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Abstract 2. Double Quaternions

This paper presents a synthesis procedure for a robot that
guides an end-effector as close as possible to a user-specifitgte we introduce the relationship between spatial dis-
trajectory. The technique maps the goal workspace from tpdacements and rotations in four dimensions. The con-
group of spatial displacement$E(3), to the group oft x 4  struction that yields dual quaternions frainx 4 ho-
rotations,SO(4), in order to obtain a bi-invariant metric for mogeneous transforms [4], yields double quaternions
the design procedure. Double quaternions are used to pvehen applied to these rotation matrices.
vide a convenient parameterization f§0(4). An exam-

ple is presented that compares designs obtained using dpal.  Homogeneous transforms
quaternions to those for double quaternions, for varying lo-

cations of the fixed frame, in order to demonstrate the tecﬂ'spatial displacement consists o8 & 3 rotation ma-
nique. trix, [A], and a3 x 1 translation vectord, assembled
_ into a4 x 4 homogeneous transform. For the specific
1. Introduction case of a screw displacement of an@laround thez-
axis and slidel along it, we have theé x 4 transform

The design of a robot can be viewed as fitting its

workspace to a specifed task manifold. The use of op- C.Osg B Smge 8 8
timization procedures to minimize the error between [Z(0,d)] = 813 COS 1 d (1)
these two manifolds must address the fact that dis- 0 0 0 1

tance measurments between positions of a rigid body

in space are not coordinate frame invariant [1]. This matrix defines a rigid displacement in the three-
Our approach transforms both the workspace awimensional hyperplang, = 1 of four dimensional

task manifolds from the group of rigid displacement&uclidean space. The same displacement can be de-

in three dimensional spacé&,F(3), to the group of fined in parallel hyperplanes,, = R, by simply di-

rigid rotations in four dimensional spac&((4). This viding the translation terms bi, so we have

later group has a coordinate invariant metric, and a

convenient mathematical structure, that provides a use- costf —sin 0 0
ful framework for our design optimization algorithm. (Z(6,d)] = sinf  cosf 0 (d) )
Ge [2] and Etzel and McCarthy [3] developed the 8 8 (1) ?

basic approach to the mappifid’ (3) to SO(4) and in-
troduced “biquaternions” to facilitate the calculationsyhjs form of the homogeneous transform is easily ex-
These hypercomplex numbers are now called “doublgnded to at x 4 rotation.

quaternions,” and in this paper we develop the double

quaternion form of the kinematics equations of a roboé._z_ 4 % 4 rotations

This formulation becomes the foundation of our design

optimization procedure. .
P P Rather than develop the equation for a genéral 4

rotation, we focus on the rotatid@ (6, )] that extends

the screw displacemefit (9, d)]. Similar rotations can

be obtained that extend screw displacements along the
x andy axes.



Consider thel x 4 rotation matrix, The double matrixZ] = [A + j B] can be simplified
to a more suggestive form by noting that the sympol

C_Osz - Sineg 8 8 satisfies the identities:

Sin COS

ZON= "7 0 cosy singy |t @ cos(y) =cos(r), and sin(jy) = jsin(y),
0 0 —siny cosvy (10)

obtained from the series expansions of the sine and co-

Notice that if~ is defined such that -
7 sine functions. The result is thgf] = [A + jB] be-

d comes:
tany = —, 4)
R } cos(d +jv) —sin(@+4v) 0
then for R large enough (3) approximates (2). The dif- [Z] = | sin(0 +jy  cos(f +jv) 0 (11)
ference is in thé4, 3) element which is orthogonal to 0 0 1

thex, = R hyperplane of the rigid displacement. Werhe “double quaternion” associated with this matrix is
consider thel x 4 rotation[Z (6, )] to be an extension 7y ), given by:

of the screw displacemef¥ (¢, d)]. ) )

= . L0+ gy 0+ Jv\r

Z(0,v) = (0,0,sin 5 C08 — o (12)
An identical calculation can be performed using the
A 4 x 4 rotation matrix, [R], operates on a point, Matrix [X (e, p)| consisting of a rotation by in the
x = (x1, 22,23, 24)7, in @ moving frameM to com- ¥ — 2 plane, and rotation by in thex — w plane. The
pute its coordinatesX = (X1, X5, X3, X4)7, in the resultis the double matrix,

2.3. Double matrices

fixed frameF". A pair of pointsx andy defines a two- 1 0 0
dimensional subspace that has the coordinate bivector; ¥ — |0 cos(a + jp) —sin(a +jp)|, (13)
XAy = (pa1,Paz, P13, P23, P31, P12)” , where 0 sin(a+jp) cos(a+7jp)

pij = xiy; — xy, 1#j=12,34. (5 andthedouble quaternion,

From the coordinate transformatio®s = [R]x and X(a,p) = (sin at ]p,0,07cos M)T. (24)
Y = [R]y, itis possible to directly compute tliex 6 2 2
matrix, [R], that transforms a bivector A y in M to
the bivectoX AY in F'.

For the rotation matrix[Z (6, v)], we obtain

3. Double Kinematics Equations

The Denavit-Hartenberg convention allows us to write

- A B the kinematics equations of a robot in the standard
[Z(6,7)] = [B A} ; ®)  form:
where [D] = [G][Z(61, d1)][X (12, a12)] - ..
cosycosf —cosysinfd 0 [ X (056, as)][Z (05, ds)][H]. (15)
A= |cosysinf cosycosf 0 (7) The matricegG] and[H] locate the base of the robot
0 0 1 in F' and the moving fram@/ in the end-effector.
Extending each of thesex 4 homogeneous trans-
and . . :
forms to4 x 4 rotation matrices and converting to
—sinysinf —sinycosf 0 double guaternions, we obtain the “double kinematics
B = | sinycosf —sinysinf 0 (8) equations:”
0 0 0

D = éZ(Gl,’yl)X(Oélg,plg) “e
The structure of thi$ x 6 matrix allows us to intro- & > %
X (s, ps6) Z (06,76 H. (16
duce the symbolj, with the property that? = 1, (ass, £56) 2 (%6, 76) (16)
in order to construct the “gouble Vectop’ = (ps1 +  The double quaternio = D; + j D, can be refor-
JP23, Pa2+ P31, pag+jp12)", and the “double matrix” mylated in useful way, by introducing the parameters
(2] = [A+jB] so €= (1+j)/2andn = (1 —j)/2 to yield,

P = [Z]p. 9) D = (D1 + D2)§ 4 (D1 — D2)n. a7)



i s& = 2 _ —
Notice that becau =&t =10 anq ¢n = 0 the Table 1: The key frame data used to specify an end-effector
terms(D; + D) and(D; — D5) operate mdependentlytra]ectory

in the double quaternion product. In the case of the

double quaterniong (6, v) andX («, p) we have: No. [ du | dy | d. | Yarot | Xrot | Zot
1 0] 0] 0| -90 45 0
0 0 2 1 1 2 -45 30 0
. 0 0 3 3| 2] 4 0 15 0
Z20,7) =\ gip 02 (€T (gin = ¢ (18) Z | 5] 3| 3 30 0] 15
03~ 02~ 5 [65] 2] 2 45 20 15
cos =5~ Cos =5 6 8 0] 1 90 40 0
and
sin —a;” sin 452
= 0 0
Xlap)=9 o (&Y o (7 (9
cos %ﬁ cos %

This allows us to separate the double kinematics equy{
tions into two independent sets of component quate
nion equations, which are manipulated separately. Th
is our preferred form of the double quaterion.

4. The Design Process Figure 1: The end-effector trajectory that interpolates the
dual quaternion coordinates of six key-frames.
Dimensional synthesis theory provides a way to com-

pute the dimensions of an open chain that reaches a fi- h be defined by the th h
nite set of positions [5]. In order to demonstrate ourdujafe'[t & positions be defined by the thrée 4 homo-

sign approach, we determine the set of all open chaif§Neous transformeli], [T;] and[T}]. We cgnstruct

that reach finite subsets of positions along a specifiddf tWo relative transformauorﬁ“”] [7;)[T; "] and

trajectory, and select the one that minimizes the errgyik] = [Z4][7;" '] and solve the constraint equations

in reaching all of the positions. This selection proced the chain.

is necessarily coordinate frame dependent. The goal

is to demonstrate the impact of the double quaternish2-1. The direction equations

formulation on reducing this coordinate frame depen-

dence. The directionG, of the fixed axis is obtained from the
relative rotationgA;;] and[A,;] by solving the pair of

4.1. The specified trajectory equations:

For our examples, we interpolate six arbitrarily speci- GT Hﬁ” - ‘;ﬂ W =0, (20)
ik —

fied positions and obtain 16 individual instances of the
position of the end-effector along its trajectory. We use
the Bezier interpolation strategy of Ge and Ravani [§
to generate the sequence of positions under the cont
of a set of key frames; also see [7]. Table 1 lists th
key frames used for these examples, and Figs. 1 anc
show two versions of the resulting trajectory.

4.2. CC chain synthesis

Consider the four degree of freeddartC' chain shown
in Fig. 3. Itis a simple matter to determine the fixed
axis, G = (G,B x G), associated with a moving
fixed axis,W = (W, P x W), that ensures that theFigure 2: The same end-effector trajectory but interpolated
chain can reach three arbitrarily specified positiongsing double quaternion coordinates of six key-frames.



which is seen to be 4.3.1. Metrics foiSE(3) andSO(4)

G =k([Ay — IIW) x ([An = I]W). (1) et p = P, + eP, andQ = Qi + Q> be the dual
The coefficienk normalizes the magnitude of this Vec_quaternlons assomat_ed with twiox 4 transforms n
tor to one SE(3) [4], then the distance between these positions

is defined to be the magnitude of the eight-vedios
(P1,P2) = (Q1,Qy):

4.2.2. The moment equations

distz (P, Q) = /(P1 — Q)2 + (P2 — Q,)2. (23)

Let moment terms of the fixed and moving axes be de-

1
notedR = BxG andV = Px W, then, the moment Thjs metric is necessarily dependent on the coordinate
constraint equations for th€C' chain yield the pair of frames F and M, chosen to define the displacement.

equations Similarly, we define the distance between twx
DiiAii A — T 4 rotations to be the magnitude of the eight-vector
LY A ) .
a)? Ay — 1 0 W) 0. (22) A = (P1,P2) — (Q17Q2) formed from their re-
R DixAie A — 1T v~V spective double quaternion8 = Pi§ + Pon and
Ap—I 0 Q= Q1§ + Qan, thatis

Note D, is the skew-symmetric matrix constructed disto(P, Q) = v/(P1 — Q,)* + (P2 — Q,)2. (24)
from elements of the relative translation vectdy;

such thatD,;y = d;; x y. Becausés is known from It is important to note that our preferred form for a
the direction equations, this can be solved explicitly tdouble quaternion uses the unfteindn, however, if
determine momerR = B x G. The result is a unique instead the formP = P; + jP; is used, then it is easy
CC chain for every set of three positions in the specio obtain
fied trajectory.

Itis useful to note here that synthesis equations suctlisto (P, Q) = \/5\/(P'1 - Q)2+ (P, — Q)2

as these exist for most open chains that often can be (25)
solved analytically for a finite number of task positions
[5, 8]. This metric is invariant to changes of both in the fixed

and moving coordinate frames [3].

- 4.3.2. The overall error
Fo_r our example, we have 16 frames along the dgsired
trajectory of the end-effector, and we can determine a
unigue CC chain for each set of three frames. The
- result is a set of ;) = 560 designs. Our optimum

design minimizes the sum of the square distances be-
tween the end-effector and each of the 16 target frames,

which for each of the two ways we measure distances,
e is given by
) ) 16 ) 16 L
Figure 3: A spatialC'C robot. Sp = Z dist,(P;, D;), andSo = Z dist, (P;, D;).
i=1 i=1
(26)

4.3. The optimization problem

The P, and P, are the dual and double guaternions as-
We now introduce a measure of distances between pociated with the specified positions along the trajec-
sitions defined inSE(3) and rotations inSO(4). The tory. The D; and D; are the dual and double quater-
optimum design will be selected to minimize the sumions representing the closest approach of the end-
of the square of these distances summed over all thiector of theC'C' chain to each of these goal posi-
positions in the specified trajectory. tions.



Table 2: The fixed axis is the line = B + tG. Ex. 1, 2, 3
use dual quaternions, and Ex. 4, 5, 6 use double quaterni

the six key frames and the additional 10 interpolated

Ofr;gmes computed using Bezier interpolation for dual

quaternion coordinates [6, 7]. Figure 2 presents the

Ex. | F G B | Error same interpolation computed using double quaternion
1 0 | (-0.37,0.91, 0.18) (5.4,1.7,2.8)| 0.288 coordinates. The axi&,, = k+ 2t7 located in the

2 | +8 | (0.19,0.95,0.26) (0.72,-11.1,-3.0)] 0.879 end-effector frame was selected for the moving axis,
[0 (0.05.095.0.10) 35, 018, 039) 0oaz| “» Of the CC chain; thusw = [Ti]w is used in the

5 %8 | (0.03 0.99,0.11) (3.9, 0.15, -0.54) 0.047 synthesis equations above to determine the fixed axis
6 | -8 | (0.05 0.99, 0.11) (3.8,-0.15, -0.28)| 0.047 G = (G, B x G) for each set of three positions in the

specified trajectory.

4.3.3. TheD; andD;

We determine the closest approach dual quaterniory
D; in SE(3) using the dual quaternion form of the
kinematics equations for théC' chain:

[7)

D = C?Z(@hdl)X(alg,alg)Z(Gg,dg)ﬁ. (27)

SinceG, H anda;, anda;, are known for a given n
design, the problem reduces to determining the join
parameter values§;, 6., d; and ds that minimize
dist, (P, D). This is done by setting the derivative
of this function to zero. LeP andD be the eight- Figure 4: The end-effector trajectory traced bg'&'-chain
vectors formed from the components of the respectieptimized using dual quaternion coordinates.
dual quaternions, so we obtain

oD
961
We obtained algebraic solutions to these equations Ysye results of our design procedure are listed in Table
ing Maple to determine the values®f, 62, dy andds. 2 The lineL = B + tG defines the fixed axis of
Substitution of these values into the kinematics equgye optimum design. The average measure of distance
tions for the chain yields the dual quaternifh that petween the specified positions and those reached by
comes the closest ;. _ this design is listed as the "error.” Cases 1 and 4 list the
A similar procedure yields the double quaternion optimum designs obtained using the dual and double
in SO(4) that comes the closest to the known frame quaternion formulations, respectively.
In this case, we use the double quaternion form of the Figure 4 shows th€'C-chain and the trajectory of
kinematics equations for th&C' chain: the end-effector as it followsthe desired trajectory for
the dual quaternion formulation. Figure 5 shows the
CC-chain and the trajectory of the end-effector result-
ing from the double quaternion formulationn.

oD
ad;

oD

T
e @] (P-D)=0. (28) 5.1. Trajectory results

Odo

D = GZ(01, )X (12, p12)Z(02,72)H.  (29)
As aboveG, H andai, andp;, are known, and we
find the values of the joint parametefi, 1, 02, 2, by
minimizing the function digt(P;, D;). This requires
the solution of double quaternion equations identical
in form to those given in (28). Algebraic solutions
were obtained using Maple and substuted into the dou-

ble kinematics equations to obtally. 5.2. Effect of change of coordinates

5. ExampleCC chain design The change of the optimum design with the change in

global coordinates is demonstrated in cases 2 and 3
The six key frames used to define the trajectory afsing dual quaternions and cases 5 and 6 using dou-
the end-effector are listed in Table 1. Figure 1 showse quaternions. The coordinate transformations con-



(1]

(2]

(3]
Figure 5: The end-effector trajectory for@C-chain opti-
mized using double quaternion coordinates.

(4]

sists of a translation byt = (8,8,8) and by—t =
(-8, —8, —8) of the global frameF". The specified tra- [5]
jectory was unchanged.

Using dual quaternions to measure distance errorl[f
the design optimization procedure, we obtain different
CC chains for different fixed frames shown as the two
additional lines in Figure 4. Also compare the coordi7]
nates ofG andB obtained for cases 1, 2, 3 in Table 2.
This table also shows that changes of the global frame
have a small effect on the distance measured using dgg]-
ble quaternions, and we obtain the essentially the same
CC-chain for each of the three cases 4, 5, and 6.

6. Summary and Conclusions

This paper presents a design procedure for robots that
minimizes the error between a specified taskspace and
the workspace reachable by the resulting design. Be-
cause the measurement of distance in the group of
rigid motionsSE(3) is not coordinate frame invariant,
we reformulate displacements BE(3) as rotations

in SO(4). This provides a coordinate frame invariant
measure of distance for the optimization procedure.

An example demonstrates the use of this procedure
to design of a four degree of freedo@C'-chain that
follows an arbitrarily specified trajectory. We see that
the dual quaternion formulation yields different de-
signs for the same trajectory, when the global frafhe
is changed. The double quaternion formulation yields
the same linkage for the three locations of the fixed
frameF'.
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