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a b s t r a c t

The transient burning of an n-octane fuel droplet in a hot gas stream at 20 atmosphere pressure is numer-
ically studied, with considerations of droplet regression, deceleration due to the drag of the droplet, inter-
nal circulation inside the droplet, variable properties, non-uniform surface temperature, and the effect of
surface tension. An initial envelope flame is found to remain envelope in time, and an initial wake flame is
always transitioned into an envelope flame at a later time, with the normalized transition delay con-
trolled by the initial Reynolds number and the initial Damkohler number. The initial flame shape is pri-
marily determined by the initial Damkohler number, which has a critical value of Da0 ¼ 1:02. The burning
rates are modified by the transition, and are influenced by the intensity of forced convection which is
determined by initial Reynolds number. The influence of surface tension is also studied as the surface
temperature is non-uniform. Surface tension affects the liquid motion at the droplet surface significantly
and affects the change of surface temperature and burning rate modestly. The influence of surface tension
generally increases with increasing initial Reynolds number within the range without droplet breakup.
We also studied cases with constant relative velocity between the air stream and the droplet. The results
show that in these cases the initial envelope flame still remains envelope, but the evolution from an ini-
tial wake flame to an envelope flame is inhibited. Validation of our analysis is made by comparing with a
published porous-sphere experiment Raghavan et al. (2005) [6] which used methanol fuel.

Published by Elsevier Inc. on behalf of The Combustion Institute.
1. Introduction

The studies of droplet vaporization and burning in a spray can
be applied in the design of rocket, ramjet, gas turbine combustors
and furnaces, to predict combustor performance, stability, and pol-
lutant emissions for these combustors. One feature of a real spray
is gas-stream convection. The gas-stream convection complicates
the studies by requiring solutions of the flow field, the internal cir-
culation, and the non-uniform surface temperature.

Prakash and Sirignano [1,2] used a vortex model to approximate
the internal motion in the liquid phase. An integral approach was
applied to approximate the solutions for the boundary layer
around the droplet interface. The analysis indicated that the drop-
let heating and vaporization was unsteady for a significant part of
its lifetime. Tong and Sirignano [3] proposed analytical solutions
for diffusion and circulation in a vaporizing droplet by utilizing
simplified governing equations and series solution. Rangel and Fer-
nandez-Pello [4] solved the coupled gas and liquid phase analyses
by a series expansion approach and showed that the internal circu-
lation had only a moderate influence in enhancing the vaporization
rate of the droplet. But this result was only limited to the isother-
mal droplets. The above simplified models had limited accuracy
Inc. on behalf of The Combustion
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because they neglected the recirculating wake near the rear stag-
nation point and the pressure drag cannot be obtained under the
potential flow assumption in the outer region.

More accurate consideration of forced convection of the gas
phase and the resulting internal circulation in the liquid phase re-
quires the numerical solution of the complete set of Navier-Stokes,
energy and species equations, combined with appropriate bound-
ary conditions. For a single droplet, axisymmetry can be assumed
and the calculation is 2-dimensional. Chiang, Raju, and Sirignano
[5] numerically examined the transient vaporization of a fuel drop-
let in a hot gas stream. They solved the complete set of Navier-
Stokes, energy and species equations, with considerations of drop-
let regression, deceleration of the stream flow, internal circulation
inside the droplet, variable properties, and non-uniform surface
temperature. Their results indicated that the influence of variable
properties can be significant.

Raghavan et al. [6] made experimental and numerical investiga-
tions of droplet burning in a convective environment. The stream
velocity and the droplet radius were kept constant, and the interior
of the droplet was not modeled. The equilibrium flame shapes and
burning rates were studied for various stream velocities and drop-
let radius. It was found that the droplet with bigger radius needed
greater Reynolds number in order to have a wake flame. Aouina
and Maas [7] numerically simulated the heating, vaporization,
and ignition of a cold droplet injected in a hot gas flow. The time
Institute.

http://dx.doi.org/10.1016/j.combustflame.2009.11.019
mailto:gwu1@uci.edu
mailto:eutimbre@gmail.com
http://www.sciencedirect.com/science/journal/00102180
http://www.elsevier.com/locate/combustflame


Nomenclature

Latin Letters
A� modified Marangoni number
Bh Spalding transfer number
CD drag coefficient
cp constant pressure specific heat
d droplet diameter
D diffusion coefficient
Da Damkohler number
Ea activation energy
Fr Froude number
h specific enthalpy
L latent heat of vaporization
M molecular weight
p pressure
Pr Prandtl number
q heat of combustion
r radial coordinate
R droplet radius
Re Reynolds number
Ru universal gas constant
S stoichiometric number
t time
T temperature
Tb boiling temperature
Tc critical temperature
u velocity
Ud velocity of the droplet

U01 relative velocity between the air stream and the droplet
We Weber number
Y mass fraction

Greek Letters
h angular coordinate
n normalized radial coordinate in the liquid phase
q density
a thermal diffusivity
k thermal conductivity
l kinetic viscosity
r surface tension
_x chemical reaction rate

Subscripts
1 ambient value
0 initial value
F fuel vapor
g gas phase
i the ith species
l liquid phase
s surface value

Superscript
bar dimensionless quantities
o reference value
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and position of ignition and the 2-D gas-phase contours around the
moment of ignition were investigated. The calculation did not ex-
tend beyond ignition for the fuel droplet. Marchese, Dryer, and
Nayagam [8] made a numerical simulation of the transient and
spherically-symmetric combustion of a single liquid n-alkane
droplet. Computed quasi-steady flame structure was compared
with that produced using the kinetic mechanism of Warnatz [9].
Dwyer, Stapf, and Maly [10,11] numerically studied the combus-
tion of multi-droplets in an array, with focus on the influence of
the array geometry on the process of combustion. Internal circula-
tion inside the droplets was not considered and the liquid phase
was treated as one dimensional in their studies. Dwyer et al.
[12,13] studied the influence of surface tension on the vaporization
and burning of a moving methanol droplet. They concluded that
the surface tension forces caused by surface mass fraction gradi-
ents of water were important during a significant portion of the
droplet lifetime. A more complete review of droplet vaporization
and burning is given by Sirignano [14].

The task of this study is to investigate numerically the transient
burning of a fuel droplet in a hot gas stream, with considerations of
droplet regression, deceleration of the stream flow due to the drag
of the droplet, internal circulation inside the droplet, variable prop-
erties, non-uniform surface temperature, and the effect of surface
tension. The transient shape of flame, surface temperature, and
burning rates will be studied for different initial Reynolds number,
initial Damkohler number, or initial droplet radius. Particularly, the
moment of flame transition (from a wake flame to an envelope
flame) under different conditions and its influence on the burning
rates will be determined. The influence of surface tension on the
surface temperature and burning rates is also studied, as the tem-
perature around the droplet surface is non-uniform. We also study
cases at constant relative velocity between the air stream and the
droplet. This is done to mark the effect of the deceleration of the
droplet by determining how the burning process behaves differ-
ently for the cases with constant relative stream velocity.
2. Problem formulation

A cold droplet composed of single species of fuel is injected into
a hot gas stream. The free stream is air flow with velocity U1, pres-
sure p1, and temperature T1. The temperature inside the droplet is
initially uniform and low. As the droplet is injected into the hot
stream, it is heated and is increasingly vaporized, and then ignited
and burned. Internal circulation can be caused within the droplet
because of the shear stress at the gas-side droplet surface and
the non-uniform distribution of surface tension around the li-
quid-side droplet surface. Although the droplet has a velocity Ud,
we can assume instantaneously that it is not moving but the veloc-
ity of the air stream becomes the relative one: U01 ¼ U1 � Ud. As
the droplet is slowed down by the drag, the relative velocity be-
tween the air stream and the droplet needs to be updated instan-
taneously. The radius of the droplet needs also to be updated with
time because of droplet regression due to the vaporization.

The following assumptions are made in the analysis: (1) the
Mach number is much less than unity so that the dissipation terms
can be neglected; (2) the droplet remains spherical, i.e., no droplet
deformation is considered; (3) the mixture of air and fuel vapor is
treated as an ideal gas; (4) the variation of thermophysical proper-
ties of the liquid phase can be neglected; and (5) the radiation is
neglected.

The gas-phase and liquid-phase continuity, momentum, energy
and species equations (gas phase only) are coupled together and
need to be solved simultaneously. The energy equation for the
gas phase should be in terms of enthalpy to take into account
the variable gas specific heats. There are totally N ¼ 5 species
including the fuel vapor, oxygen, water vapor, carbon dioxide,
and nitrogen considered in the calculation. The species equations
are applied to the first four species, while the concentration of
nitrogen is obtained from the relation that the mass fraction for
all the species sums to unity. As the problem is axisymmetric, we
use 2-D spherical coordinates for both gas-phase and liquid-phase
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Fig. 1. A sketch of the computational domains and boundaries.
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computational domains. The following equations (except species
equations) are in the form applicable for both gas and liquid phase.

The variables have been non-dimensionalized and are listed as
follows:

�r ¼ r
d0
; �t ¼

tU01;0
d0

; �ur ¼
ur

U01;0
; �uh ¼

uh

U01;0
;

�p ¼ p

q1U021;0
; �q ¼ q

q1
; �h ¼ h

cp;1ðT1 � Ts;0Þ
;

T ¼ T � Ts;0

T1 � Ts;0
; Mi ¼

Mi

MF
; �cp ¼

cp

cp;1
; �l ¼ l

l1
;

�k ¼ k
k1

; �a ¼ a
a1

; Di ¼
Di

Di;1
; �_x ¼

_x
_xo
; �r ¼ r

r0
;

where d0;U
0
1;0; _x (or _xo) andr (orr0) denote the initial droplet diam-

eter, initial relative stream velocity, chemical reaction rate (or the ref-
erence value), and surface tension (or the initial value), respectively.
There are certain dimensionless numbers generated: initial Reynolds

number Re0 ¼
q1U01;0d0

l1
, Prandtl number Pr1 ¼ l1

a1
, Schmidt number

Sci;1 ¼ l1
Di;1

, Froude number Fr ¼ U01;0ffiffiffiffiffi
gd0

p , Spalding transfer number

Bh ¼ cp;1ðT1�Ts;0Þ
L , initial Weber number We0 ¼

q1U021;0d0

r0
, modified

Marangoni number A� ¼ An
l1U01;0

T1�Ts;0
Tc

, and initial Damkohler number

Da0 ¼
d0=U01;0

q1Yo
F=ð _xoMF Þ

(where Yo
F is the reference mass fraction for the fuel

vapor).
Continuity equation:

@�q
@�t
þ 1

�r2sinh
@ð�r2sinh�q�urÞ

@�r
þ @ð

�rsinh�q�uhÞ
@h

� �
¼ 0: ð1Þ

Momentum equation in r-direction:

@ð�q�urÞ
@�t

þ 1
�r2sinh

@ð�r2sinh�q�ur �urÞ
@�r

þ @ð
�rsinh�q�uh�urÞ

@h

� �
�

�q�u2
h

�r

¼ � @
�p
@�r
þ

�qcosh

Fr2 �
2�l

Re0�r2
�ur þ

@�uh

@h
þ �uhcoth

� �

þ @

@�r
�l�r2sinh

@�ur

@�r

� �
þ @

@h
�lsinh

@�ur

@h

� �� �
1

Re0�r2sinh
: ð2Þ

Momentum equation in h-direction:

@ð�q�uhÞ
@�t

þ 1
�r2sinh

@ð�r2sinh�q�ur �uhÞ
@�r

þ @ð
�rsinh�q�uh�uhÞ

@h

� �
þ

�q�ur �uh

�r

¼ �1
�r
@�p
@h
�

�qsinh

Fr2 þ
2�l

Re0�r2

@�ur

@h
�

�uh

2sin2h

� �

þ @

@�r
�l�r2sinh

@�uh

@�r

� �
þ @

@h
�lsinh

@�uh

@h

� �� �
1

Re0�r2sinh
: ð3Þ

Energy equation:

@ð�q�hÞ
@�t
þ 1

�r2sinh
@ð�r2sinh�q�ur

�hÞ
@�r

þ @ð
�rsinh�q�uh

�hÞ
@h

" #

¼ 1
Re0Pr1�r2sinh

@

@�r
�q�a�r2sinh

@�h
@�r

 !
þ @

@h
�q�asinh

@�h
@h

 !" #
þ Sh;

ð4Þ
in which

Sh ¼ �r � ðRN
i¼1 �qDi

�hi
�rYiÞ=ðRe0Sci;1Þ � �r � ð�q�aRN

i¼1
�hi

�rYiÞ=ðRe0Pr1Þ

þ q �_xYo
F Da0

MF cp;1ðT1 � Ts;0Þ

for the gas phase, and Sh ¼ 0 for the liquid phase. q is the heat of
combustion. Da0 is the initial Damkohler number. �_x is the normal-
ized chemical reaction rate _x= _xo and _x is given by:
_x ¼ Aexpð�Ea=ðRuTÞÞ½Fuel�a½Oxidizer�b mol
cm3 s

; ð5Þ

with A ¼ 3:2� 1012; Ea ¼ 1:255� 105; a ¼ 0:25; b ¼ 1:5 for metha-
nol, and A ¼ 4:6� 1011; Ea ¼ 1:255� 105; a ¼ 0:25; b ¼ 1:5 for n-oc-
tane, from Westbrook and Dryer [15]. _xo is the reference value of
the chemical reaction rate and is calculated based on
T1;q1;YO2 ;1, and the stoichiometric mass fraction for the fuel va-
por Yo

F . The values of _xo and the initial Damkohler number Da0 will
be very sensitive to the choice of the reference temperature, and T1
is a good choice for cases of high ambient temperature where
autoignition becomes possible.

Species equation (only for the gas phase):

@ð�qYiÞ
@�t

þ 1
�r2sinh

@ð�r2sinh�q�urYiÞ
@�r

þ @ð
�rsinh�q�uhYiÞ

@h

� �

¼ 1
Re0Sci;1�r2sinh

@

@�r
�qDi�r2sinh

@Yi

@�r

� �
þ @

@h
�qDisinh

@Yi

@h

� �� �

þ �_xSiMiY
o
F Da0; ð6Þ

in which Mi and Si are the normalized molecular weight, and stoi-
chiometric number for the ith species which represents moles of
this species produced (+) or consumed (�) for each mole of fuel
consumed.

The droplet surface is regressing during the process of vaporiza-
tion, and the radius of each droplet is a function of time Rð�tÞ. There-
fore, the liquid-phase domain is shrinking while the gas-phase
domain is expanding. To consider this, the radial position �r for
the liquid phase is normalized by Rð�tÞ : n ¼ �r=Rð�tÞ, and the govern-
ing equations for the liquid phase need to be modified accordingly:
substitute �r for Rð�tÞ � n, and replace @U

@�t (U represents �q; �ur ; �uh, or �h)
term with @U

@�t þ
n

Rð�tÞ
@U
@n

dRð�tÞ
d�t . However, the radial position �r for the

gas phase is not treated the same way as the liquid phase. The rea-
son for this and the different mesh-update scheme for the gas
phase are provided in the next section.

The temperature can be obtained from the enthalpy by solving
the following ordinary differential equation:

@T
@�t
¼ 1

�cp

@�h
@�t
� RN

i¼1

�hi

�cp

@Yi

@�t
: ð7Þ

Assuming the air flow is coming from left to right (Fig. 1), the
left half circle of the gas-phase outer boundary is regarded as the
inlet boundary, and the right half circle of the gas-phase outer
boundary is regarded as the outlet boundary. Boundary conditions
at the droplet surface need to be specified for both gas and liquid
phase based on balance of force, and heat and mass transfer. The
boundaries of h ¼ 0 and h ¼ p are axis of symmetry where symme-
try boundary conditions can be applied.

Boundary conditions at the inlet:

�ur ¼ �U01cosh; �uh ¼ U01sinh; T ¼ 1;
Yi ¼ 0:233 for O2 and 0 for others: ð8Þ
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Boundary conditions at the outlet:

D�ur

D�t
¼ D�uh

D�t
¼ DT

D�t
¼ DYi

D�t
¼ 0: ð9Þ

Boundary conditions at the droplet surface:
Conservation of mass flux:

�ug;r;s ¼ �
1

Re0ScF;1

DFð �rYFÞs
1� YF;s

;

�qg �ug;r;s �
dR
d�t

 !
¼ �ql �ul;r;s �

dR
d�t

 !
;

dR
d�t
¼ �

�qg

�ql
�ug;r;s: ð10Þ

Continuity of tangential velocity and shear stress in h direction:

�ug;h;s ¼ �ul;h;s;

�lg
@�ug;h

@�r
�

�ug;h

R
þ 1

R

@�ug;r

@h

� �
s

þ 1
R

Re0

We0

@�r
@h

� �
s

¼ �ll
@�ul;h

@�r
�

�ul;h

R
þ 1

R
@�ul;r

@h

� �
s
; ð11Þ

where We0 is the initial Weber number, �r is the normalized surface
tension which is given by

�r ¼ A 1� Ts

Tc

� �n�
r0: ð12Þ

A; Tc , and n are coefficients for liquid fuel, and r0 is the initial value.
Thereby, the surface tension force can be written in a new form:

1
R

Re0

We0

@�r
@h

� �
s
¼ � An

l1U01;0

T1 � Ts;0

Tc

1
R

1� Ts

Tc

� �n�1
@Ts

@h

¼ �A�
1
R

1� Ts

Tc

� �n�1
@Ts

@h
; ð13Þ

which gives the definition for the modified Marangoni number:
A� ¼ An

l1U01;0

T1�Ts;0
Tc

, representing the relative importance of the sur-
face tension force compared to the surface shear force for a given
surface temperature and its gradient.

Continuity of surface temperature and balance of energy flux:

Tg;s ¼ Tl;s;

�kgð �rTgÞs ¼ �klð �rTlÞs þ �qg �ug;r;s
Re0Pr1

Bh
: ð14Þ

The mass fraction of the fuel vapor is given by

YF;s ¼
MF
MA

exp LMF
Ru

1
Tg;s
� 1

Tb

� 	� 	
þ MF

MA
� 1

; ð15Þ

where MA is the average molecular weight of the gas mixture (with-
out the fuel vapor) at the droplet surface. This is derived from the
Clausius–Clapeyron relation and the relation that the mole fractions
for the fuel vapor and other species sum to unity.

For the non-vaporizing species, there is no net mass flux for
each species, i.e.,

��qDi
@Yi

@�r
þ Re0Sci;1�q�ug;r;sYi

� �
s
¼ 0: ð16Þ

Boundary conditions at the axis of symmetry:

�uh ¼
@�ur

@h
¼ @T
@h
¼ @Yi

@h
¼ 0: ð17Þ

The droplet is slowed down by the drag in the transient process.
There are three types of drag: pressure drag, friction drag and
thrust drag.
Pressure drag:

CD;p ¼
2

U0 2
1

Z p

0

�pssin2hdh: ð18Þ

Thrust drag:

CD;t ¼
2

U0 2
1

Z p

0
�qg;s�ug;r;sð�ug;rsin2h� 2�ug;hsin2hÞsdh: ð19Þ

Friction drag:

CD;f ¼
4

Re0U0 2
1

Z p

0

�lg
@�ug;h

@�r
�

�ug;h

R
þ 1

R
@�ug;r

@h

� �
s
sin2h

�

� 1
3

2
@�ug;r

@�r
� 2�ug;r

R
� 1

R
@�ug;h

@h
�

�ug;h

R
cosh
sinh

� �
s

sin2h

�
dh: ð20Þ

The total drag is a sum of the three types of drag:

CD ¼ CD;p þ CD;t þ CD;f : ð21Þ

The instantaneous velocity of the droplet or the relative stream
velocity is determined by

dUd

d�t
¼ �dU01

d�t
¼ 3

8
1
�ql

U0 2
1

R
CD: ð22Þ
3. Solution procedure

We only consider a droplet composed of pure n-octane except
the validation calculations in which methanol fuel is used; so, all
of the parameter space is not examined. The thermodynamic and
transport properties for the gas mixture are calculated by polyno-
mials and semi-empirical equations [16–18]. The data in [15] is
used for the calculation of chemical reaction rates. The momentum
equations, enthalpy equation and species equations (gas phase
only) are solved in order for each domain. Then the temperature
distributions are obtained by solving an ODE. The droplet radius
and relative velocity between the droplet and the free stream are
updated instantaneously for each time step.

The mesh for the gas phase near the interface of the droplet
needs to be updated with time due to the radius regression. There
is no such need for the liquid phase, as the radial position in the li-
quid phase is normalized by the instantaneous droplet radius and
the liquid surface of the droplet is always at n ¼ 1. For the gas
phase, the mesh is fixed but expanding along with the regressing
interface. As the radius of the droplet decreases gradually due to
vaporization, the mesh in the gas phase keeps unchanged until
the decrease of the radius reaches the mesh size M�r at the interface,
when the nodes on the sphere with radius ðR� M�rÞ (R is the radius
at the previous mesh change) are added to the gas-phase domain.
The reason to use this mesh-update scheme is that it can be easily
applied to multi-droplet calculation in the future studies.

The Semi-Implicit Method for Pressure Linked Equations (SIM-
PLE) is used to solve the coupled Navier-Stokes, energy and species
equations for both gas and liquid phase. Staggered grids are used
with three different control volumes for the two components of
velocity and pressure correction (temperature, mass fraction or
scalar properties) respectively. Forward time and central difference
scheme are applied in the discretization. For the iterations at each
time step, the Alternating Direction Implicit (ADI) method is used
to sweep in both directions. The grid and time-step independence
have been tested, and the following selection for the size of mesh
and time step is found to give a good balance between solution
accuracy and computational economy. The mesh in the h direction
is uniform with Mh ¼ p=180 for both liquid and gas phase. The
mesh in the r direction is uniform for the liquid phase with
Mr ¼ 0:01R. For the gas phase, the mesh in the r direction is
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uniform ðMr ¼ 0:01R0Þwithin a layer with a thickness of 0:5R0 from
the initial droplet surface, but diverges with a factor of 1.1 with
distance away from this layer. As the droplet surface regresses,
the new cells added to the gas phase always have a mesh size of
Mr ¼ 0:01R0. The size of time step is fixed and it takes about 105

time steps for 99% of the droplet volume to be vaporized. Each cal-
culation requires about 4 h of time on the Pentium based comput-
ers. The errors due to the mesh-update scheme in the gas phase are
found to be small, and have negligible influence on the stability of
the calculations.
4. Results and discussion

4.1. Validation

In order to validate our codes, we made calculations on the
burning of a large ‘‘droplet” (with diameter in the order of
10 mm) held by a porous sphere in the air stream, which was
experimentally and computationally studied by Raghavan et al.
[6]. The same conditions were applied as used in [6]: droplet com-
posed of pure methanol, room temperature and room pressure for
the air stream, constant air stream velocity, constant droplet ra-
dius, no modeling of the interior of the droplet, and no consider-
ation of the transient process (only the equilibrium state was
studied). Gravity was included in these validation calculations be-
cause of the large droplet size; however, it is negligible for the
other calculations in this article, in which the droplet size is only
a few tens of microns making both the Grashof number and the ra-
tio of the gravitational force and the drag force very small. For
these validation calculations, the low ambient temperature of
300 K did not allow autoignition. So, in similar fashion to the com-
putations of [6], we provided a pseudo-igniter (high ambient tem-
perature for an initial period of time, whose value and duration
have no influence on the steady solution after a long time) which
was turned off after the flame was established. Some important re-
sults are to be compared between [6] and our calculations.

Table 1 makes comparisons of critical velocities (the velocity of
the air stream below which it has an envelope flame and above
which it has a wake flame) amongst the experimental and numer-
ical results in the literature [6] and the numerical results in our cal-
culations, for three different droplet diameters: 8 mm, 10.8 mm,
and 12.2 mm. It can be seen that the critical velocities in our calcu-
lations fit very well with those in [6] for all the three droplet diam-
eters. Furthermore, the Damkohler number values for the three
critical conditions are approximately the same, varying by about
±10%, although the critical Reynolds number is very different for
the three cases. Note that the use of the ambient temperature here
does not provide the best indication of the characteristic chemical
time and the Damkohler number, and obviously, we will have a
much smaller characteristic chemical time and a much higher
Damkohler number if the flame temperature is used as the refer-
ence temperature.
Table 1
Comparisons of critical velocities amongst the results in the literature [6] and the
results in our calculations, for three different droplet diameters: 8 mm, 10.8 mm, and
12.2 mm, and the critical Reynolds number and critical Damkohler number based on
our numerical results for the three droplet diameters.

Diameter (mm) 8 10.8 12.2
Critical velocity (m/s) experiment in [6] 0.86 1.27 1.3
Critical velocity (m/s) numerical results in

[6]
0.9 1.25 1.3

Critical velocity (m/s) our numerical results 0.85 1.3 1.35
Critical Re0 based on our numerical results 434 895 1051
Critical Da0 based on our numerical results 8.8e�16 7.8e�16 8.5e�16
The mass burning rates at different air stream velocities are
compared amongst the experimental and numerical results in the
literature [6] and the numerical results in our calculations, for
the droplet diameter 8 mm. As shown in Fig. 2, the deviation of
the burning rates in our calculations from the experimental data
is small at large air velocities (e.g. 0.8 m/s), and also below 10%
at smaller air velocities (e.g. 0.4 m/s).

Limited by the experimental capabilities, Raghavan et al. [6]
only developed a theory for a large non-moving droplet without
surface regression, which differs a lot from the conditions in a real
spray. Their study on steady-state burning also neglected the tran-
sient behavior caused by transient heating of the droplet, regres-
sion of the droplet surface, deceleration of the droplet velocity,
and etc., which can modify the process of burning significantly.
More accurate numerical studies are needed to predict the burning
of a droplet in a representative spray environment more precisely.

In the next section, results and discussion will be presented for
the transient burning of a droplet composed of pure n-octane in an
air stream with temperature 1500 K and pressure 20 atm. Droplet
regression, deceleration of the stream flow, and accurate modeling
of the liquid phase will be included. The initial droplet radius R0

varies within 5–100 lm typical of a droplet size in the spray, and
the initial relative stream velocity U01;0 also varies, resulting in dif-
ferent initial Reynolds number Re0 and initial Damkohler number
Da0 for different cases. The case with R0 ¼ 25 lm and U01;0 ¼
4:8 m=s is taken as the reference case with the initial Reynolds
number Re0 ¼ 22 and the initial Damkohler number Da0 ¼ 0:6
(taken as the reference value Dao

0).

4.2. Flow and flame behavior based upon initial Damkohler number
and Reynolds number

In the following paragraphs, results for different initial param-
eters will be presented in three groups of cases: (a) the cases
studied have the same initial radius, but different initial relative
stream velocity and thus different initial Reynolds number and
initial Damkohler number; (b) the cases studied have the same
initial Reynolds number, i.e., the same product of initial radius
and initial relative stream velocity, so the initial radius and initial
Damkohler number differ from case to case; (c) the cases studied
have the same initial Damkohler number, i.e., the same ratio of
initial radius and initial relative stream velocity, so the initial ra-
dius and initial Reynolds number are different. The Weber num-
ber has been examined and found to be always below the
critical value 13 (the value above which the droplet breaks up)
for all the cases studied. Thus, droplet breakup does not happen
and does not affect the calculations.
Fig. 2. Comparisons of mass burning rates amongst the results in the literature [6]
and the results in our calculations, at different air stream velocities.
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For all the cases studied, it is found that the flame has the ten-
dency to develop from a wake flame to an envelope flame as the
droplet decelerates. If the flame is initially an envelope flame, the
flame remains an envelope flame during the whole lifetime. If
the flame is initially a wake flame, the flame can be always transi-
tioned into an envelope flame at some moment in the lifetime,
although the transition may be very close to the end of lifetime
for some cases. Figs. 3 and 4 show 2-D gas-phase contours at an
early moment in the lifetime, for the case with Re0 ¼ 11 and
Da0 ¼ 1:2 and the case with Re0 ¼ 45 and Da0 ¼ 0:3, respectively.
An initial envelope flame for the former case and an initial wake
flame for the latter case can be recognized from the contours of
temperature and mass fraction for oxygen in the gas phase. The
envelope flame is primarily diffusion controlled, whereas the wake
flame has the front portion that yields premixed burning and other
portions that are diffusion controlled. The transition process for the
initial wake-flame case is shown in Fig. 5, in which the transition
from a wake flame to an envelope flame occurs around the middle
of the lifetime. The wake-to-envelope tendency can be explained
from the transient changes of three factors: increasing surface tem-
perature, decreasing Reynolds number due to the decrease of both
droplet radius and relative stream velocity, and increasing Dam-
kohler number due to the faster decrease of relative stream veloc-
ity than the droplet radius, all of which favor an envelope flame.
Fig. 6 shows the instantaneous change of Reynolds number and
Damkohler number for the initial wake-flame case.

The cases with the same initial radius (25 lm) but different ini-
tial relative stream velocity are studied. Fig. 7 compares the instan-
taneous changes of the average surface temperature, mass burning
rates, relative stream velocity, and radius squared (where the
decreasing ðR=R0Þ2 is used as the normalized time scale for the for-
mer three quantities), for the cases with Re0 varying from 1.4 to
111. It is found that the cases with Re0 ¼ 1:4 and Re0 ¼ 11 have
an envelope flame all the time, and the cases with higher Re0 have
the transition from an initial wake flame into an envelope flame at
some instant during the droplet lifetime. The wake-to-envelope
transition directly results in a sharp increase in the average surface
temperature (as seen in Fig. 7a), because an envelope flame sur-
rounds the droplet and thus can better heat the droplet. Fig. 7a also
shows that the transition moment is postponed for greater initial
relative stream velocities, because a greater initial relative stream
Fig. 3. Gas-phase contours for envelope flame at t ¼ 1:0 msðRe ¼
velocity results in greater initial Reynolds number and smaller ini-
tial Damkohler number, both of which favor a wake flame. Thus,
the transition into an envelope flame is postponed. The mass burn-
ing rates also speed up greatly at the transition due to the sharp in-
crease in the average surface temperature (as seen in Fig. 7b). So,
the mass burning rates are not only influenced by the the intensity
of the forced convection (represented by Re0), but also the flame
shape and the moment of transition for the cases with an initial
wake flame. The mass burning rate for the case with greater initial
Reynolds number may be smaller for some time due to a later tran-
sition, but it will catch up when the flame is transitioned into an
envelope flame and the overall mass burning rate is still greater,
as shown in Fig. 7b and d. Fig. 7c shows that the differences in
the instantaneous relative stream velocity (normalized by the ini-
tial value) are not significant for different cases, especially near the
end of the lifetime when all the cases have a value around 0.08.

For the cases with the same initial Reynolds number Re0 ¼ 22,
the initial Damkohler number varies, and it decreases as the initial
radius decreases. As the sharp increase in the average surface tem-
perature is an indication of the wake-to-envelope transition, it can
be seen from Fig. 8a that the cases with large initial Damkohler
number ðDa0=Dao

0 ¼ 8; 4; or 2Þ have an envelope flame all the
time, and the cases with smaller initial Damkohler number have
wake-to-envelope transition, with the moment of transition post-
poned for smaller initial Damkohler number. This is because smal-
ler initial Damkohler number favors a wake flame and thus results
in a later moment of transition. As the initial Reynolds number is
the same for different cases, the mass burning rates are different
only because of the flame shape and the moment of transition
for cases with an initial wake flame. So, the cases with greater ini-
tial Damkohler number have better overall heating of the droplet
and thus have greater mass burning rates (Fig. 8b), as a result of
a more complete envelope flame or earlier transition from a wake
flame to an envelope flame.

For the cases with the same initial Damkohler number
Da0=Dao

0 ¼ 1, the initial Reynolds number varies, and it increases
as the initial radius increases. Fig. 9a compares the changes of aver-
age surface temperature amongst these cases. It is found that the
cases with small initial Reynolds number (e.g., Re0 ¼ 2:8; or 11)
have a wake flame initially and have transition happening very late
in the lifetime, because the small initial radius favors a wake flame
5:9;Da ¼ 1:68Þ, for the case with Re0 ¼ 11 and Da0 ¼ 1:2.



Fig. 4. Gas-phase contours for wake flame at t ¼ 0:78 msðRe ¼ 23:3;Da ¼ 0:44Þ, for the case with Re0 ¼ 45 and Da0 ¼ 0:3.

Fig. 5. The process of transition from a wake flame to an envelope flame for the case
with Re0 ¼ 45 and Da0 ¼ 0:3 (the contour represents the chemical reaction rate).

Fig. 6. The instantaneous change of Reynolds number and Damkohler number for
the case with Re0 ¼ 45 and Da0 ¼ 0:3.

976 G. Wu, W.A. Sirignano / Combustion and Flame 157 (2010) 970–981
and overcomes the influence of small initial Reynolds number
which favors an envelope flame. As there are two opposing factors,
initial Reynolds number and initial radius affecting the shape of the
flame, the differences of the overall average surface temperature
for different cases are not as significant as the differences amongst
the former two groups of cases. So, the overall mass burning rate is
primarily influenced by the initial Reynolds number which relates
to the intensity of forced convection. Convection obviously is
greater for the case with greater initial Reynolds number, as shown
in Fig. 9b.
Based on the studies of the three groups of cases, it is clear that
the initial flame shape and the normalized wake-to-envelope tran-
sition delay for an initial wake flame are determined by the initial
Reynolds number and the initial Damkohler number. Greater ini-
tial Damkohler number always favors an envelope flame, and
yields either an initial envelope flame or a smaller normalized
transition delay from an initial wake flame to an envelope flame.
Increasing the initial Reynolds number at constant initial Damkoh-
ler number and with prescribed fuel and ambient conditions im-
plies both the initial relative stream velocity and the initial
droplet radius are increasing proportionally with each other. In-
crease in the initial relative stream velocity favors a wake flame
while increase in the initial droplet radius favors an envelope
flame. So, variation in the initial Reynolds number does not neces-
sarily favor one type of flame or the other. Fig. 10 summarizes the
initial flame shapes for the cases of Figs. 7–9 and some additional
cases in the plane of log10

Da0
Dao

0
vs. log10Re0. It shows that the initial

Reynolds number has small influence on the initial flame shapes
due to the opposing effects and, approximately, a value of
Da0=Dao

0 ¼ 1:7 or Da0 ¼ 1:02 can be regarded as the critical initial
Damkohler number for n-octane fuel at 20 atm pressure and
1500 K ambient temperature which divides the region with an ini-
tial envelope flame and the region with an initial wake flame.
4.3. Influence of surface tension

As the surface temperature is non-uniform, surface tension is
considered in the previous calculations for better accuracy. In this
section, calculations are made for several cases without the consid-
eration of surface tension, in order to investigate how much influ-
ence surface tension has on the burning process.

Two typical cases are studied. One case has R0 ¼ 25 lm and
Re0 ¼ 11 with an envelope flame all the time, and the other one
has R0 ¼ 35:4 lm and Re0 ¼ 45 with an initial wake flame and
wake-to-envelope transition afterward. Fig. 11 makes comparisons
of the surface tangential velocity between situations with and
without the consideration of surface tension at three different mo-
ments for the two cases. For the case with an envelope flame all the
time (Fig. 11a), the surface tension accelerates the liquid motion at
the droplet surface overall all the time, because the envelope flame
makes the surface temperature tend to decrease from the front to



(a) Average surface temperature (b) Mass burning rates

(c) Normalized relative stream velocity (d) Normalized radius squared

Fig. 7. The comparisons of the instantaneous quantities amongst cases for different initial Reynolds number Re0 and different initial Damkohler number Da0.

(a) Average surface temperature (b) Normalized radius squared

Fig. 8. The comparisons of the instantaneous quantities amongst cases for the same initial Reynolds number Re0 ¼ 22 and different initial Damkohler number Da0.

G. Wu, W.A. Sirignano / Combustion and Flame 157 (2010) 970–981 977
the rear of the droplet and thus results in a force in the same for-
ward direction. For the case with an initial wake flame and wake-
to-envelope transition afterward (Fig. 11b), the surface tension op-
poses and reverses the liquid motion in the rear region during the
early period due to a backward force caused by the higher temper-
ature in the region of the wake flame. At a later moment after the
wake-to-envelope transition, the liquid motion is forced forward
and accelerated as it behaves for the case with an envelope flame.
Figs. 12 and 13 compare the instantaneous average surface tem-
perature and mass burning rates between situations with and
without the consideration of surface tension, for the two cases with
an envelope flame all the time and with an initial wake flame and
wake-to-envelope transition afterward. For both cases, the differ-
ences in the results due to the surface tension are modest in the
early period of lifetime but diminish over time in the later period
as the temperature at the droplet surface becomes more uniform.



(a) Average surface temperature (b) Normalized radius squared

Fig. 9. The comparisons of the instantaneous quantities amongst cases for the same initial Damkohler number Da0=Dao
0 ¼ 1 and different initial Reynolds number Re0.

Fig. 10. Initial flame shapes for different cases in the plane of log10
Da0
Dao

0
vs. log10Re0.
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In the early period when the liquid heating is fast, the differences
due to the surface tension can be explained from its effect on the
liquid motion and the resulting influence on the liquid heating.
For the initial envelope-flame case, the surface tension increases
the liquid motion and thus slows down the rate of increase of sur-
face temperature and the mass burning rate because more heat
(b)(a)

Fig. 11. The comparisons of the surface tangential velocity between situations with and
time), for two cases: (a) Re0 ¼ 11 and Da0 ¼ 1:2 with an envelope flame all the time
transition afterward.
goes into the interior of the droplet. For the initial wake-flame case,
the surface tension decreases the liquid motion and thus acceler-
ates the rate of increase of surface temperature and the mass burn-
ing rate because more heat accumulates near the droplet surface.

It is found that the effect of surface tension decreases the drop-
let lifetime slightly for all the cases. Fig. 14 plots the fractional de-
crease in the droplet lifetime when the influence of surface tension
is added, for cases with the same initial radius 25 lm and different
relative stream velocity (or initial Reynolds number). The fractional
decrease in the droplet lifetime acts as a measure of the influence
of surface tension. As shown in Fig. 14, the fractional decrease in
the droplet lifetime decreases with increasing Re0 at Re0 > 178,
and generally increases with increasing Re0 at Re0 < 178, with a
sudden decrease around Re0 ¼ 20 for cases with an initial wake
flame and early wake-to-envelope transition. These can be ex-
plained from two factors affecting the relative importance of the
surface tension force compared to the surface shear force, non-uni-
formity of the surface temperature and the modified Marangoni
number, which can be seen from Eq. (13). The former one is less
for smaller Re0 which more approaches spherical-symmetry, while
the latter one is smaller for greater Re0 as greater Reynolds number
results in greater shear force. At Re0 < 178, the former factor dom-
inates, and thus the influence of surface tension generally increases
with increasing Re0. For larger Re0, the decrease of the influence of
surface tension with increasing Re0 can be explained from the
without the consideration of surface tension at three moments (t is the normalized
and (b) Re0 ¼ 45 and Da0 ¼ 0:6 with an initial wake flame and wake-to-envelope



(a) Average surface temperature (b) Mass burning rates

Fig. 12. The comparisons between situations with and without the consideration of surface tension for the case of Re0 ¼ 11 and Da0 ¼ 1:2 with an envelope flame all the time.

(a) Average surface temperature (b) Mass burning rates

Fig. 13. The comparisons between situations with and without the consideration of surface tension for the case of Re0 ¼ 45 and Da0 ¼ 0:6 with an initial wake flame and
wake-to-envelope transition afterward.

Fig. 14. The fractional decrease in the droplet lifetime when the influence of surface
tension is added, at different initial Reynolds number.
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domination of the latter factor, which means that the smaller mod-
ified Marangoni number for increasing Re0 determines the de-
crease of the influence of surface tension. However, the current
modeling should not yield accurate results for the cases with
Re0 > 178 because at such high initial Reynolds number the Weber
number is much greater than the critical value and the droplet has
a high potential to break up.
4.4. Cases with constant relative stream velocity

In this section, the deceleration of the droplet is not considered,
and thus the relative stream velocity is kept unchanged in the tran-
sient process. This artificial behavior is used to mark the effect of
the deceleration of the droplet as compared to other transient ef-
fects by determining how the burning process behaves differently
for the cases with constant relative stream velocity. The burning of
a convecting droplet without the deceleration of the droplet may
happen in some special experimental situations, such as the por-
ous-sphere experiment in [6] or those with a suspended droplet.

The cases with the same initial radius (25 lm) but different rel-
ative stream velocity are studied. It is found that if it is initially an
envelope flame (for the cases with small initial Reynolds number),
it remains an envelope flame and does not develop into a wake
flame at the later time. If it is initially a wake flame (for the cases
with greater initial Reynolds number), the flame also remains a
wake flame and does not transition into an envelope flame as hap-
pens in cases of decreasing stream velocities. These results are
demonstrated in Fig. 15a, which shows that the average surface
temperature for cases with initial Reynolds number greater than
11 (wake flame) remains lower than the case with initial Reynolds
number 11 (envelope flame) and has no sharp increase during the
lifetime, indicating that the wake-to-envelope transition does not
occur. The inhibition of the wake-to-envelope transition is due to



(a) Average surface temperature (b) Normalized radius squared

Fig. 15. The comparisons of the instantaneous quantities amongst cases for different initial Reynolds number Re0 and different initial Damkohler number Da0, for the
constant relative stream velocity.
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the constant stream velocity, which results in a decreasing Dam-
kohler number during the transient process, opposite to the cases
with decreasing stream velocity.

The comparisons of the instantaneous mass burning rates are
made in Fig. 15b. The case with a wake flame (e.g., Re0 ¼ 22)
may have smaller overall mass burning rate than the case with
an envelope flame (e.g., Re0 ¼ 11), because the average surface
temperature for the case with a wake flame is always lower be-
cause of no wake-to-envelope transition. However, for cases with
further greater initial Reynolds number, the stronger forced con-
vection dominates and makes the mass burning rate greater than
that for cases with an envelope flame.
5. Concluding remarks

The transient burning of an n-octane fuel droplet in a hot gas
stream has been analyzed with considerations of droplet regres-
sion, deceleration of the stream flow, liquid motion, variable prop-
erties, non-uniform surface temperature and the consequent effect
of surface tension. The transient shape of flame, surface tempera-
ture, and burning rates are investigated under different initial
parameters, with special interest and discussion on the effects of
surface tension and the decelerating or constant relative stream
velocity. The results for changes in the flame shape benchmark
very well with the existing experimental evidence.

The ignition delay takes less than 2% of the lifetime; so the igni-
tion process has a small influence on the whole burning process.
After the ignition, the envelope burning is primarily diffusion con-
trolled whereby chemical kinetics is of secondary interest. The
wake flame has portions that are diffusion controlled and other
portions that yield premixed burning. However, the one-step
mechanism we are using comes from Westbrook and Dryer [15]
in which the equation for chemical reaction rate was determined
by matching the experimental data for the pre-mixed combustion
of the fuel–air mixture. So, we believe that radicals will not have a
major qualitative effect and one-step reaction mechanism can sat-
isfactorily predict the behavior of interest in the study.

For the decelerating relative stream velocity, the flame has the
tendency of wake-to-envelope transition, i.e., the initial envelope
flame remains an envelope flame during the lifetime, while the
initial wake flame is always transitioned into an envelope flame
at some moment. The initial flame shape is primarily determined
by the initial Damkohler number, with a critical value of
Da0=Dao

0 ¼ 1:7 or Da0 ¼ 1:02 above which it has an initial
envelope flame and below which it has an initial wake flame.
The particular value of the critical initial Damkohler number is
very sensitive to the choices of the pressure, ambient temperature
and fuel but the interesting point is that a critical value exists for
bifurcation of the flame structure. The moment of transition for
the initial wake flame is postponed further into the lifetime for
smaller initial droplet radius, greater initial Reynolds number,
or smaller initial Damkohler number. There is a sharp rise in
the average surface temperature and the burning rates when
the wake-to-envelope transition occurs.

The mass burning rates are influenced by the the intensity of
the forced convection (represented by Reynolds number), and also
the flame shape and the moment of transition for the cases with an
initial wake flame. So, the mass burning rate for the case with
greater initial Reynolds number may be smaller for some time
due to a later wake-to-envelope transition and a longer period of
lower average surface temperature during the presence of a wake
flame.

The surface tension has significant influence on the liquid mo-
tion at the droplet surface. It tends to accelerate the liquid motion
at the droplet surface when the flame is an envelope flame, and
tends to decelerate or reverse the liquid motion in the rear region
of the droplet when the flame is a wake flame. The changes in the
liquid motion due to surface tension also yield modest influence on
the increase of average surface temperature and the mass burning
rates. The influence of surface tension represented by the fractional
decrease in the droplet lifetime generally increases with increasing
initial Reynolds number within the range without droplet breakup.

For the constant relative stream velocity, the trend of wake-to-
envelope transition is inhibited due to the decreasing Damkohler
number in the transient process, i.e., the initial wake flame remains
a wake flame and does not transition into an envelope flame during
the lifetime. However, this inhibition does not go further to make
the initial envelope flame develop into a wake flame, or make
the initial wake flame blow off at a later moment.
References

[1] S. Prakash, W.A. Sirignano, Liquid fuel droplet heating with internal circulation,
International Journal of Heat and Mass Transfer 21 (1978) 885–895.

[2] S. Prakash, W.A. Sirignano, Theory of convective droplet vaporization with
unsteady heat transfer in the circulating liquid phase, International Journal of
Heat and Mass Transfer 23 (1980) 253–268.

[3] A.Y. Tong, W.A. Sirignano, Analytical solution for diffusion and circulation in a
vaporizing droplet, Symposium (International) on Combustion 19 (1982)
1007–1020.

[4] R.H. Rangel, A.C. Fernandez-Pello, Mixed convective droplet combustion with
internal circulation, Combustion Science and Technology 42 (1984) 47–65.



G. Wu, W.A. Sirignano / Combustion and Flame 157 (2010) 970–981 981
[5] C.H. Chiang, M.S. Raju, W.A. Sirignano, Numerical analysis of convecting,
vaporizing fuel droplet with variable properties, International Journal of Heat
and Mass Transfer 35 (1992) 1307–1324.

[6] V. Raghavan, V. Babu, T. Sundararajan, R. Natarajan, Flame shapes and burning
rates of spherical fuel particles in a mixed convective environment,
International Journal of Heat and Mass Transfer 48 (2005) 5354–5370.

[7] Y. Aouina, U. Maas, modeling of dropet heating, vaporization, and ignition
including detailed chemistry, Combustion Science and Technology 173 (2001)
1–23.

[8] A.J. Marchese, F.L. Dryer, V. Nayagam, Numerical modeling of isolated n-alkane
droplet flames: initial comparisons with ground and space-based microgravity
experiments, Combustion and Flame 116 (1999) 432–459.

[9] J. Warnatz, Chemistry of high temperature combustion of alkanes up to octane,
Twentieth Symposium (International) on Combustion 20 (1985) 845–856.

[10] P. Stapf, H.A. Dwyer, R.R. Maly, A group combustion model for treating reactive
sprays in I.C. engines, Twenty-Seventh Symposium (International) on
Combustion/The Combustion Institute (1988) 1857–1864.
[11] H.A. Dwyer, P. Stapf, R.R. Maly, Unsteady vaporization and ignition of a three-
dimensional droplet array, Combustion and Flame 121 (2000) 181–194.

[12] H.A. Dwyer, I. Aharon, B.D. Shaw, H. Niazmand, Surface tension influences on
methanol droplet vaporization in the presence of water, Twenty-Sixth
Symposium (International) on Combustion (1996) 1613–1619.

[13] H.A. Dwyer, B.D. Shaw, H. Niazmand, Droplet/flame interactions including
surface tension influences, Twenty-Seventh Symposium (International) on
Combustion (1998) 1951–1957.

[14] W.A. Sirignano, Fluid Dynamics and Transport of Droplets and Sprays,
Cambridge University Press, 2010.

[15] C.K. Westbrook, F.L. Dryer, Chemical kinetic modeling of hydrocarbon
combustion, Progress in Energy and Combustion Science 10 (1984) 1–57.

[16] C.L. Yaws, Chemical Properties Handbook, McGraw Hill, 1999.
[17] S. Bretsznajder, Prediction of Transport and Other Physical Properties of Fluids,

Pergamon Press, 1971.
[18] R.C. Reid, J.M. Prausnitz, T.K. Sherwood, The Propertise of Gases and Liquids,

third ed., McGraw Hill, 1977.



Combustion and Flame 157 (2010) 1620
Contents lists available at ScienceDirect

Combustion and Flame

journal homepage: www.elsevier .com/locate /combustflame
Corrigendum

Corrigendum to ‘‘Transient burning of a convective fuel droplet”
[Combust. Flame 157 (2010) 970–981]

Guang Wu *, William A. Sirignano
Department of Mechanical and Aerospace Engineering, University of California, Irvine, CA 92697-3975, USA
In the paper, we solved in a coupled fashion the Navier–Stokes
equations, energy equation, and species continuity equations for
the reacting, multi-component, variable-properties gas field sur-
rounding a vaporizing droplet with the Navier–Stokes and energy
equations for the incompressible liquid inside the spherical drop-
let. Eqs. (2) and (3) in the paper govern the two components of
momentum for the incompressible, constant-viscosity liquid. They
apply for the spherical coordinates used for the axi-symmetric flow
problem. As the paper is written, a reader could easily but mistak-
enly believe that those same two momentum equations were used
for the gas phase. Rather, we used the following forms for the gas-
phase momentum equations in spherical coordinates; they apply
for an axi-symmetric flow of a Newtonian fluid with variable den-
sity and properties and zero bulk viscosity.

Momentum equation in r-direction:

@ð�q�urÞ
@�t

þ 1
�r2sinh

@ð�r2sinh�q�ur �urÞ
@�r

þ@ð
�rsinh�q�uh�urÞ

@h

� �
�

�q�u2
h

�r

¼�@
�p
@�r
þ

�qcosh

Fr2 �
1

Re0

1
�r2

@

@�r
ð�r2�srrÞþ

1
�rsinh

@

@h
ð�srhsinhÞ�

�shhþ�s//

�r

� �
:

0010-2180/$ - see front matter Published by Elsevier Inc. on behalf of The Combustion
doi:10.1016/j.combustflame.2010.04.010

DOI of original article: 10.1016/j.combustflame.2009.11.019.
* Corresponding author. Tel.: +1 949 824 7160.

E-mail address: gwu1@uci.edu (Guang Wu).
Momentum equation in h-direction:
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