

andW(a,b,c,k) = —U(—b,—a,—c,—k). Hence this proce-
dure yields two RR chains, which combine to form a Bennett
linkage.

10 Example

In Table 2 we present three specified positions, given by the
distance(x, Y, z) to the origin and the roll, pitch and yaw orienta-
tion angleg 6, @, P) for the moving frame.

We obtain the fixed joint line& andH and moving joint
linesW?! andU®. Table 3 presents their coordinates in the origi-
nal frame. Figure 6 shows the obtained Bennett linkage.

11 Conclusions

This paper presents a new formulation of the solution for
the three position synthesis of a Bennett linkage. The procedure
combines the results of Tsai and Roth (1973) for the spatial RR
chain with the geometric properties of the cylindroid studied by
Huang (1996). Using the properties of the cylindroid, we were
able to use the principal axis frame of the cylindroid and a new
set of design parameters to simplify the original design prob-
lem from ten quadratic equations in ten unknowns to four equa-
tions in four unknowns. We find algebraic expressions for the
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Axis Line coordinates

G | (~0.230.49 —0.84)T +&(—0.76,2.75,1.83)T

W | (-0.520.44,-0.73)T +¢(—2522.333.22)7

H (0.57,0.43,0.70)" +¢(2.25,2.21, —3.21)7

ul (0.29,0.52,0.80)" +£(0.45,2.54,—1.83)7

Table 3. Design parameters

unknowns and were able to prove that there two unique solutions
that combine to form a Bennett linkage.
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